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Abstract

We provide a spanning set for the set of algebraic covariant derivative
curvature tensors on a m-dimensional real vector space.

1 Introduction

A spanning set for the algebraic covariant derivative curvature tensors on a vector
space is known to be the set of algebraic covariant derivative curvature tensors
built from totally symmetric p-forms [2]. This paper presents an elementary proof
of this fact. We will begin with a definition of the vector space of algebraic cur-
vature tensors and algebraic covariant derivative curvature tensors. Then we will
introduce building blocks for specific elements of the aforementioned spaces.

Definition 1.1 Let V be an m-dimensional real vector space. Let Ag(V) C @*V*
and Ay (V) C ®@°V* be the spaces of all algebraic curvature tensors and all algebraic
covariant derivative tensors, respectively. If we have R € Ag(V) and VR € A, (V)
then by definition R and VR are multilinear and satisfy the following symmetries:

R(aj,y,z,w) = R(Zawaxay) = —R(y,a:,z,w),

R(x,y,z,w) + R(x,w,y,z) + R(z, z,w,y) =0,
VR(z,y,z,w;v) = VR(z,w,z,y;v) = =V R(y, x, z,w;v),
VR(z,y,z,w;v) + VR(z,w,y, z;v) + VR(z, z, w,y;v) = 0,
VR(z,y,z,w;v) + VR(z,y,v, z;w) + VR(x,y, w,v; z) = 0.

Definition 1.2 Let ¢ € SP(V) then ¢ is a totally symmetric multilinear p-form.
That is, ¢(1, ..., Tn) = ¢(To(1), -+, Tony) where o is any permutation of p elements.
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The next two propositions will give a way to build an algebraic curvature tensor
and an algebraic covariant derivative curvature tensor using symmetric two and
three forms respectively [1]. The set of the algebraic curvature tensors and the
set of the covariant derivatives built from these symmetric forms are interesting in
that they form a spanning set.

Proposition 1.3 If ¢ € S*(V), then
R¢((L’7 Y, z, U)) = ¢($, w)¢<y’ Z) - ¢<$, Z)¢(y7 w)
18 an algebraic curvature tensor.

Proof. We need only show that R, satisfies the symmetries from Definition
1.1.

Ry(y, @, z,w) = oy, w)p(z,2) — ¢(z, w)e(y, )
= _(¢<m7w)¢(yv Z) - ¢(va)¢<m7z)
= —R¢>(J:,y,z,w),

R¢(vaax7y) = gb(z,y)gzﬁ(w,x) —qﬁ(z,x)¢(w,y)
= oz, w)o(y, z) — oz, 2)(y, w)
= R¢(x,y,z,w),

and the first Bianchi Identity:

Ry(z,y, z,w) + Ry(z,w,y, 2) + Ry(z, 2, w,y)

= oz, w)o(y, 2) — d(z, 2)P(y, w) + d(z, 2)P(y, w)
—d(x,y)d(w, 2) + d(x, y)d(z, w) — ¢(z, w)P(y, 2)
= 0.



Proposition 1.4 If ¢ € S*(V),¢ € S?(V), then
VR(W/,(Z‘, Y, =z, W 8) - ¢($7 w)l/}(ya 2, S)+¢(y7 ZW(% w, 5)_¢(x7 Zﬁb(ya w, S)_¢<y7 w)w(xv 2, S)

15 an algebraic covariant deriwative curvature tensor.

Proof. We need only show that VR, satisfies the symmetries from Definition
1.1.

VRyy(y,x,z,wis) = oy, w)h(z, z,s) + oz, 2)U(y, w, s)
—o(y, 2)P(z,w,5) — o(z, )w(y,z s)
= —(o(z, w)Y(y, z,5) + oy, 2)¢(z, w, s)
—(x, 2)(y, w, s) — oy, w)v(z, 2, 5))
= —VRsy(x,y,2z,w;s),
VRyu(z,w,z,y;8) = ¢(z,9)¢(w,z,s) + d(w,2)¥(z,y, s)
—o(z,2)p(w, y, s) — p(w, y)v(z, z, s)
= oz, w)d(y, z,8) + oy, 2)¢(x,w, s)
—o(x, 2)(y, w, s) — oy, w)Y(z, 2, 5)
= VR,y(z,y,2,w;s),
the first Bianchi Identity:

VRyy(x,y,2,w;s) + VRyy(x,w,y,2;8) + VRy (2, 2,w0,y; 5)
- QZS(CL’, w)¢(y7 Z, 3) + ¢(y7 Z)@/J(CL’, w, 3) - ¢(I7 Z>¢(y7 w, 8) - ¢(y7 w)¢(m, 2 8)
+¢(5U7 Z>¢<y7 w, 5) + ¢(w7 y)w(xa 2 5) - ¢($, y)w<w> Z, S) - ¢(w7 Z)w(xv Y, 5)
+o(x,y) (2, w, s) + ¢(z, w)p(z,y, s) — p(z, w)Y(2,y, s) — ¢(2,y)(z, w, 5)
=0,
and the second Bianchi Identity:
VR¢7w(x7 Y, 2, w; S) + VRd)ﬂlJ(a:a Y, S, %3 w) + VR@w(xa Y, w, s; Z)
- ¢($, w)w(ya 2 S) + gb(y, Z),@/}(I? w, S) - gb(:L‘, Z)¢<y7 w, S) - gb(ya w)¢($a 2y S)
—1—925(1’, Z>¢(y7 S5, w) + ¢(y7 S)Qﬂ(l’, 25 w) - ¢($, SW(% 2y w) - ¢(y7 Z>¢(I7 5, w)
+o(x, )y, w, 2) + oy, w)(x, s, 2) — Pz, w)h(y, s, 2) — Py, $)Y(z, w, 2)
=0.
g
Now that we have shown that we can build algebraic curvature tensors and al-

gebraic covariant derivative curvature tensors, we can develop notation to indicate
when a VR is in fact a VR, .



Definition 1.5 If V is a vector space, then S(V*) = span{Rs : ¢ € S*(V*)} and
S1(V*) = span{V Ry : 6 € SH(V*), 5 € S3(V*)}

The following theorem states that the set of algebraic curvature tensors on a
vector space is the set of those built from symmetric bilinear forms [2, 3].

Theorem 1.6 Ay(V*) = S(V*).

An elementary proof has been provided [3] and a proof using representation
theory [2]. The main result is that the set of algebraic covariant derivative curva-
ture tensors is spanned by those built from totally symmetric two and three forms.
A proof using representation theory (2] exists; however, an elementary proof does
not. The following two lemmas will be helpful when proving this:

Lemma 1.7 If Tjjpn € @°V*, such that Tijx., satisfies the first two symmetries
of Defintion 1.1 and if o is a permutation on five letters,then

> cijpnToo(omotyom = D Co@etio®etiotm Tikin-
ijkin ijkin

Lemma 1.8 If Tjjpn € @°V*, such that Tijk., satisfies the first two symmetries
of Defintion 1.1 and if o is a permutation on five letters, then

Z CijkinLryzw;s = Z Co(i)o(f)o(k)o(l).0(n) Lo(@)o(y)o(z)o(w)o(s)
ijkin ijkin

where {i,7,k,l,n} ={z,y,z,w,s}.

Proof. Let o be a permutation on {i,j,k,l,n} = {z,y, z,w, s}. Consider,

Z Co(i)o (o (k)o),o(n) Lo@)o(y)o()o(w)io(s)-
ijkin

Since {1, j, k,l,n} are dummy indices, we can rename the indices in the previous
summation to obtain:
E CijklnTxyzw;s-

ijkin



2 A Spanning Set for A;(V*)
Theorem 2.1 S;(V*) = A;(V").

Let V be a vector space of dimension m and {e;} be a basis for V, {e’} be a
basis for V* and {e' ® ¢/ ® e* @ ! ® "} be a basis for @V*. We will define a
tensor Tijp., that satisfies the first two symmetries from Definition 1.1.

Tijrin = R e"+efReRe®e Qe
— PR — @@ @ @
— e —fFRded e @
+ dRéRdF e+l @ ®e”
Let VR € A;(V*). Since VR € ®°V* and satisfies the first two symmetries of
Definition 1.1, VR is a linear combination of the T};x.,’s. Therefore,

VR = Y eyl + (1)
i,j distinct
E Cijkii Lijkisi + CijkigLijkisy + CijjinLijjie + (2)
1,5,k distinct
E Cijhti Lijktzi + CijraLijrig + (3)

i,5,k,l distinct

Z CijhinTijkiin - (4)

i,5,k,l,n distinct

Since VR € A;(V*) we can choose the constants, c;jx,, to satisfy the first
and second Bianchi identities from Definition 1.1. That is ¢k + Cijnki + Cijink =
0, Cijkin + Citjkn + Cikijin = 0, Cijkin = —Cjikin = Criijn- We are going to show that
each term (1), (2), (3) and (4)€ S;(V*) individually.

2.1 Two Distinct Indices
Let {i,j} be distinct indices and {a, b} # {j}, {z,v, 2z} # {i}. Choose ¢ € S?(V*)
and ¢ € S*(V*) so that:
¢(ej7 ej) =1 and ¢(6aa eb) =0,
¢(6i7 €4, ei) =1 and ¢(@x; €y ez) =0.



Up to our symmetries, the only nontrivial entry for VR is

VR(sz(@i, ej, 6]', €;; 61') = 1.
We have ,Tijji;i = 2VR¢7¢. Thus ﬂjji;i c Sl(V*) and (1)6 Sl(V*)

2.2 Three Distinct Indices
Let {i,7,k} be distinct indices and {a,b} # {j,k}, {z,y,2} # {i}. Choose
¢ € S?*(V*) and ¢ € S3(V*) so that:
o(ej, ex) = Ple, e;) =1 and ¢(eq, ) =0,
(e, e, e;) =1 and (e, ey, €,) = 0.

Up to our symmetries, the only nontrivial entry for VR, is

VRyy(ei€j,ex, ei;€;) = 1.

We have VR¢7w = ﬂjki;i~ Thus T;ljki;i S Sl(V*)
Choose ¢ € S*(V*) and ¢ € S3(V*) so that:

o(ei,e;) =1 and ¢(e,, e) = 0,
Y(ej,ej, ex) =P(ej, e, ej) = Y(ex, ej,e;) =1 and Y(e,, ey, €.) = 0.

Up to our symmetries, the nontrivial entries for VR, are:

VRyy(ei e, e eiej) =1, VRy (e, €5, €5, €5 ex) = 1.
Up to the symmetries, the only nonzero entries for 75, and Tj;p;.; are:
Tijjie(€is €5, €5, €55 €x) = 2 = 2V Ry y (€5, €5, €5, €55 €x),
Tijrij(€is €5, exs €5 ¢) = 1= V Ry (e, €5, €k, €55 €5).
We must have VRM = %T%jji;k; + T%jk;i;j; and %Tz‘jjz‘;k + Tijkz‘;j S Sl(V*) By
permuting {7, j} we have %Tmi;k +Tijjki € S1(V*). By adding the previous terms,

we arrive at Tijjin + Tijki; + Tijjea € S1(V*). By subtracting the same terms, we
arrive at Tjjpi; — Tijjk € S1(V*). By the second Bianchi identity,

Cijjik = Cijkij t Cijjki-



We will show that >, gisrinet Cigiik Lizjie € S1(V7):

*
Cigjik(Digjike + Tigrizg + Tijgna) € S1(V7)
*
= > (T + Tigriy + Tijja) € S1(V7)
ijk distinct
= > ciyarTiggin + Y caginTigrag + ) CigjinTigjn

ijk ik ik

We can interchange the indices of the constants and the tensor of the second and
third summations by Lemma 1.7. Then we factor out the constants and use the
Bianchi identities.

= E Cijjz‘sz‘jji;k‘i‘E Cz’jkijTijjz';k‘i‘E CijjkiLijjik

ijk ijk ijk
= > cyinTijin+ O _(Cigni + Cijgi) Tisk

ijk gk
= E CijjikLijjik + E Cijjik Lijjisk

ijk 1k
= QE CigjikLigjisk-

ijk
*

= E cijjikLijji € S1 (V7).

ijk

Now we will show that > Cijkij Lijis; € S1(V*):

ijk distinct

1 *
Cighij(Tignij — Tigjni) 2¢iigmi (5 Diggise + Tiggna) € S1(V7)

1
%
= > Cinig(Typag — Tigga) + 2¢ijji( 5 Tiggin + Tijja) € S1(V7)
ijk distinct
= E CijhijLijkisy — E Cijhij Lijjkzi + E CijikiLijjik + 2 E CijikiLijjksi

ijk ijk ijk ijk

We use the Bianchi identity on the second summand. Switch the third and fourth
entry in both the constant and the tensor in the fourth summation and permute

{1,5}

=3 E CijhiLijkisj + E CijikiLijjksi — E CiggiskLijjksi + E CijikiLijjizk

ijk ijk ijk ijk



We interchange indices with the constants and the tensor in the third summand.
We also switch the third and fourth entry in both the constant and the tensor for
the second summations.

= 4 E Cighij Lijhisy — E CigjikLijjnsi + E Cizjisk Lijjksi

ijk ijk ijk
= 42 Cighij Lijkisj
ijk
*
= E Cijkij Lijkiz; € S1 (V™).
ijk

Thus the terms in (2)e Sy (V*).

2.3 Four Distinct Indices

Let {i,7,k,l} be distinct indices and {a,b} # {j,k}, {z,vy,2} # {i,l}. Choose
¢ € S*(V*) and ¢ € S3(V*) so that:

o(ej,er) = Ple, e;) =1 and ¢(eq, ) =0,
¢(6i7 €, el) = ¢(€i7 €, ei) = ¢<€l7 €, ei) =1 and w(ema €y, ez) =0.

Up to the symmetries, the nontrivial entries for VR, are:

VRyy(€iej en e e;) =1, VR (e e, ej,ei56) =1, VRy (€, ex, €5, e5€) = 1.

Up to our symmetries, the only nonzero entries for Tj;x., Tijrin, and Tigj.; are
as follows:

Tijkii(ei, ej e, ei56;) =1 =V Ry (e, €5, ex, €5€;),
Tijkia(ei, €, e, e5€1) = 1 =V Ry p(es, €, €k, €55€1),
f— 1 p—

Tikjii(e:, exs €5, e €;) VRyy(€i,ex, €, €15 €).

Since, these are the only nonzero entries, we must have VRy y, = Tk +Tijrin +
Tikjisi and Tyjpri+Tijkia+ Tk € S1(V*). Now since Tjjxi +Tijkin+ Tikjii € S1(V*),
we can permute the indices {j, k,[} to get more linear combinations:

Tiisi + Tijrin + Tikjii € S1(V7), (5)
Tirtjii + Tiwtiy + Targ € S1(V7), (6)
Tk + Tajik + Tijiesi € S1 (V™). (7)
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By subtracting (7) from (5), we have:

Tiiktzi + Tijkin + Tikgisi — Tujre — Tigie — Tijisi € S1(V'7)
Tijntsi + Tijkin + Tigri — Titjks + Tivijie + Tijtsi
= 2Tini + Tijrig + Tinjti — Tujra + Taijie € S1(V7). (8)

By the first and second Bianchi identities:

Cijkli + Cijikl + Cijiie = 0,

Cijkti + Citjki + Cikiji = 0.

We can now show Zijkl distinet Cijkti Lijrizi € S1(V*), by considering c¢;;x;; multi-
plied by the equation linear combination from (8):

Cijkti 2T — Tikijii — Tigizi + Tigkin + Tijie) € S1(V™)
= Z Cijkti 2Tk — Tikigii — Ttz + Tijkin + Tijine) € S1(V'7)

ijkl distinct

= 2 E Cijti Lijrtsi — E Cijhti Liktjzi — E Cijti Litjhzi + E Cijhti Lijriz + E Cijhisi Lijit:-

ijkl ijkl ijkl ijkl ijkl

We use Lemma 1.7 on the second, third, fourth, and fifth summations.

= 2 E Cijti Lijrtsi — E Ciktji Lijrizi — E CitjkiLijrti + E CigkitLijrri + E Cijitk Lijtzi

ikl ikl ijkl ikl ikl
= 2 E Cijhti Lijrtsi — E (Cikiji + cijri) Tignzi + E (ijkir + Cijite) Tijnisi-
ijkl ikl ikl



We use the Bianchi identities on the constants.

= 2 g Cijti Lijisi — E (—cijii) Tz + E (Cijrti) Tijnizi

ijkl ijkl ijkl
= 45 Cijhti Lijktzi-
ikl
*
= E CijriiTijri € S1 (V™).
ikl

To show ). ikl distinet Cigkit Lijkil € S1(V*) is somewhat more complicated. Again
we consider the constant ¢;;; multiplied by the linear combination from (8):

Z Cijiti 2T 35k + Tijrin — Tikijii + Tigisk — Titjki) € S1 (V™)

ijkl
= E QCijkliTijkl;z"I' E CijkliTijki;l - E CijkliTiklj;i+ E CijkliTijil;k - E CijkliTiljk;i-
ijkl ijkl ijkl ijkl ijkl

In the third and fifth summations, we use Lemma 1.7, then factor out the tensor.
In the fourth summation, we permute {k, [} and use the usual symmetries to obtain
the second summation.

= E 2¢ijk1iTiji + 2 E CijitiLijhiz + E (—cinrji — Civjki) Tigutsi

ikl ikl ikl
*
= E 3¢ijriilijri + 2 E Cijkii Tijrin € S1 (V™).
ikl ikl

But the first summand € S;(V*),
= Z 2¢ijk1i Tijkiy € S1(V7).
ikl
= Z 2(Cijra + Cijik) Tijriy € S1 (V™).
ikl
= Z 2¢iikilTijrin + 2¢iikTijrin € S1(V7"). (9)
ikl

Now consider (5)+(6)-+(7):

Tiikti + Tijkia + Tikgisi + Tikigii + Tikiiy + Tikgii + Tk + Tajie + Tijies € S1 (V")
Tijntsi + Tijrin + Tingri — Tikjisi + Tiktisy + Tk — Tukgs + Tigice — Tijktsi

= Tijkii — Tijrzi + Tijrig + Dikjii — Tkt + Tiktig + Takgi — Takgsi + Tujik

= +Tkia + Tikiisj + Tujie € S1 (V7). (10)
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By (10) we consider the following:

Z Cijkit Tijkin — Tijie — Titik,;) € S1(V7)

ijkl
= E Cz'jkilTijkz';l - E Cz‘jkzisz’jil;k— E CijkilTilik;j-
ijkl ijkl ijkl

We now permute {j, k} in the third summation,

= g CijkilTijki;l_E CijkilTijil;k_E CikjilTilij;k

ikl ikl ikl
= E CijhitLijrig — 2 E CijhitLijit:ke-
ikl ikl
*
= E CijhitLijrig — 2 E CijitkTijrin € S1 (V™). (11)
ikl ikl

Let us consider the sum between (9) and (11):

Z Cijit Lijrit — 2 Z Cijitk Lijrir + 2 Z Cijrit Lijrir + 2 Z CijitkLijrir € S1 (V™)

ikl ikl ijkl ikl
= 32 CijritLijkit-
ikl
*
= E CijkitTijrin € S1 (V™).
ikl

We have the terms in (3)€ S (V*), all that remains is when V R has five distinct
indices.

2.4 Five Distinct Indices

Let {4, 7, k,l,n} be distinct indices and {a, b} # {i,1}, {j, k,n} # {z,y, z}. Choose
¢ € S%(V*) and ¢ € S?(V*) so that:

d(eiser) = dler,e;) =1 and P(eq, ) = 0,

¢(ej7€k>6n) = ¢(€j7€n,€k) = w(eka ejaen) = w<ek7€n76j> - 17
w(en7€ja ek) = w(ena ekvej) =1 and w(ezaeyaez) =0.
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Up to the symmetries, the nontrivial terms for VR, ,, are:
VRyy(ei e, e er,en) = VRy y(ei e, en,e1,er) = VRg y(eis er, e, e1,e,) = 1

V Ry €ns €5, €1, er) = VRy (€, €n, ek, €1,€) = VRy (€, €k, €n,€1,€5) = 1.

Up to the usual symmetries, the only nontrivial entries for T3z, Tijniks Tikjtin, Linjisk, Linki:j
and Tjy,.; are:

Tijkin(€i €, €, er56n) =1 =V Ry y(e;, €5, €k, €15 €p)
Tijnisk (€, €5, €n, er5€er) = 1 =V Ry (€5, €5, €n, €15 €x),
Tijkizn (€, €x, €5, €5 €n) = 1 =V Ry (€5, €, €5, €15 €5),
Tijkin(€isens€j,er5ep) =1 =V Ry (e, en, €5, €5 €x),
Tijkizn (€, €ns €k, €15€5) = 1 =V Ry (€5, €n, €k, €15 €;5),

ﬂjkl;n(eiu €k, €n, €1; e]) =1= VR¢>,’£/J(ei7 €k, €n, €1; 6])

Since these are the only nonzero entries, we must have VRyy = Tjjun +
Tijnik + Tinjim + Tinjik + Tinkiyj + Tikntyj, and Tijrgn + Tijnie + Tijin + Tinjie +
Tinktzi + Tikni; € S1(V*). We can permute the indices {7, j, k,[,n} to get the
following linear combinations:

Tijkion + Tijniske + Tikjin + Tingik + Tinktzj + Tiknt; € S1(V7), (12)
Tiking + Tiking + Titknsi + Tiikng + Tiitne + Litinge € S1(V7), (13)
Thinii + Thijisn + Tintisj + Thjtim + Thjniz + Tingia € S1(V7F), (14)
Tinijie + Tinkjii + Tiingk + Tikngi + Dikigin + Tlikgn € S1(V7), (15)
Trijkyt + Tnitkyi + Togikg + Totikss + Dotk + Togiksi € S1(V7). (16)

We can get more linear combinations in S;(V*) by constructing VR ;:

qg(ei,en) = gE(en, e;) =1 and gzg(ea, ep) =0,

Ulej,en er) = P(ej, e ex) = bler, ej, e1) = (e, e, €5) = 1,
7;(‘ebeja ek) = @Z(ehek?ej) =1 and ";(exa €y, ez) =0.

Up to the symmetries, the nontrivial terms for VR, are:
VR (i €5, e enye1) = VRyy(ei €5, €1, €ny 1) = VR (e, €k, €5, €ns00) = 1,

V Ry €1, €5, €n,e) = VRy (€5, €1, €x,€n,€;) = VRy (€5, €x, €1, €n,€5) = 1.
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Up to the usual symmetries, the only nontrivial entries for T5;xn.1, Tikjnits Tijinsk, Litjnik, Likin:j
and Tjgy,; are:

Tijrni(€ir €, ex, €156n) = 1= VR 5(ei, €5, ex, €15 €,),
Tikjni(€ir €, ens ey ex) = 1= VR 5(ei, €5, en, €15 1),
Tijinr(ei ex, e, er56n) = 1=V R 5(ei, ex, €5, €15 €,),
Tajn(€i en, €5, e5e) = 1=V R 5(ei, e, €5, €15 €x),
Tikinj(€ir €n, ex, e15€5) = 1= VR 5(ei, en, ex, €15 €5),
Tiaknsj (€, e, en, e15€5) = 1=V R; 5(ei, ex, eq, €15 ;).

Thus VRj 5 = Tijkna + Tikgng + Lijingke + Titjnsk + Likingg + Tiknsy and Tijkng + Tigjna +
Tiiinske + Titinke + Likingg + Tikny; € S1(V*). We can permute the indices {4, j, k,[,n}
to get the following linear combinations:

Tijkna + Tikjng + Tijingk + Titjne + Tikingg + Tikny; € S1(V7), (17)
Tiktizn + Tjikizn + Tikniz + Tinkiz + Tiinise + Tiniie € S1(V7), (18)
Thingsi + Tintjii + Thtijin + Thitjm + Tenijy + Thinga € S1(V7), (19)
Tiniksi + Tinksj + Tingksi + Tignksi + Tlijien + Tijikn € S1(V7), (20)
Trijisk + Tojiiske + Dokt + Tokit; + Togiti + Tokjii € S1(V7). (21)

Consider the linear combinations from (12)4(13)+(14)+(15)4(16):

Lijrin + Tijnisk + Tirjin + Tingie + Linktj + Tiknty + Liking + Tiking + Thikn:
+irjikn;l + T‘jiln;k + ijlin;k: + Tk’lni;j + Tklji;n + Tknli;j + Tkjli;n + Tkjni;l + Tknji;l
ik + Tinkgsi + Liingsk + Tikngyi + Likigin + Ttikgm + Tigea + Thiksg + Thjikg
+Tnlik;j + Tnljk;i + Tnjlk;i

= T;jkl;n + ,I‘ijnl;k + T;kjl;n + T;njl;k + T‘inkl;j + T;knl;j + iT’jkzln;i + T‘injk;l + ijlkn;i
+ gk + Tijnik + Lingike — Tinktyy — Tijkin + Thnitizy + Titjksn + Lingra + Tijnks
_Tzijnl;k - Enjk;i + 7ﬂlinj;k + T'lknj;i - Ejkl;n + T’iljk;n - T’injk;l + T'inkl;j + Tnjik;l
_’_T;knl;j - T1jkln;i + ﬂknj;i

= Tijin + Tinjik + Likntj + Tinjreg + Tiikns
+Ejnk;l + Ejnl;k + T‘injl;k + Tknli;j + Eljk;n + T‘ijnk;l
_ﬂnjk;i + T1linj;k + ﬂknj;i - ,I;jkl;n + T;ljk;n + Enkl;j + Tnjik;l
+Tiknt; + Tikngsi
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= Titjin — Lijkin + Titjken + Titjen + Lijnkg + Tinjra + Tijnkag + Tojikg
+ itk + Linjisk + Tinjizke + Tiingie + Thnitiz + Tikntyy + Tinkt;j + Tikni:;
~Tnjksi + Tiknjsi + Litknsi + Tikng:i
= Titjin — Lijkin + 2T558:0 + 2T5jnky + Tinjka + Dojika
+ gk + 2Lingike + Tlingke + Thntis; + 2Liknt; + Tinki:j
~Tnjksi + 2T0kng: + Titknsi- (22)

Now consider ¢;ji, multiplied by the linear combination from (22):

= Z Cijknt(Likjin — Tijrtn + 2T5km — 2TLikn + Tingka + Thjik:
ijkin
+Ejnl;k + 27_;'njl;k + T’linj;k + Tknli;j + 27—;k:nl;j + T‘inkl;j
—Tinjksi + 2L0kngii + Ljiknsi)

= g CijkniLikjin — E CijkniLijrin + 2 E Cijknt Litjim — 2 E CijkntLijknsl

ijkin ijkin ijkin ijkin

+ E CijknlLinjk + E CijkntTnjikg + E CijkniLijniie + 2 E CijkntLinji:k
ijkin ijkin ijkin ijkin

+ g Cijknt L linj:k + E Cijkni L kntisj + 2 E CijkntLiknizj + g CijkniLinki:j
ijkin ijkin ijkin ijkin

- g Cijknl L injhzi + 2 g Cijknt L 1knjyi + g Cijknt Ljtknsi-
ijkin ijkin ijkln

We will use Lemma 1.7 on the first, second, fifth, sixth, seventh, ninth, tenth,
twelfth, thirteenth and fifteenth summations.

= E CikjinTijhng — E CijkinTijhny + 2 E Cijknt Litjkm — 2 E Cijknl Lijknsl

ijkin ijkin ijkin ijkin

+ E Cinjklﬂjkn;l + E anile‘ijkn;l + E Cijnlk’ﬂjkn;l +2 E Cijknlnn]’l;k
ijkin ijkin ijkin ijkin

+ E Clingk Lijiny + E Chnlij Lijhn: + 2 E Cijknt Liknizj + E Cinklj Lijhnl
ijkin ijkin ijkin ijkin

- E CingkiLijkn + 2 E Cijhnt L lknjsi + g CitkniLijkn:1-
ijkin ijkin ijkin
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We will use the usual symmetries on the constants, to obtain a Bianchi-like
pattern so that we may simplify the equation with the Bianchi identities.

= — E CiktjnLijeng — E CijkinLijkn + 2 E Cijknt Litjkm — 2 E Cijknl Lijhn:1

ijkin ijkin ijkin ijkin

+ E Cinjki Lijkny + E Ciknjt Lijkn — E Cijink Lijkna + 2 E Cijknt Linji:k
ijkin ijkin ijkin ijkin

- E CitngkLijkng — E Citknj Lijkn + 2 E CijkniLikni;j — E Cintkj Lijrn:
ijkin ijkin ijkin ijkin

- E ClnjkiLijkn: + 2 E Cijknt L1k — E ClikniLijn:
ijkin ijkin ijkin

= - E (Cikijn + Cijhin)Lijng + 2 E Cijknt Litjlm — 2 E CijknlLijknsl

ijkin ijkin ijkin

+ E (Cingrt + Cikngt) Tijkng — E (Cijink + Citngk) Tijing + 2 g Cijknl Linjt:k
ijkin ijkin ijkin

- E (Citknj + Cinikj) Tijkna + 2 g Cijknl Likni:j
ijkin ijkin

- E (Cinjki + Cijrni) Tijkna + 2 E Cijknl L lknjsi
ijkln ijkin

= - g (—Citjkn) Tijkng + 2 E Cijknil Litjkm — 2 g CijkniLijhn:

ijkin ijkin ijkin

+ E (—Cijint) Lijkng — E (—Cingik) Lijkna + 2 E Cijknl Linji:k
ijkin ijkin ijkin

— E (—Citnij) Tijkng + 2 E Cijkeni Liknisj
ijkin ijkin

— E (—Cikngi) Tijkng + 2 E Cijknt L 1kngsi-
ijkin ijkin
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We will use Lemma 1.7 on the first, fourth, fifth, seventh and ninth summations.

= E (Cz‘jknz)Tiljk;nﬂLQE Cijk:aniljk;n_2§ CijknlLijhn:

ijkin ijkin ijkin
- E (Cijint) Lijkna + E (Cijint) Linjiie + 2 E Cijknl Linjt:k
ijkin ijkin ijkin
+ E (Cijint)Tiknij + 2 E Cijknl Liknisj
ijkin ijkin
+ E (ijint) Tiknjsi + 2 E CijkniLlkn;:i
ijkin ijkin
= 3 E Cijkni Litjkn — 3 E CijkniLijng + 3 E CijknlLinji:e + 3 E Cijknl Liknisj
ijkln ijkln ijkln ijkln
*
+3 E CijkntTiknji € S1 (V™). (23)
ijkin

Using Lemma 1.8 we can find permutations that give us equalities for ), ki Cikjn Linkl;j -

Among the permutations of ) . kin CikijnLinki;j, there are a few of interest:

o = (jnlk) = Z CikljinLinkl;; = Z Cijknl Litjkm, (24)
ijkin ijkin
o = (In)(ijk) = Z CikljnTinki; = — Z Cijknt Lintj ks (25)
ijkin ijkin
g = (/{:n) (’Lnl]) = Z Cikljnﬂnkl;j = - Z Cz’jkannjkl;i7 (26)
ijkin ijkin
o= (inl) = Z CiktinLinki;; = Z Cigkni Liknl;js (27)
ijkin ijkin
g = (k‘l) = Z Cikljnﬂnkl;j == Z Cilkjnﬂnlk:;j7 (28)
ijkin ijkln
o= (k)(El)(jn) = Z Ciktjn Linkl; = Z Citjkn Likni;j - (29)
ijkin ijkin
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Notice that (24) through (29) are all equal, for convenience we will use the
rightmost summand on (24). Looking at (23) with our new relations we have:

3 E Cijknt Litjkm — 3 E CijkniLijkng + 3 E Cijknt Linjizk + 3 E Cijknt Liknt:j
ijkin ijkin ijkin ijkin
+3 E Cijkni L 1knjsi
ijkin
3 g CijkniLitjkm — 3 E CijkniLijeng — 3 E CijkniLintjik + 3 E Cijknt Liknizj

ijkin ijkin ijkin ijkin

-3 E CijkntTnjkisi-

ijkin

We will use (25) on the third summand, (27) on the fourth summation and (26)
on the fifth summation.

3 E Cijknt Litjkm — 3 E CijkntLijng + 3 E Cijknt Litjkm + 3 E CijknlLitjkn

ijkin ijkin ijkin ijkin
3 E (Cijknt) Titjsm
ijkin
*
12 g (Cijint) Litjkm — 3 g Cijknt Tijina € S1(V7). (30)
ijkin ijkin

Now we are going to use the first Bianchi identity to get a relation:

(Cijiin + Citjkn + Cikign) Titjrn = 0+ Tigjgm = 0.
= CijkinLitjkn + CitjknLitjkn + CiktinLitje:n = 0.

= E CijkinLitjkn + CitjtnLitjk:n + CiktjnTitjem = 0.

ijkin
= E Citjkn Litjkmn = — E CijhinLitjkm — E Cikljn Litjksm -
ijkin ijkin ijkin

Consider o = (il), then Zijkln CijkinLitjkn = Zz‘jkln CiktjnTitjkm and we have:

= E Citjkn Litjkm = —E Cz’jklnTiljk;n_E CiklinLitjkm

ijkin ijkin ijkin

= =2 Z Ciktjn Litjkm - (31)

ijkin
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Again we will use the first Bianchi identity to get another relation:

(Cnjrti + Cnijki + Cnkigi) Tijisn = 0 - Tigjgn = 0.

= CnjktiLitjkn + CnijkiLitjkn + Coktgilijen = 0.
= E CnijkiLitjkm = — E CjktiLitjkn — E CrkljiLitjkin -

njkli ijkin ijkin

Consider o = (jk) Ziﬂdn Crjkti Litjkn = Eijkln CnktjiLitjkn and we have:

= E CnljkiLitjkn = —E Cz’jklnTiljk;n—g CnktjiLitjkn

njkli ijkin ijkin

= =2 Z Cktji Litjkn - (32)

ijkin
Use (28)(29) and the first Bianchi identity to get another relation :

g (Cikntj + Citknj + Cintkg) Titjen = 0 - Tijkn = 0,

ijkln

E Citkng Litjkn = —( g Cikntj Litjkn + E Cinthej Titjkn,)

ijkin ijkin ijkin

E Citknj Litjkn = —(— E Chitng Litjkn — E Cintkej Litkjn,)

ijkin ijkin ijkin

E Citknj Litjkn = 2 E CiktlinLinkij

ijkin ijkin

E Citkenj Litjkn = 2 E CitjknLiknij- (33)
ijkin ijkin

One last relation using the second Bianchi identity:

E (Cnijki + Cntijie + Cnikij) Titjrsn = 0 - Tigjgn = 0.

ijkin
= E Cljki Litjkm = — E Ctijk Litjkm — E Crikij Litjhm -
ijkin ijkin ijkin

Consider o = (ik), then Zijkln Crjkti Litjkn = Zijkln Cnkigi Litjkn and we have:

E Crljki Litjkm = —E CnlijkTiljk;n_E Cikij Litjkm

ijkin ijkin ijkin

= -2 Z Coikij Litjhm - (34)

ijkin
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Now let’s look at ¢;;x,(20) and use (24) to (29) (31) and (32):
Citjrn(Tiniksj + Tiinksj + Tingksi + Tijnksi + Tijieon + Tijien) € S1(V7)
= Z CitjknTiniksj + Tiinksj + Tingksi + Tijnksi + Tijien + Tijien) € S1(VF)

ijkin
1
= - E CitjknLiknizj + E Citjkn Litkn;j — E CiljknTnljk;i_§ E Citjkn T nijhsi
ijkin ijkin ijkin ijkin
1
- E CitjknLitjkn — 3 E Citjkn Litjksm -
ijkin ijkin

We use (33) and Lemma 1.7 on the second summation.

1
= - E Citjkn Liknizj + 2 E Citjkn Liknisj — g Citjkn T nijki — 5 E Citjkn L nijksi

ijkin ijkin ijkin ijkin
1
- E CitjknLitjkm — 3 E CitjknTitjkn
ijkin ijkin
3 1
= CiljknTiknl;j -3 CiljknTnljk;i - CiljlmTiljk;n - = CiljknTiljk;n-
2 2
ijkin ijkin ijkin ijkin

We will use (34) on the second summation.

3
= E CitjknLikni;; — 3 E CitjknLiknisj — 3 E CitjknLitjkn

ijkin ijkin ijkin
3
= =2 Z CitjknLiknizj — 3 Z Citjkn Litjkn -
ijkin ijkin
= 2 Z CitjknLiknt;j + 3 Z CitjknTitjrm € S1(V7),
ijkin ijkin
By (29) on the first summation,
= 2 Z Cijk:nlﬂknl;j +3 Z Cijknlj—’ijkn;l € Sl (V*) (35)
ijkin ijkin
By (30) and (35) we have:

4 E (ijint) Titjrm — 1 E CijkniLijkng — 6 E CijkniLijkng — 2 E Cijknl Litjrm

ijkin ijkin ijkin ijkin
*
= -7 E CijkntTijina € S1 (V7).
ijkin

= Z CijkinTijkin € S1(V™).

ijkin
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We must have (4)€ S;(V*), therefore VR € S;(V*) O

3

Questions

Since we have a spanning set for A;(V*) on a vector space, V', the natural questions
become:

4

Given any VR € A;(V*), how do you reconstruct it using VR, ,'s?
How many VR ,’s are necessary to fully reconstruct a given VR?

If VR, py = VR, 4, then what does this tell us about ¢, 2 and 9y, 957
What conditions must we impose on ¢ and ¥; to give ¢1 = ¢ and Yy = 157

When is it the case that VRy, v, + V Ry, p, = VRg, 4,7

The dimension of the basis for A;(V*) is known [4]. How would we con-
struct an algorithm for generating a basis for A;(V*) by trimming away our
spanning set Sy (V*)?
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