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Abstract

We provide a spanning set for the set of algebraic covariant derivative
curvature tensors on a m-dimensional real vector space.

1 Introduction

A spanning set for the algebraic covariant derivative curvature tensors on a vector
space is known to be the set of algebraic covariant derivative curvature tensors
built from totally symmetric p-forms [2]. This paper presents an elementary proof
of this fact. We will begin with a definition of the vector space of algebraic cur-
vature tensors and algebraic covariant derivative curvature tensors. Then we will
introduce building blocks for specific elements of the aforementioned spaces.

Definition 1.1 Let V be an m-dimensional real vector space. Let A0(V ) ⊂ ⊗4V ∗

and A1(V ) ⊂ ⊗5V ∗ be the spaces of all algebraic curvature tensors and all algebraic
covariant derivative tensors, respectively. If we have R ∈ A0(V ) and ∇R ∈ A1(V )
then by definition R and ∇R are multilinear and satisfy the following symmetries:

R(x, y, z, w) = R(z, w, x, y) = −R(y, x, z, w),

R(x, y, z, w) +R(x,w, y, z) +R(x, z, w, y) = 0,

∇R(x, y, z, w; v) = ∇R(z, w, x, y; v) = −∇R(y, x, z, w; v),

∇R(x, y, z, w; v) +∇R(x,w, y, z; v) +∇R(x, z, w, y; v) = 0,

∇R(x, y, z, w; v) +∇R(x, y, v, z;w) +∇R(x, y, w, v; z) = 0.

Definition 1.2 Let φ ∈ Sp(V ) then φ is a totally symmetric multilinear p-form.
That is, φ(x1, ..., xn) = φ(xσ(1), ..., xσ(n)) where σ is any permutation of p elements.
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The next two propositions will give a way to build an algebraic curvature tensor
and an algebraic covariant derivative curvature tensor using symmetric two and
three forms respectively [1]. The set of the algebraic curvature tensors and the
set of the covariant derivatives built from these symmetric forms are interesting in
that they form a spanning set.

Proposition 1.3 If φ ∈ S2(V ), then

Rφ(x, y, z, w) = φ(x,w)φ(y, z)− φ(x, z)φ(y, w)

is an algebraic curvature tensor.

Proof. We need only show that Rφ satisfies the symmetries from Definition
1.1.

Rφ(y, x, z, w) = φ(y, w)φ(x, z)− φ(x,w)φ(y, z)

= −(φ(x,w)φ(y, z)− φ(y, w)φ(x, z)

= −Rφ(x, y, z, w),

Rφ(z, w, x, y) = φ(z, y)φ(w, x)− φ(z, x)φ(w, y)

= φ(x,w)φ(y, z)− φ(x, z)φ(y, w)

= Rφ(x, y, z, w),

and the first Bianchi Identity:

Rφ(x, y, z, w) +Rφ(x,w, y, z) +Rφ(x, z, w, y)

= φ(x,w)φ(y, z)− φ(x, z)φ(y, w) + φ(x, z)φ(y, w)

−φ(x, y)φ(w, z) + φ(x, y)φ(z, w)− φ(x,w)φ(y, z)

= 0.

ut

2



Proposition 1.4 If φ ∈ S2(V ), ψ ∈ S3(V ), then

∇Rφ,ψ(x, y, z, w; s) = φ(x,w)ψ(y, z, s)+φ(y, z)ψ(x,w, s)−φ(x, z)ψ(y, w, s)−φ(y, w)ψ(x, z, s)

is an algebraic covariant derivative curvature tensor.

Proof. We need only show that ∇Rφ,ψ satisfies the symmetries from Definition
1.1.

∇Rφ,ψ(y, x, z, w; s) = φ(y, w)ψ(x, z, s) + φ(x, z)ψ(y, w, s)

−φ(y, z)ψ(x,w, s)− φ(x,w)ψ(y, z, s)

= −(φ(x,w)ψ(y, z, s) + φ(y, z)ψ(x,w, s)

−φ(x, z)ψ(y, w, s)− φ(y, w)ψ(x, z, s))

= −∇Rφ,ψ(x, y, z, w; s),

∇Rφ,ψ(z, w, x, y; s) = φ(z, y)ψ(w, x, s) + φ(w, x)ψ(z, y, s)

−φ(z, x)ψ(w, y, s)− φ(w, y)ψ(z, x, s)

= φ(x,w)ψ(y, z, s) + φ(y, z)ψ(x,w, s)

−φ(x, z)ψ(y, w, s)− φ(y, w)ψ(x, z, s)

= ∇Rφ,ψ(x, y, z, w; s),

the first Bianchi Identity:

∇Rφ,ψ(x, y, z, w; s) +∇Rφ,ψ(x,w, y, z; s) +∇Rφ,ψ(x, z, w, y; s)

= φ(x,w)ψ(y, z, s) + φ(y, z)ψ(x,w, s)− φ(x, z)ψ(y, w, s)− φ(y, w)ψ(x, z, s)

+φ(x, z)ψ(y, w, s) + φ(w, y)ψ(x, z, s)− φ(x, y)ψ(w, z, s)− φ(w, z)ψ(x, y, s)

+φ(x, y)ψ(z, w, s) + φ(z, w)ψ(x, y, s)− φ(x,w)ψ(z, y, s)− φ(z, y)ψ(x,w, s)

= 0,

and the second Bianchi Identity:

∇Rφ,ψ(x, y, z, w; s) +∇Rφ,ψ(x, y, s, z;w) +∇Rφ,ψ(x, y, w, s; z)

= φ(x,w)ψ(y, z, s) + φ(y, z)ψ(x,w, s)− φ(x, z)ψ(y, w, s)− φ(y, w)ψ(x, z, s)

+φ(x, z)ψ(y, s, w) + φ(y, s)ψ(x, z, w)− φ(x, s)ψ(y, z, w)− φ(y, z)ψ(x, s, w)

+φ(x, s)ψ(y, w, z) + φ(y, w)ψ(x, s, z)− φ(x,w)ψ(y, s, z)− φ(y, s)ψ(x,w, z)

= 0.

ut
Now that we have shown that we can build algebraic curvature tensors and al-

gebraic covariant derivative curvature tensors, we can develop notation to indicate
when a ∇R is in fact a ∇Rφ,ψ.
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Definition 1.5 If V is a vector space, then S(V ∗) = span{Rφ : φ ∈ S2(V ∗)} and
S1(V

∗) = span{∇Rφ,ψ : φ ∈ S2(V ∗), ψ ∈ S3(V ∗)}

The following theorem states that the set of algebraic curvature tensors on a
vector space is the set of those built from symmetric bilinear forms [2, 3].

Theorem 1.6 A0(V
∗) = S(V ∗).

An elementary proof has been provided [3] and a proof using representation
theory [2]. The main result is that the set of algebraic covariant derivative curva-
ture tensors is spanned by those built from totally symmetric two and three forms.
A proof using representation theory [2] exists; however, an elementary proof does
not. The following two lemmas will be helpful when proving this:

Lemma 1.7 If Tijkl;n ∈ ⊗5V ∗, such that Tijkl;n satisfies the first two symmetries
of Defintion 1.1 and if σ is a permutation on five letters,then∑

ijkln

cijklnTσ(i)σ(j)σ(k)σ(l);σ(n) =
∑
ijkln

cσ(i)σ(j)σ(k)σ(l);σ(n)Tijkl;n.

Lemma 1.8 If Tijkl;n ∈ ⊗5V ∗, such that Tijkl;n satisfies the first two symmetries
of Defintion 1.1 and if σ is a permutation on five letters, then∑

ijkln

cijklnTxyzw;s =
∑
ijkln

cσ(i)σ(j)σ(k)σ(l),σ(n)Tσ(x)σ(y)σ(z)σ(w);σ(s)

where {i, j, k, l, n} = {x, y, z, w, s}.

Proof. Let σ be a permutation on {i, j, k, l, n} = {x, y, z, w, s}. Consider,∑
ijkln

cσ(i)σ(j)σ(k)σ(l),σ(n)Tσ(x)σ(y)σ(z)σ(w);σ(s).

Since {i, j, k, l, n} are dummy indices, we can rename the indices in the previous
summation to obtain: ∑

ijkln

cijklnTxyzw;s.

ut
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2 A Spanning Set for A1(V
∗)

Theorem 2.1 S1(V
∗) = A1(V

∗).

Let V be a vector space of dimension m and {ei} be a basis for V , {ei} be a
basis for V ∗ and {ei ⊗ ej ⊗ ek ⊗ el ⊗ en} be a basis for ⊗5V ∗. We will define a
tensor Tijkl;n that satisfies the first two symmetries from Definition 1.1.

Tijkl;n = ei ⊗ ej ⊗ ek ⊗ el ⊗ en + ek ⊗ el ⊗ ei ⊗ ej ⊗ en

− ej ⊗ ei ⊗ ek ⊗ el ⊗ en − ei ⊗ ej ⊗ el ⊗ ek ⊗ en

− el ⊗ ek ⊗ ei ⊗ ej ⊗ en − ek ⊗ el ⊗ ej ⊗ ei ⊗ en

+ ej ⊗ ei ⊗ el ⊗ ek ⊗ en + el ⊗ ek ⊗ ej ⊗ ei ⊗ en

Let ∇R ∈ A1(V
∗). Since ∇R ∈ ⊗5V ∗ and satisfies the first two symmetries of

Definition 1.1, ∇R is a linear combination of the Tijkl;n’s. Therefore,

∇R =
∑

i,j distinct

cijjiiTijji;i + (1)∑
i,j,k distinct

cijkiiTijki;i + cijkijTijki;j + cijjikTijji;k + (2)∑
i,j,k,l distinct

cijkliTijkl;i + cijkilTijki;l + (3)∑
i,j,k,l,n distinct

cijklnTijkl;n. (4)

Since ∇R ∈ A1(V
∗) we can choose the constants, cijkln, to satisfy the first

and second Bianchi identities from Definition 1.1. That is cijkln + cijnkl + cijlnk =
0, cijkln + ciljkn + cikljn = 0, cijkln = −cjikln = cklijn. We are going to show that
each term (1), (2), (3) and (4)∈ S1(V

∗) individually.

2.1 Two Distinct Indices

Let {i, j} be distinct indices and {a, b} 6= {j}, {x, y, z} 6= {i}. Choose φ ∈ S2(V ∗)
and ψ ∈ S3(V ∗) so that:

φ(ej, ej) = 1 and φ(ea, eb) = 0,

ψ(ei, ei, ei) = 1 and ψ(ex, ey, ez) = 0.
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Up to our symmetries, the only nontrivial entry for ∇Rφ,ψ is

∇Rφ,ψ(ei, ej, ej, ei; ei) = 1.

We have Tijji;i = 2∇Rφ,ψ. Thus Tijji;i ∈ S1(V
∗) and (1)∈ S1(V

∗).

2.2 Three Distinct Indices

Let {i, j, k} be distinct indices and {a, b} 6= {j, k}, {x, y, z} 6= {i}. Choose
φ ∈ S2(V ∗) and ψ ∈ S3(V ∗) so that:

φ(ej, ek) = φ(ek, ej) = 1 and φ(ea, eb) = 0,

ψ(ei, ei, ei) = 1 and ψ(ex, ey, ez) = 0.

Up to our symmetries, the only nontrivial entry for ∇Rφ,ψ is

∇Rφ,ψ(ei, ej, ek, ei; ei) = 1.

We have ∇Rφ,ψ = Tijki;i. Thus Tijki;i ∈ S1(V
∗).

Choose φ ∈ S2(V ∗) and ψ ∈ S3(V ∗) so that:

φ(ei, ei) = 1 and φ(ea, eb) = 0,

ψ(ej, ej, ek) = ψ(ej, ek, ej) = ψ(ek, ej, ej) = 1 and ψ(ea, eb, ec) = 0.

Up to our symmetries, the nontrivial entries for ∇Rφ,ψ are:

∇Rφ,ψ(ei, ej, ek, ei; ej) = 1,∇Rφ,ψ(ei, ej, ej, ei; ek) = 1.

Up to the symmetries, the only nonzero entries for Tijji;k and Tijki;j are:

Tijji;k(ei, ej, ej, ei; ek) = 2 = 2∇Rφ,ψ(ei, ej, ej, ei; ek),

Tijki;j(ei, ej, ek, ei; ej) = 1 = ∇Rφ,ψ(ei, ej, ek, ei; ej).

We must have ∇Rφ,ψ = 1
2
Tijji;k + Tijki;j, and 1

2
Tijji;k + Tijki;j ∈ S1(V

∗). By
permuting {i, j} we have 1

2
Tijji;k +Tijjk;i ∈ S1(V

∗). By adding the previous terms,
we arrive at Tijji;k + Tijki;j + Tijjk;i ∈ S1(V

∗). By subtracting the same terms, we
arrive at Tijki;j − Tijjk;i ∈ S1(V

∗). By the second Bianchi identity,

cijjik = cijkij + cijjki.
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We will show that
∑

ijk distinct cijjikTijji;k ∈ S1(V
∗):

cijjik(Tijji;k + Tijki;j + Tijjk;i) ∈ S1(V
∗)

⇒
∑

ijk distinct

cijjik(Tijji;k + Tijki;j + Tijjk;i) ∈ S1(V
∗)

=
∑
ijk

cijji;kTijji;k +
∑
ijk

cijji;kTijki;j +
∑
ijk

cijji;kTijjk;i

We can interchange the indices of the constants and the tensor of the second and
third summations by Lemma 1.7. Then we factor out the constants and use the
Bianchi identities.

=
∑
ijk

cijjikTijji;k +
∑
ijk

cijkijTijji;k +
∑
ijk

cijjkiTijji;k

=
∑
ijk

cijjikTijji;k +
∑
ijk

(cijkij + cijjki)Tijji;k

=
∑
ijk

cijjikTijji;k +
∑
ijk

cijjikTijji;k

= 2
∑
ijk

cijjikTijji;k.

⇒
∑
ijk

cijjikTijji;k ∈ S1(V
∗).

Now we will show that
∑

ijk distinct cijkijTijki;j ∈ S1(V
∗):

cijkij(Tijkij − Tijjki), 2cijjki(
1

2
Tijji;k + Tijjk;i) ∈ S1(V

∗)

⇒
∑

ijk distinct

cijkij(Tijki;j − Tijjk;i) + 2cijjki(
1

2
Tijji;k + Tijjk;i) ∈ S1(V

∗)

=
∑
ijk

cijkijTijki;j −
∑
ijk

cijkijTijjk;i +
∑
ijk

cijjkiTijji;k + 2
∑
ijk

cijjkiTijjk;i

We use the Bianchi identity on the second summand. Switch the third and fourth
entry in both the constant and the tensor in the fourth summation and permute
{i, j}.

= 3
∑
ijk

cijkijTijki;j +
∑
ijk

cijjkiTijjk;i −
∑
ijk

cijji;kTijjk;i +
∑
ijk

cijjkiTijji;k
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We interchange indices with the constants and the tensor in the third summand.
We also switch the third and fourth entry in both the constant and the tensor for
the second summations.

= 4
∑
ijk

cijkijTijki;j −
∑
ijk

cijjikTijjk;i +
∑
ijk

cijji;kTijjk;i

= 4
∑
ijk

cijkijTijki;j

⇒
∑
ijk

cijkijTijki;j ∈ S1(V
∗).

Thus the terms in (2)∈ S1(V
∗).

2.3 Four Distinct Indices

Let {i, j, k, l} be distinct indices and {a, b} 6= {j, k}, {x, y, z} 6= {i, l}. Choose
φ ∈ S2(V ∗) and ψ ∈ S3(V ∗) so that:

φ(ej, ek) = φ(ek, ej) = 1 and φ(ea, eb) = 0,

ψ(ei, ei, el) = ψ(ei, el, ei) = ψ(el, ei, ei) = 1 and ψ(ex, ey, ez) = 0.

Up to the symmetries, the nontrivial entries for ∇Rφ,ψ are:

∇Rφ,ψ(ei, ej, ek, el; ei) = 1,∇Rφ,ψ(ei, ek, ej, el; ei) = 1,∇Rφ,ψ(ei, ek, ej, ei; el) = 1.

Up to our symmetries, the only nonzero entries for Tijkl;i, Tijki;l, and Tikjl;i are
as follows:

Tijkl;i(ei, ej, ek, el; ei) = 1 = ∇Rφ,ψ(ei, ej, ek, el; ei),

Tijki;l(ei, ej, ek, ei; el) = 1 = ∇Rφ,ψ(ei, ej, ek, ei; el),

Tikjl;i(ei, ek, ej, el; ei) = 1 = ∇Rφ,ψ(ei, ek, ej, el; ei).

Since, these are the only nonzero entries, we must have∇Rφ,ψ = Tijkl;i+Tijki;l+
Tikjl;i and Tijkl;i+Tijki;l+Tikjl;i ∈ S1(V

∗). Now since Tijkl;i+Tijki;l+Tikjl;i ∈ S1(V
∗),

we can permute the indices {j, k, l} to get more linear combinations:

Tijkl;i + Tijki;l + Tikjl;i ∈ S1(V
∗), (5)

Tiklj;i + Tikli;j + Tilkj;i ∈ S1(V
∗), (6)

Tiljk;i + Tilji;k + Tijlk;i ∈ S1(V
∗). (7)
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By subtracting (7) from (5), we have:

Tijkl;i + Tijki;l + Tikjl;i − Tiljk;i − Tilji;k − Tijlk;i ∈ S1(V
∗)

= Tijkl;i + Tijki;l + Tikjl;i − Tiljk;i + Tilij;k + Tijkl;i

= 2Tijkl;i + Tijki;l + Tikjl;i − Tiljk;i + Tilij;k ∈ S1(V
∗). (8)

By the first and second Bianchi identities:

cijkli + cijikl + cijlik = 0,

cijkli + ciljki + ciklji = 0.

We can now show
∑

ijkl distinct cijkliTijkl;i ∈ S1(V
∗), by considering cijkli multi-

plied by the equation linear combination from (8):

cijkli(2Tijkl;i − Tiklj;i − Tiljk;i + Tijki;l + Tijil;k) ∈ S1(V
∗)

⇒
∑

ijkl distinct

cijkli(2Tijkl;i − Tiklj;i − Tiljk;i + Tijki;l + Tijil;k) ∈ S1(V
∗)

= 2
∑
ijkl

cijkliTijkl;i −
∑
ijkl

cijkliTiklj;i −
∑
ijkl

cijkliTiljk;i +
∑
ijkl

cijkliTijki;l +
∑
ijkl

cijkl;iTijil;k.

We use Lemma 1.7 on the second, third, fourth, and fifth summations.

= 2
∑
ijkl

cijkliTijkl;i −
∑
ijkl

cikljiTijkl;i −
∑
ijkl

ciljkiTijkl;i +
∑
ijkl

cijkilTijkl;i +
∑
ijkl

cijilkTijkl;i

= 2
∑
ijkl

cijkliTijkl;i −
∑
ijkl

(ciklji + ciljki)Tijkl;i +
∑
ijkl

(cijkil + cijilk)Tijkl;i.
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We use the Bianchi identities on the constants.

= 2
∑
ijkl

cijkliTijkl;i −
∑
ijkl

(−cijkli)Tijkl;i +
∑
ijkl

(cijkli)Tijkl;i

= 4
∑
ijkl

cijkliTijkl;i.

⇒
∑
ijkl

cijkliTijkl;i ∈ S1(V
∗).

To show
∑

ijkl distinct cijkilTijki;l ∈ S1(V
∗) is somewhat more complicated. Again

we consider the constant cijkli multiplied by the linear combination from (8):

∑
ijkl

cijkli(2Tijkl;i + Tijki;l − Tiklj;i + Tijil;k − Tiljk;i) ∈ S1(V
∗)

=
∑
ijkl

2cijkliTijkl;i +
∑
ijkl

cijkliTijki;l −
∑
ijkl

cijkliTiklj;i +
∑
ijkl

cijkliTijil;k −
∑
ijkl

cijkliTiljk;i.

In the third and fifth summations, we use Lemma 1.7, then factor out the tensor.
In the fourth summation, we permute {k, l} and use the usual symmetries to obtain
the second summation.

=
∑
ijkl

2cijkliTijkl;i + 2
∑
ijkl

cijkliTijki;l +
∑
ijkl

(−ciklji − ciljki)Tijkl;i

=
∑
ijkl

3cijkliTijkl;i + 2
∑
ijkl

cijkliTijki;l ∈ S1(V
∗).

But the first summand ∈ S1(V
∗),

⇒
∑
ijkl

2cijkliTijki;l ∈ S1(V
∗).

⇒
∑
ijkl

2(cijkil + cijilk)Tijki;l ∈ S1(V
∗).

⇒
∑
ijkl

2cijkilTijki;l + 2cijilkTijki;l ∈ S1(V
∗). (9)

Now consider (5)+(6)+(7):

Tijkl;i + Tijki;l + Tikjl;i + Tiklj;i + Tikli;j + Tilkj;i + Tiljk;i + Tilji;k + Tijlk;i ∈ S1(V
∗)

= Tijkl;i + Tijki;l + Tikjl;i − Tikjl;i + Tikli;j + Tilkj;i − Tilkj;i + Tilji;k − Tijkl;i
= Tijkl;i − Tijkl;i + Tijki;l + Tikjl;i − Tikjl;i + Tikli;j + Tilkj;i − Tilkj;i + Tilji;k

= +Tijki;l + Tikli;j + Tilji;k ∈ S1(V
∗). (10)
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By (10) we consider the following:

∑
ijkl

cijkil(Tijki;l − Tijil;k − Tilik;j) ∈ S1(V
∗)

=
∑
ijkl

cijkilTijki;l −
∑
ijkl

cijkilTijil;k −
∑
ijkl

cijkilTilik;j.

We now permute {j, k} in the third summation,

=
∑
ijkl

cijkilTijki;l −
∑
ijkl

cijkilTijil;k −
∑
ijkl

cikjilTilij;k

=
∑
ijkl

cijkilTijki;l − 2
∑
ijkl

cijkilTijil;k.

⇒
∑
ijkl

cijkilTijki;l − 2
∑
ijkl

cijilkTijki;l ∈ S1(V
∗). (11)

Let us consider the sum between (9) and (11):

∑
ijkl

cijkilTijkil − 2
∑
ijkl

cijilkTijkil + 2
∑
ijkl

cijkilTijkil + 2
∑
ijkl

cijilkTijkil ∈ S1(V
∗)

= 3
∑
ijkl

cijkilTijkil.

⇒
∑
ijkl

cijkilTijkil ∈ S1(V
∗).

We have the terms in (3)∈ S1(V
∗), all that remains is when∇R has five distinct

indices.

2.4 Five Distinct Indices

Let {i, j, k, l, n} be distinct indices and {a, b} 6= {i, l}, {j, k, n} 6= {x, y, z}. Choose
φ ∈ S2(V ∗) and ψ ∈ S3(V ∗) so that:

φ(ei, el) = φ(el, ei) = 1 and φ(ea, eb) = 0,

ψ(ej, ek, en) = ψ(ej, en, ek) = ψ(ek, ej, en) = ψ(ek, en, ej) = 1,

ψ(en, ej, ek) = ψ(en, ek, ej) = 1 and ψ(ex, ey, ez) = 0.
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Up to the symmetries, the nontrivial terms for ∇Rφ,ψ are:

∇Rφ,ψ(ei, ej, ek, el, en) = ∇Rφ,ψ(ei, ej, en, el, ek) = ∇Rφ,ψ(ei, ek, ej, el, en) = 1

∇Rφ,ψ(ei, en, ej, el, ek) = ∇Rφ,ψ(ei, en, ek, el, ej) = ∇Rφ,ψ(ei, ek, en, el, ej) = 1.

Up to the usual symmetries, the only nontrivial entries for Tijkl;n, Tijnl;k, Tikjl;n, Tinjl;k, Tinkl;j
and Tiknl;j are:

Tijkl;n(ei, ej, ek, el; en) = 1 = ∇Rφ,ψ(ei, ej, ek, el; en)

Tijnl;k(ei, ej, en, el; ek) = 1 = ∇Rφ,ψ(ei, ej, en, el; ek),

Tijkl;n(ei, ek, ej, el; en) = 1 = ∇Rφ,ψ(ei, ek, ej, el; en),

Tijkl;n(ei, en, ej, el; ek) = 1 = ∇Rφ,ψ(ei, en, ej, el; ek),

Tijkl;n(ei, en, ek, el; ej) = 1 = ∇Rφ,ψ(ei, en, ek, el; ej),

Tijkl;n(ei, ek, en, el; ej) = 1 = ∇Rφ,ψ(ei, ek, en, el; ej).

Since these are the only nonzero entries, we must have ∇Rφ,ψ = Tijkl;n +
Tijnl;k + Tikjl;n + Tinjl;k + Tinkl;j + Tiknl;j, and Tijkl;n + Tijnl;k + Tikjl;n + Tinjl;k +
Tinkl;j + Tiknl;j ∈ S1(V

∗). We can permute the indices {i, j, k, l, n} to get the
following linear combinations:

Tijkl;n + Tijnl;k + Tikjl;n + Tinjl;k + Tinkl;j + Tiknl;j ∈ S1(V
∗), (12)

Tjkln;i + Tjkin;l + Tjlkn;i + Tjikn;l + Tjiln;k + Tjlin;k ∈ S1(V
∗), (13)

Tklni;j + Tklji;n + Tknli;j + Tkjli;n + Tkjni;l + Tknji;l ∈ S1(V
∗), (14)

Tlnij;k + Tlnkj;i + Tlinj;k + Tlknj;i + Tlkij;n + Tlikj;n ∈ S1(V
∗), (15)

Tnijk;l + Tnilk;j + Tnjik;l + Tnlik;j + Tnljk;i + Tnjlk;i ∈ S1(V
∗). (16)

We can get more linear combinations in S1(V
∗) by constructing ∇Rφ̃,ψ̃:

φ̃(ei, en) = φ̃(en, ei) = 1 and φ̃(ea, eb) = 0,

ψ̃(ej, ek, el) = ψ̃(ej, el, ek) = ψ̃(ek, ej, el) = ψ̃(ek, el, ej) = 1,

ψ̃(el, ej, ek) = ψ̃(el, ek, ej) = 1 and ψ̃(ex, ey, ez) = 0.

Up to the symmetries, the nontrivial terms for ∇Rφ,ψ are:

∇Rφ,ψ(ei, ej, ek, en, el) = ∇Rφ,ψ(ei, ej, el, en, ek) = ∇Rφ,ψ(ei, ek, ej, en, el) = 1,

∇Rφ,ψ(ei, el, ej, en, ek) = ∇Rφ,ψ(ei, el, ek, en, ej) = ∇Rφ,ψ(ei, ek, el, en, ej) = 1.
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Up to the usual symmetries, the only nontrivial entries for Tijkn;l, Tikjn;l, Tijln;k, Tiljn;k, Tikln;j

and Tilkn;j are:

Tijkn;l(ei, ej, ek, el; en) = 1 = ∇Rφ̃,ψ̃(ei, ej, ek, el; en),

Tikjn;l(ei, ej, en, el; ek) = 1 = ∇Rφ̃,ψ̃(ei, ej, en, el; ek),

Tijln;k(ei, ek, ej, el; en) = 1 = ∇Rφ̃,ψ̃(ei, ek, ej, el; en),

Tiljn;k(ei, en, ej, el; ek) = 1 = ∇Rφ̃,ψ̃(ei, en, ej, el; ek),

Tikln;j(ei, en, ek, el; ej) = 1 = ∇Rφ̃,ψ̃(ei, en, ek, el; ej),

Tilkn;j(ei, ek, en, el; ej) = 1 = ∇Rφ̃,ψ̃(ei, ek, en, el; ej).

Thus ∇Rφ̃,ψ̃ = Tijkn;l+Tikjn;l+Tijln;k+Tiljn;k+Tikln;j +Tilkn;j and Tijkn;l+Tikjn;l+
Tijln;k +Tiljn;k +Tikln;j +Tilkn;j ∈ S1(V

∗). We can permute the indices {i, j, k, l, n}
to get the following linear combinations:

Tijkn;l + Tikjn;l + Tijln;k + Tiljn;k + Tikln;j + Tilkn;j ∈ S1(V
∗), (17)

Tjkli;n + Tjlki;n + Tjkni;l + Tjnki;l + Tjlni;k + Tjnli;k ∈ S1(V
∗), (18)

Tklnj;i + Tknlj;i + Tklij;n + Tkilj;n + Tknij;l + Tkinj;l ∈ S1(V
∗), (19)

Tlnik;j + Tlink;j + Tlnjk;i + Tljnk;i + Tlijk;n + Tljik;n ∈ S1(V
∗), (20)

Tnijl;k + Tnjil;k + Tnikl;j + Tnkil;j + Tnjkl;i + Tnkjl;i ∈ S1(V
∗). (21)

Consider the linear combinations from (12)+(13)+(14)+(15)+(16):

Tijkl;n + Tijnl;k + Tikjl;n + Tinjl;k + Tinkl;j + Tiknl;j + Tjkln;i + Tjkin;l + Tjlkn;i

+Tjikn;l + Tjiln;k + Tjlin;k + Tklni;j + Tklji;n + Tknli;j + Tkjli;n + Tkjni;l + Tknji;l

+Tlnij;k + Tlnkj;i + Tlinj;k + Tlknj;i + Tlkij;n + Tlikj;n + Tnijk;l + Tnilk;j + Tnjik;l

+Tnlik;j + Tnljk;i + Tnjlk;i

= Tijkl;n + Tijnl;k + Tikjl;n + Tinjl;k + Tinkl;j + Tiknl;j + Tjkln;i + Tinjk;l + Tjlkn;i

+Tijnk;l + Tijnl;k + Tinjl;k − Tinkl;j − Tijkl;n + Tknli;j + Tiljk;n + Tinjk;l + Tijnk;l

−Tijnl;k − Tlnjk;i + Tlinj;k + Tlknj;i − Tijkl;n + Tiljk;n − Tinjk;l + Tinkl;j + Tnjik;l

+Tiknl;j − Tjkln;i + Tlknj;i

= Tikjl;n + Tinjl;k + Tiknl;j + Tinjk;l + Tjlkn;i

+Tijnk;l + Tijnl;k + Tinjl;k + Tknli;j + Tiljk;n + Tijnk;l

−Tlnjk;i + Tlinj;k + Tlknj;i − Tijkl;n + Tiljk;n + Tinkl;j + Tnjik;l

+Tiknl;j + Tlknj;i
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= Tikjl;n − Tijkl;n + Tiljk;n + Tiljk;n + Tijnk;l + Tinjk;l + Tijnk;l + Tnjik;l

+Tijnl;k + Tinjl;k + Tinjl;k + Tlinj;k + Tknli;j + Tiknl;j + Tinkl;j + Tiknl;j

−Tlnjk;i + Tlknj;i + Tjlkn;i + Tlknj;i

= Tikjl;n − Tijkl;n + 2Tiljk;n + 2Tijnk;l + Tinjk;l + Tnjik;l

+Tijnl;k + 2Tinjl;k + Tlinj;k + Tknli;j + 2Tiknl;j + Tinkl;j

−Tlnjk;i + 2Tlknj;i + Tjlkn;i. (22)

Now consider cijknl multiplied by the linear combination from (22):

=
∑
ijkln

cijknl(Tikjl;n − Tijkl;n + 2Tiljk;n − 2Tijkn;l + Tinjk;l + Tnjik;l

+Tijnl;k + 2Tinjl;k + Tlinj;k + Tknli;j + 2Tiknl;j + Tinkl;j

−Tlnjk;i + 2Tlknj;i + Tjlkn;i)

=
∑
ijkln

cijknlTikjl;n −
∑
ijkln

cijknlTijkl;n + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

+
∑
ijkln

cijknlTinjk;l +
∑
ijkln

cijknlTnjik;l +
∑
ijkln

cijknlTijnl;k + 2
∑
ijkln

cijknlTinjl;k

+
∑
ijkln

cijknlTlinj;k +
∑
ijkln

cijknlTknli;j + 2
∑
ijkln

cijknlTiknl;j +
∑
ijkln

cijknlTinkl;j

−
∑
ijkln

cijknlTlnjk;i + 2
∑
ijkln

cijknlTlknj;i +
∑
ijkln

cijknlTjlkn;i.

We will use Lemma 1.7 on the first, second, fifth, sixth, seventh, ninth, tenth,
twelfth, thirteenth and fifteenth summations.

=
∑
ijkln

cikjlnTijkn;l −
∑
ijkln

cijklnTijkn;l + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

+
∑
ijkln

cinjklTijkn;l +
∑
ijkln

cnjiklTijkn;l +
∑
ijkln

cijnlkTijkn;l + 2
∑
ijkln

cijknlTinjl;k

+
∑
ijkln

clinjkTijkn;l +
∑
ijkln

cknlijTijkn;l + 2
∑
ijkln

cijknlTiknl;j +
∑
ijkln

cinkljTijkn;l

−
∑
ijkln

clnjkiTijkn;l + 2
∑
ijkln

cijknlTlknj;i +
∑
ijkln

cjlkniTijkn;l.
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We will use the usual symmetries on the constants, to obtain a Bianchi-like
pattern so that we may simplify the equation with the Bianchi identities.

= −
∑
ijkln

cikljnTijkn;l −
∑
ijkln

cijklnTijkn;l + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

+
∑
ijkln

cinjklTijkn;l +
∑
ijkln

ciknjlTijkn;l −
∑
ijkln

cijlnkTijkn;l + 2
∑
ijkln

cijknlTinjl;k

−
∑
ijkln

cilnjkTijkn;l −
∑
ijkln

cilknjTijkn;l + 2
∑
ijkln

cijknlTiknl;j −
∑
ijkln

cinlkjTijkn;l

−
∑
ijkln

clnjkiTijkn;l + 2
∑
ijkln

cijknlTlknj;i −
∑
ijkln

cljkniTijkn;l

= −
∑
ijkln

(cikljn + cijkln)Tijkn;l + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

+
∑
ijkln

(cinjkl + ciknjl)Tijkn;l −
∑
ijkln

(cijlnk + cilnjk)Tijkn;l + 2
∑
ijkln

cijknlTinjl;k

−
∑
ijkln

(cilknj + cinlkj)Tijkn;l + 2
∑
ijkln

cijknlTiknl;j

−
∑
ijkln

(clnjki + cljkni)Tijkn;l + 2
∑
ijkln

cijknlTlknj;i

= −
∑
ijkln

(−ciljkn)Tijkn;l + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

+
∑
ijkln

(−cijknl)Tijkn;l −
∑
ijkln

(−cinjlk)Tijkn;l + 2
∑
ijkln

cijknlTinjl;k

−
∑
ijkln

(−ciknlj)Tijkn;l + 2
∑
ijkln

cijknlTiknl;j

−
∑
ijkln

(−clknji)Tijkn;l + 2
∑
ijkln

cijknlTlknj;i.
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We will use Lemma 1.7 on the first, fourth, fifth, seventh and ninth summations.

=
∑
ijkln

(cijknl)Tiljk;n + 2
∑
ijkln

cijknlTiljk;n − 2
∑
ijkln

cijknlTijkn;l

−
∑
ijkln

(cijknl)Tijkn;l +
∑
ijkln

(cijknl)Tinjl;k + 2
∑
ijkln

cijknlTinjl;k

+
∑
ijkln

(cijknl)Tiknl;j + 2
∑
ijkln

cijknlTiknl;j

+
∑
ijkln

(cijknl)Tlknj;i + 2
∑
ijkln

cijknlTlknj;i

= 3
∑
ijkln

cijknlTiljk;n − 3
∑
ijkln

cijknlTijkn;l + 3
∑
ijkln

cijknlTinjl;k + 3
∑
ijkln

cijknlTiknl;j

+3
∑
ijkln

cijknlTlknj;i ∈ S1(V
∗). (23)

Using Lemma 1.8 we can find permutations that give us equalities for
∑

ijkln cikljnTinkl;j.
Among the permutations of

∑
ijkln cikljnTinkl;j, there are a few of interest:

σ = (jnlk)⇒
∑
ijkln

cikljnTinkl;j =
∑
ijkln

cijknlTiljk;n, (24)

σ = (ln)(ijk)⇒
∑
ijkln

cikljnTinkl;j = −
∑
ijkln

cijknlTinlj;k, (25)

σ = (kn)(inlj)⇒
∑
ijkln

cikljnTinkl;j = −
∑
ijkln

cijknlTnjkl;i, (26)

σ = (inl)⇒
∑
ijkln

cikljnTinkl;j =
∑
ijkln

cijknlTiknl;j, (27)

σ = (kl)⇒
∑
ijkln

cikljnTinkl;j =
∑
ijkln

cilkjnTinlk;j, (28)

σ = (kl)(il)(jn)⇒
∑
ijkln

cikljnTinkl;j =
∑
ijkln

ciljknTiknl;j. (29)
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Notice that (24) through (29) are all equal, for convenience we will use the
rightmost summand on (24). Looking at (23) with our new relations we have:

3
∑
ijkln

cijknlTiljk;n − 3
∑
ijkln

cijknlTijkn;l + 3
∑
ijkln

cijknlTinjl;k + 3
∑
ijkln

cijknlTiknl;j

+3
∑
ijkln

cijknlTlknj;i

= 3
∑
ijkln

cijknlTiljk;n − 3
∑
ijkln

cijknlTijkn;l − 3
∑
ijkln

cijknlTinlj;k + 3
∑
ijkln

cijknlTiknl;j

−3
∑
ijkln

cijknlTnjkl;i.

We will use (25) on the third summand, (27) on the fourth summation and (26)
on the fifth summation.

= 3
∑
ijkln

cijknlTiljk;n − 3
∑
ijkln

cijknlTijkn;l + 3
∑
ijkln

cijknlTiljk;n + 3
∑
ijkln

cijknlTiljk;n

3
∑
ijkln

(cijknl)Tiljk;n

= 12
∑
ijkln

(cijknl)Tiljk;n − 3
∑
ijkln

cijknlTijkn;l ∈ S1(V
∗). (30)

Now we are going to use the first Bianchi identity to get a relation:

(cijkln + ciljkn + cikljn)Tiljk;n = 0 · Tiljk;n = 0.

⇒ cijklnTiljk;n + ciljknTiljk;n + cikljnTiljk;n = 0.

⇒
∑
ijkln

cijklnTiljk;n + ciljknTiljk;n + cikljnTiljk;n = 0.

⇒
∑
ijkln

ciljknTiljk;n = −
∑
ijkln

cijklnTiljk;n −
∑
ijkln

cikljnTiljk;n.

Consider σ = (il), then
∑

ijkln cijklnTiljk;n =
∑

ijkln cikljnTiljk;n and we have:

⇒
∑
ijkln

ciljknTiljk;n = −
∑
ijkln

cijklnTiljk;n −
∑
ijkln

cikljnTiljk;n

= −2
∑
ijkln

cikljnTiljk;n. (31)
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Again we will use the first Bianchi identity to get another relation:

(cnjkli + cnljki + cnklji)Tiljk;n = 0 · Tiljk;n = 0.

⇒ cnjkliTiljk;n + cnljkiTiljk;n + cnkljiTiljk;n = 0.

⇒
∑
njkli

cnljkiTiljk;n = −
∑
ijkln

cnjkliTiljk;n −
∑
ijkln

cnkljiTiljk;n.

Consider σ = (jk)
∑

ijkln cnjkliTiljk;n =
∑

ijkln cnkljiTiljk;n and we have:

⇒
∑
njkli

cnljkiTiljk;n = −
∑
ijkln

cijklnTiljk;n −
∑
ijkln

cnkljiTiljk;n

= −2
∑
ijkln

cnkljiTiljk;n. (32)

Use (28)(29) and the first Bianchi identity to get another relation :∑
ijkln

(ciknlj + cilknj + cinlkj)Tiljkn = 0 · Tiljkn = 0,∑
ijkln

cilknjTiljkn = −(
∑
ijkln

ciknljTiljkn +
∑
ijkln

cinlkjTiljkn),∑
ijkln

cilknjTiljkn = −(−
∑
ijkln

ckilnjTiljkn −
∑
ijkln

cinlkjTilkjn),∑
ijkln

cilknjTiljkn = 2
∑
ijkln

cikljnTinklj,∑
ijkln

cilknjTiljkn = 2
∑
ijkln

ciljknTiknlj. (33)

One last relation using the second Bianchi identity:∑
ijkln

(cnljki + cnlijk + cnlkij)Tiljk;n = 0 · Tiljk;n = 0.

⇒
∑
ijkln

cnljkiTiljk;n = −
∑
ijkln

cnlijkTiljk;n −
∑
ijkln

cnlkijTiljk;n.

Consider σ = (ik), then
∑

ijkln cnjkliTiljk;n =
∑

ijkln cnkljiTiljk;n and we have:∑
ijkln

cnljkiTiljk;n = −
∑
ijkln

cnlijkTiljk;n −
∑
ijkln

cnlkijTiljk;n

= −2
∑
ijkln

cnlkijTiljk;n. (34)
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Now let’s look at ciljkn(20) and use (24) to (29) (31) and (32):

ciljkn(Tlnik;j + Tlink;j + Tlnjk;i + Tljnk;i + Tlijk;n + Tljik;n) ∈ S1(V
∗)

⇒
∑
ijkln

ciljkn(Tlnik;j + Tlink;j + Tlnjk;i + Tljnk;i + Tlijk;n + Tljik;n) ∈ S1(V
∗)

= −
∑
ijkln

ciljknTiknl;j +
∑
ijkln

ciljknTilkn;j −
∑
ijkln

ciljknTnljk;i −
1

2

∑
ijkln

ciljknTnljk;i

−
∑
ijkln

ciljknTiljk;n −
1

2

∑
ijkln

ciljknTiljk;n.

We use (33) and Lemma 1.7 on the second summation.

= −
∑
ijkln

ciljknTiknl;j + 2
∑
ijkln

ciljknTiknl;j −
∑
ijkln

ciljknTnljk;i −
1

2

∑
ijkln

ciljknTnljk;i

−
∑
ijkln

ciljknTiljk;n −
1

2

∑
ijkln

ciljknTiljk;n

=
∑
ijkln

ciljknTiknl;j −
3

2

∑
ijkln

ciljknTnljk;i −
∑
ijkln

ciljknTiljk;n −
1

2

∑
ijkln

ciljknTiljk;n.

We will use (34) on the second summation.

=
∑
ijkln

ciljknTiknl;j − 3
∑
ijkln

ciljknTiknl;j −
3

2

∑
ijkln

ciljknTiljk;n

= −2
∑
ijkln

ciljknTiknl;j −
3

2

∑
ijkln

ciljknTiljk;n.

⇒ 2
∑
ijkln

ciljknTiknl;j + 3
∑
ijkln

ciljknTiljk;n ∈ S1(V
∗),

By (29) on the first summation,

⇒ 2
∑
ijkln

cijknlTiknl;j + 3
∑
ijkln

cijknlTijkn;l ∈ S1(V
∗). (35)

By (30) and (35) we have:

4
∑
ijkln

(cijknl)Tiljk;n − 1
∑
ijkln

cijknlTijkn;l − 6
∑
ijkln

cijknlTijkn;l − 2
∑
ijkln

cijknlTiljk;n

= −7
∑
ijkln

cijknlTijkn;l ∈ S1(V
∗).

⇒
∑
ijkln

cijklnTijkl;n ∈ S1(V
∗).
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We must have (4)∈ S1(V
∗), therefore ∇R ∈ S1(V

∗) ut

3 Questions

Since we have a spanning set for A1(V
∗) on a vector space, V , the natural questions

become:

• Given any ∇R ∈ A1(V
∗), how do you reconstruct it using ∇Rφ,ψ’s?

• How many ∇Rφ,ψ’s are necessary to fully reconstruct a given ∇R?

• If ∇Rφ1,ψ1 = ∇Rφ2,ψ2 , then what does this tell us about φ1, φ2 and ψ1, ψ2?
What conditions must we impose on φ1 and ψ1 to give φ1 = φ2 and ψ1 = ψ2?

• When is it the case that ∇Rφ1,ψ1 +∇Rφ2,ψ2 = ∇Rφ3,ψ3?

• The dimension of the basis for A1(V
∗) is known [4]. How would we con-

struct an algorithm for generating a basis for A1(V
∗) by trimming away our

spanning set S1(V
∗)?
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algebraic covariant derivative curvature tensors. Int. J. Geom. Methods Mod.
Phys., 1(6):711–720, 2004.

[2] Bernd Fiedler. On the symmetry classes for the first covariant derivatives of
tensor fields. Sém. Lothar. Combin., 49:Art. B49f, 22 pp. (electronic), 2002/04.

[3] Peter B. Gilkey. The geometry of curvature homogeneous pseudo-Riemannian
manifolds, volume 2 of ICP Advanced Texts in Mathematics. Imperial College
Press, London, 2007.

[4] Robert S. Strichartz. Linear algebra of curvature tensors and their covariant
derivatives. Canad. J. Math., 40(5):1105–1143, 1988.

20


