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Abstract

The purpose of this paper is to identify which Jordan normal forms are pos-
sible for a skew-adjoint operator in the Lorentzian setting. We will go through
each form and the possible cases that arise within that form.

1 Introduction

For our purposes we will define V' as a real vector space of finite dimension, n,
and ¢ as a nondegenerate inner product.

Definition: Let A : V = V be linear. The adjoint of A, denoted A* is

characterized by the equation p(Ax,y) = (z,A*y). If A* = —A, we call A
skew-adjoint. If A* = A, we call A self-adjoint.

For the remainder of the paper, we assume A to be skew-adjoint with respect
to a nondegenerate inner product ¢. We also assume n = dim V = 4.

Jordan normal forms are used to find possible forms of the operator A. These
forms are found by using Jordan blocks [1] for A. These Jordan normal forms
can be used because it is known that every matrix, A, has some unique collec-
tion of Jordan blocks associated to it. That is, for every A, there exists a T so
that A = TJT~! where J is the Jordan normal form [3]. This means that we
are able to consider every case by using these forms since we choose a basis that
puts A into its Jordan normal form. The possible Jordan blocks are defined
below.

We define the real Jordan block as:



A1 0 ... 0
0O X 1 .. 0
JrRNE) =] .. .. .. .. .. | onR¥
0 0 A1l
0 0 0 A

and the complex Jordan block as:

A L, 0 .. O

0 A L .. 0
Je(a+vV=1bk) :=| ... .. .. .. .. | onR*,

0o 0 .. A I

o 0 .. 0 A

a b 1 0
WhereA.< b a ) and I ( 0 1 >

These blocks can be combined in various ways by using direct sums to get
the Jordan normal forms we used, and in general, any operator relative to a
suitably chosen basis.

Example:
a b 0 0
Je(a+v=1b,1) ® Ja(),2) = _ob 0 2 (1)
0 0 0 X

Definition: If ¢ is a nondegenerate inner product, there exists a basis
{e1,e2,...,ep, f1, f2, ..., fq} such that p(e;,e;) = —1 and (f;, fi) = 1 and 0 oth-
erwise. We call such a basis orthonormal. The pair (p, ¢) is independant of the
orthonormal basis chosen and (p, q) is called the signature of .

A signature of (0,n) is known as positive definite while a signature of (n,0)
is known as negative definite. If p = ¢ then the signature is called balanced.
What we are looking for in this project is a signature of (1,7 — 1) or (n —1,1)
which is called Lorentzian.

Given ¢, and any basis {e;} for ¢, 3 a change of basis F; = Pe;. The infor-
mation ¢ offers can be expressed as a matrix, [p(e;,e;)], and PT[p(e;, e5)|P =
[o(fi, f;)]- Soif {f;} is an orthonormal basis, we can assume that there is some
orthonormal change of basis, Pe; = f; that will take [¢(e;, ;)] to [¢(fif;)] that
will have the look of:

ege 0 0 O
| 0 e 0 O o
lo(fis f])] = 0 0 e 0 where ¢; = +1,
0 0 0 &4



where the determinant is e1e2e324 = £1, and det [p(f;, f;)] = det (PT[p(e;,€5)]P) =
(det P)~ det [p(e;,e;)], so that det [p(f;, f;)] has the same signature as det
[(,0(61‘7 6])] :

If either all or none of the €’s are negative then we get a determinant of 1 and
we can also see that the signature would be either positive or negative definite.
If two are negative and two are positive then we again get a determinant of 1
with a balanced signature. The only way to get a negative determinant would
be to have one or three negative €’s which also gives a Lorentzian signature.
Therefore we can eliminate cases that result in a positive determinant.

These results are known already if ¢ is assumed to be positive definite or
negative definite.

Theorem: There exists an orthonormal basis { f1, fo, ..., fn} = 8 such that
[A]g = ®F_ J(vV/—=1b,1) @ J(0,1) that will have the following look:

B, 0 0 ..|O0
0 By 0 0
.. | 0 | 0 b '
0 0 .. B, where B; { b, 0 ] ,bj > 0.
0O 0 0 010

We can eliminate cases that have an odd rank because these are not possible
in the skew-symmetric case.
Theorem: If A* = —A then A has even rank [2].

Also, for the complex Jordan blocks (a + v/—1b, k) we can see that if b = 0
then this is equivalent to some combination of real Jordan blocks so we can
disregard these cases in the complex Jordan block situation so that they are not
repeated.

Example: Jc(a +0v/~1,1) = Jg(a,1) ® Jr(a,1)

So for each form in the results we have only listed the possible cases after
eliminating the cases that fall into one of the above categories.We can also elim-
inate cases that result in a degenerate matrix, where ¢ has a determinant of
0, since ¢ is assumed to be nondegenerate. These will be demonstrated in the
results below.

The results are classified by the Jordan normal forms. Within each form, the
equations for it are given. These are used to calculate the system of equations
that would preserve the skew-adjointness of A. Then we go through each case
within the form to see whether it is possible. The equations are referenced
when they are used to help calculate the metric. Then it is stated whether



it is degenerate, has a positive determinant, or is a possibility. The forms
are split into two sections: the first are the forms with no possibilities in the
Lorentzian setting and the next section lists those situations that could work in
the Lorentzian setting. At the end, our results are summarized.

2 Results 1: Forms that aren’t possible

2.1 Form 1

Jr(\,4) =

OO O
SO > =
O >~ O
> = o o

This matrix gives the following equations:
A61 = )\61
A€2 =e1 + )\62
Aes = ey + Aes
Aes = e3 + Aey

These can be used to calculate the following system of equations:

1) (Ael,el) = ()\61,61) = )\(,011 = 0

2.) (Aea,e2) = (e1 + Aeg,e2) = @12 + A2z =0

3.) (Aes,e3) = (e2 + Aes, e3) = @ag + Ap33 =0

4.) (Aeq,eq) = (e3 + Aeq,eq) = @34 + Apaa =0

5-) (A617€2) = —(61,1462) = Ap12 = —P11 — AP12

6) (Ael, 63) = 7(61, A€3) = )\(plg = —P12 — )\g013

7.) (Aey,eq) = —(e1,Aes) = Ap1a = —p13 — A\p14

8.) (Aeg,e3) = —(e2, Aes) = 13 + A2z = —@22 — Apa3
9.) (Aez,eq) = —(e2, Aes) = P14 + Ap2s = —pa3 — Apaa
10.) (Aes,es) = —(e3, Aeq) = pas + Apas = —p33 — \p3a

2.2 Case 1, A #0.

By [1] we get that ¢11 = 0. Using this, [5] becomes Ap12 = —Ap12 so 12 = 0.
This makes [6] Ap13 = —Ap13 s0 p13 = 0. This simplifies [7] to Ap14 = —Ap14
so p14 = 0. Using these facts we can see that [2] makes w92 = 0, [8] makes
w23 = 0, and [9] makes @24 = 0. Also, [3] makes ¢35 = 0, [10] makes ¢34 = 0,
and lastly [4] makes @44 = 0. Therefore the resulting matrix ¢ is degenerate.

0000
oo o0o0
=l oo o0 o0

0000



2.3 Form 2

A1 00
0 A0 O
JR()‘>2) D JR(na2) - 0 0 n 1
0 0 0 n
This matrix gives the equations:
A61 = )\61
A€2 =e1 + )\62
Aes = nes
Aey = ez +ney

These can be used to derive the following system of equations:

1 ) (Ael,el) ()\61,61) = )\(,011 = 0

2.) (Aea,ez) = (e1 + Aeg,e2) = @12 + Apaz =0

3.) (Aes,e3) = (nes, e3) = npsz =0

4.) (Aey,eq) = (e3 +meq,e4) = P34 +1pag =0

5) (Ael, 62) (61, A62) = /\(,012 = —¥11 — )\(,012

6) (Ael, 63) = (61, A63) = )\(,013 = —nNei1s

7.) (Aey,eq) = —(e1,Aes) = Ap1a = —p13 — NP14

8.) (Aea,e3) = —(ea, Aes) = @13 + A\paz = —Nas

9.) (Aez,eq) = —(e2, Aes) = P14 + Ap21 = —pa3 — Np24
10.) (Aes,eq) = —(e3, Aes) = @34 = —P33 — N34

2.3.1 Casel, A=7n=0.

Using [2] we see that @12 = 0, [4] shows that ¢34 = 0, [5] shows that ¢11 = 0,
[7] shows that @13 = 0, and [10] shows that w33 = 0. Also, [9] shows that

14 = —(a3. This case has a positive determinant, ¢14%.
0 0 0 P14
_| 0 T —pa Y
4 0 —p1a O 0
ey 0 z

2.3.2 Case 2, A # 0 and 7 # 0.

Using [1] we show that @17 = 0,and [3] shows ¢33 = 0. Using these two we
see that [5] makes A\p12 = —Ap12 S0 w12 = 0 and [10] makes Apzqy = —Ap34 0O
34 = 0. Using these, [2], and [4] we see that @22 = 0 and @44 = 0 too. Using
[6] we can see that either @13 = 0 or A = —n We can look at these individually.

a.) 13 =0 and X\ # —.
Then using these facts and [7] we get @14 = 0, these and [8] give us 23 = 0. So
these with [9] give us @24 = 0. This is degenerate as shown below:



o O oo
o O oo
o o oo
o O oo

b.) p13 #0and A = —1.
But by simplifying [7] we would get 13 = 0 so we have a contradiction.

c.) ¢13=0and A = —n.
So we can use [9] to see that ¢14 = —a3. This creates the matrix below which
has a positive determinant, ¢14%.

0 0 0 P14

. 0 0 —p14 T

Tl 0 e 00

P14 T 0 0

2.4 Form 3

a b 1 0
—b 0 1
Jela+V=16,2)=| 8 .
0 0 —=b a

This results in the equations:
Ae; = aeq — bey
Aeqy = bey + aea
Aesz = e1 + aes — bey
Aes = eg + bes + aey

We can use these to calculate the following:

1) (Ael,el) = (ael — b€2,€1) = agpn — bg&lg = O

2.) (Aeg,eq) = (bey + aeq,e2) = bpia + apss =0

3.) (Aes,e3) = (e1 + aez — bey, e3) = 13 + apss — bpsy = 0

4.) (Aey,eq) = (e2 + +bes + aeyq, eq) = paq + bpsg + apgs =0

5) (Ael, 62) = —(61, A62) = ap12 — b@gg = —b(pn — ap12

6.) (Aei,e3) = —(e1, Aes) = ap13 — bpaz = —p11 — ap13 + bpis

7.) (Aeyr,eq) = —(e1,Aes) = aprs — bpay = —p12 — bp13 — aps

8.) (Aez,e3) = —(e2, Aes) = bp13 + apaz = —p12 — apa3 + bpay

9.) (Aeg,eq) = —(e2, Aeg) = bp1s + apas = —paz — bpaz — apay

10.) (Aes,eq) = —(e3, Aes) = 014 + apss — bpag = —pa3 — b3z — apss

If you add [6] and [9] and subtract [7] and [8] you get two more equations:
11.) 2ap13 + 11 = —2ap24 — P22
12.) 2ap14 = 2apas



2.4.1 Casel,a=0and b#0.

Using [1 or 2] 12 = 0. Using [5] w11 = @22 but using [11] p11 = —aa s0
P11 = @22 = 0. [6] gives w14 = —pa3. Simplifying [7 or 8] gives p13 = @aq but
using [3 and 4] gives w13 = —pa2q S0 Y13 = w24 = 0. Using this and [3 or 4]
34 = 0 and using [10] we see 33 = @44. This gives a similar matrix that also
has a positive determinant, ¢14%.

0 0 0 P14
_ 0 0 —®14 0
v= 0 —P14 x 0
P14 0 0 x

2.4.2 Case 2,a# 0 and b #0.

Using [1 and 2] we see that ap11 = bpia = —apae 50 Y11 = —@o and 12 =
22, Substituing @2z into [5] for the 11 creates 2apia = 2bpay which can
simplify to @19 = 24,022. Therefore <% = §g022. Multiplying both sides by
a and b gives —a®p9y = b%pyy. This means that oy = @11 = w19 = 0. By
[11] we get @13 = —¢a4 and by [12] we get p14 = @23. We can manipulate [6]
to get 2ap1s = b(w1a + v23) = 2ap13 = 2bp1s = P13 = 2@14, and we can
manipulate [8] to get 2apa3 = b(@24 —p13) = 2ap14 = —2bp13 = Y13 = T2 P14.
So L1y = 21 = b2p1a = —a’p14 50 Y14 = P13 = o3 = a4 = 0. With a
similar manipulation on [3, 4, and 10] we can see w33 = Y34 = w44 = 0. So we
again get a matrix of all zeros that is degenerate.

0 0 0O

1 00 0 0

=l 0o 0 0 o

0 0 0 O

2.5 Form 4

a b 0 0
_b a 0 0
Je(a+vV/—=1b,1) & Jr(A,2) = 0 0 X 1
0 0 0 X

This form gives us the equations:
Ae; = ae; — beg
Aey = bey + aes
A63 = )\63
Aey = e3 + Aey

Using these gives us the equations:
L) (Aer,e1) = ap11 — bp12 =0
2.) (Aeg,ez) = bpia + apae =0
3.) (Aes,e3) = Ap3z =0



4.) (Aes,e4) = 34+ Apaa =0

5.) (Ae1,ea) = —(e1, Aez) = apia — bpaa = —bp11 — ap12
6) (A61,€3) = —(61,A63) = ap13 — bgO23 = —/\g013

7.) (Aey,eq) = —(e1,Aes) = apra — bpas = —13 — Ap1a
8.) (Aez,e3) = —(e2, Aez) = b1z + apaz = —Apas

9.) (Aeg,eq) = —(e2, Aey) = bp14 + apas = —p2a3 — Apay
10.) (Aes,esq) = —(e3, Aes) = Ap34 = —p33 — A\p34

2.5.1 Casel,a=0,b£0,\X#0.

By [1 or 2] we see that @12 = 0 and therefore [5] gives us that @20 = @11,
by [3] we get that ¢33 = 0, and by [10] we can see that Apss = —Aps3s so
@34 = 0 which lets us see by [4] that @44 = 0. We can simplify [6] so that
bpos = Ap13 = Qa3 = %9013. [8] simplifies to bp1z = —Aag = a3 = %@13-
This means that %@13 = %@13 = M3 = —b%p13 80 p13 = 0 = pa3. By
using a similar process with [7 and 9] we get that @14 = w24 = 0. This gives us
another degenerate matrix.

Y11 0 0 O
_ 0 @1100
=1 0 0 0 0
0 0 00

2.5.2 Case 2,a#0,b#0,A#0.

Using [3, 10 and 4] we can get that ¢33 = @34 = w44 = 0. Using [1 and 2] we see
that ap11 = bp1a = —apzz which also means that p11 = —p22 and p12 = F*pa0.
Using [5] we see that 2&@12 = b(pgg — b(pll = 2&(,012 = 2b(p22 = P12 = g(pgg
S0 S22 = Loy = —a*par = b pas. This means that @os = @11 = @12 = 0.
Using a similar process with [6 and 8] we can get @13 = @23 = 0 and with [7
and 9] we can get 14 = @oq = 0. This gives us a degenerate matrix with all
ZEros.

0 0 0 O

oo o0 o0

1l oo oo

0 0 0 O

2.6 Form 5

A1 0 O
0O XN 0 O
JR()VZ)@JR(?%UEBJR(T?U_ 0 0 n 0
0 0 0 7

This form gives the equations:
A61 = )\61



Aeg = e1 + Aeoy
Aez = nes
Aey = Tey

This results in the following equations:

].) (Ael,el) = )\@11 = 0

2.) (Aeg,e2) = 12+ Ap22 =0

3.) (Aes,e3) = nps3z =

4) (A64, 64) = TP44 = 0

5~) (A€1,€2) = (61’1462) = Ap12 = —P11 — AP12
6) (Ael, 63) = —(61, Aeg) = )\(,013 = —Nei13

7.) (Aey,eq) = —(e1, Aey) = Ap14 = —T14

8.) (Aeg,e3) = —(e2, Aez) = @13 + Apaz = —nwa3
9.) (Aeg,eq) = —(e2, Aes) = pra+ Apas = —TPau
10.) (Aes,eq) = —(e3, Aes) = P34 = —T34

2.6.1 Casel, A\=n=0,7#0.

By [2 and 4] we can see that ¢12 = pga = 0. Using [5, 7, 8, 9, and 10] we
can also see that p11 = @14 = Y13 = @24 = w34 = 0. This gives the degenrate
matrix below.

0 0 0 0
o= 0 w22 @23 0
0 w23 @33 0
0 0 0 0

2.6.2 Case 2, A\=7=0,7#0.

Using [2 and 3] we can see that ¢10 = ¢33 = 0. Using [5, 6, 8, 9, and 10] we
can also see that ¢11 = 13 = w23 = P14 = w34 = 0. This gives the following
degenerate matrix.

0O 0 0 0
| 0 @22 0 o

v 0 0 0 0
0 was 0 gy

2.6.3 Case 3, n=7=0,\#0.

Using [1 or 5] we see that 11 = 0. Using [6-9] we can see that p13 = @14 =
w23 = wag = 0. Using [5] we can see that A\p1a = —Api12 so w12 = 0. This
means that with [2] @22 = 0. This yet again give a degenerate matrix.

0 0 O 0
0 0 O 0
0 0 @33 w34
0 0 @31 @aa

Sp:



2.6.4 Case 4, \,n,7#0.

Using [1, 3, and 4] we can see that ¢11 = @33 = @44 = 0. Using [5 and 2] we can
also see that p12 = @99 = 0. Using [6] we see that either A = —n or ¢35 = 0,

using [7] we see that either A = —7 or @14 = 0, and using [10] we see that either
n = —7 or p34 = 0. But [8] says that if A = —n then p13 = 0 and [9] says that
if A = —7 then @14 = 0. This means that 13 and 14 will always = 0 so we
have a degenerate matrix with either n = —7 [p1] or w34 = 0 [pa].
0 0 0 0 0 0 0 0
1 0 0 23 @2 1 0 0 a3 @
L7100 wos 0 waa |20 s 00
0 @w2ua w34 O 0 @w2q O 0
2.7 Form 6
a b 0 0
b a 0 O
Je(a+V=1b )& Jele+V=1d,1)=| o . 4
0 0 —d c

This results in the equations:
Aeq = aeq — bes
Aey = bey + aes
Aes = ce3 — dey
Aey = des + cey

We can use these to calculate the following:

(A€17 e1) = ap1r —bp12 =0

(Aeg, 62) =bpio + apse =0

(Aes,e3) = cpz3 — dpza =0

(Aey,eq4) = dpszs + cpag =0

(Aey,ez) = —(e1, Aea) = ap12 — bpaz = —bp11 — ap12
(A€17 e3) = —(e1, Aeg) = ap13 — bpag = —cp13 + dp1s
( ) (61, A€4) = a¥Y14 — 5@24 = —d<,013 — CP14
( e3) = —(e2, Aes) = b1z + apaz = —cpaz + dpas
( ) = —(e2, Aes) = b1 + apas = —dpaz — cpas
.) (Aez,eq) = —(e3, Aeq) = cp3q — dpag = —dp3z — cp3q

271 Casel,a=c=0,b,d#0.

Using [1 and 3] we can see that @12 = ¢34 = 0. Using [5 and 10] we can see that
P22 = 11 and @44 = p33. Using [6-9] we can see that either b = d [p1] or b = —d
[p2] or w13 = 14 = @23 = waa = 0 [p3]. @3 gives the positive determinant
112337, 1 has determinant 11 (— 330132 +911033° —P33p142) +13(P13 (0132
+014%) —P11013033) — P1a(P1490119033 — P14 (P13%+147) ) Which reduces to (132

10



+p142—@11¢33)% which is positive. @2 has determinant @11 (—¢330132+@11¢033>

—<P33<P142)+<P13(—<P13(—<P132—<P142)—9011¢33<P13) - @14(@14(—90132—¢142)+<P14
©11¢33) which also reduces to (1324142 —p11033)? which is positive.

P11 0 P13 P14 ©11 0 i3 s
0 P11 P14 P13 0 P11 P14 —P13
oL Y13 —P14 P33 0 e P13 P14 P33 0 o
Y14 P13 0 33 p1a —p13 0 33
p11 0 0 0
| 0 o 0 0
20 0 w0
0 0 0 33

2.7.2 Case 2,a=0,b¢,d#0.

Using [1 and 5] we can see that ¢12 = 0 and @11 = ¢22. Using [3, 4, and 10]
we can determine that ¢33 = @34 = @44 = 0. The determinant of this matrix is

again (¢13021 — Pa3p14)>.

T 0 13 @i

_ 0 T P23 P24
[ v13 23 O 0
Y14 w2a O 0

2.7.3 Case 3, c=0,a,b,d #0.

Using [3 and 10] we can determine that ¢34 = 0 and ¢33 = p44. Using [1, 2, and
5] we can determine that p11 = p12 = pas = 0. Yet again we get the positive
determinant (¢13¢24 — Pa3014)°.

0 0 13 vu
0 0 a3 o

2.7.4 Case 4, a,b,c,d # 0.

Using [1, 2, and 5] we can again determine that v11 = @12 = @22 = 0. Using [3,
4, and 10] we can again determine that ¢33 = ¢34 = 44 = 0. This matrix also
has the positive determinant (p13¢24 — P23014)°.

0 0 13 vua

_ 0 0 $23 P24
[ w13 w23 O 0
o1a paa O 0

11



3 Results 2: Forms that are possible

3.1 Form 7
a b 0 O
b a 0 O

J(c(a-i-\/—lb,l)EBJR()\,l)@JR(n,l) = 0 0 A 0
0 0 0 n
This form gives the equations:

Aeq = aeq — bes

Aes = bey + aes

A63 = )\63

Aey = ney

This results in the following equations:

1.) (Aey,e1) =api1 —bpi12 =0

2.) (Aeg,e2) = bpia + apar =

3.) (Aes,e3) = Apsz =

4.) (A€4, 4) NPYaqa = 0

5.) (Aei,ez) = —(e1, Aea) = apiz — bypaa = —bp11 — a1z

6.) (Aei,e3) = —(e1, Aes) = apiz — bpaz = —Ap13

7.) (Aer,eq) = —(e1, Aes) = ap1s — bpas = —1p14

8) (Aeg,eg) = (EQ,AG ) = bgﬁlg + apa23 = *)\@23

9.) (Aez,eq) = —(e2, Aea) = bp14 + ap2s = —np24

10.) (Aes,eq) = —(e3, Aes) = A\p3a = —1p34

3.1.1 Casel, A\=1n=0,a,b#0.

Using [1 and 2] we see that ap1n = bp1a = —awee which also means that

©11 = —P22 and P12 = %@22. Using [5] we see that 2ag012 = b(ng — b(pll =
2ap12 = 2bpay = @12 = 25022 SO Stpay = §<P22 = —a%pa = b pap. This
means that a3 = @11 = 12 = 0. Using [6] we can see that apis = bpaz =
P13 = gg@g, but using [8] we can see that bp1z = —apa3 = @13 = F2a3.
Therefore 2¢po5 = Z2pa3 = b2 = —a’pa3 S0 P23 = 13 = 0. Using [7 and 9]
and the same process we see that ¢4 = @24 = 0. This leaves us with another
degenerate matrix.

0 0 O 0
oo o o
P70 0 s wm

0 0 w3a aa

3.1.2 Case2,a=A=n=0,b#0.

By [1 or 2] we see that ¢12 = 0 and by [5] we see that @11 = @o2. By [6-9] we
can also see that o3 = o4 = w13 = w14 = 0. The determinant of this matrix

12



would be 112 (33044 — p342) and is therefore a possibility.

3.1.3 Case 3, a=0,b,\,n#0.

By [1 or 2] we see that @15 = 0 and by [5] we see that ¢17 = @22. By [3
and 4] we see that ¢33 = @44 = 0. Using [6] we can see that bpss = Ap13 =
P23 = %@13. Using [8] we can see that bp1z = —Apa3 = o3 = %b(plg. So
%g@lg = %@13 = A3 = —b%p13, therefore p13 = @93 = 0. By a similar
process with [7 and 9] we can see that 14 = @24 = 0. Using [10] we see that
either A = —n [p1] or w34 = 0 [pa]. po would be degenerate and ¢; could work
because the determinant is —@112g0342.

o110 0 0 w1 0 0 0
0 P11 0 0 0 P11 0 0
L0 00 0 s 2T 0 0 0 o0
0 0 s O 0 0 00

3.1.4 Case 4, a,b,\,n # 0.

Using [3 and 4] we can see that ¢33 = p4q4 = 0. Using [1 and 2] we see that
ap1r = b(plg = —ap22 which also means that P11 = —P22 and Y12 = %agpgg.
Using [5] we see that 2(1@12 ES b(pgg — b(pll = 2&(,012 = 2b(p22 = P12 = 2(,022
SO %@22 = g(pQQ = —a2cp22 = b2<p22. This means that Y22 = P11 = P12 = 0.

Using [6] we can get (a + A)p13 = bpag = ((Hb_)\)@IS = 93. Using [8] we get
bp1s = —(a + A)gpas so we can substitute (ay‘)cplg for the pa3. So bpis =
_(GTJ”\)Q@B = b%p13 = —(a + \)2%p13, therefore 13 = o3 = 0. This same
method can be used with [7 and 9] to get w14 = w24 = 0. [10] says that either
A= —n [p1] or w34 = 0 [p2]. Either way we get a degenerate matrix.
0 0 O 0 0 0 0O
0 0 O or | 00 0 O
1710 0 0 2= 0 0 0 0
00 @ O 0000
3.2 Form 8
A 0O 0 O
1o o0 o0
JR()\,l)EBJR('ILl)@JR(ﬂl)@JR(&l) =l 0 0 + o
0 0 0 ¢

13



This form gives the equations:

A€1 = )\61
Aes = nes
Aesz = Te3
A€4 = (564

This results in the following equations:

N

)

)

)

) ) = Ap12 = —np12
Aey,e3) = —(e1, Ae3) = Ap13 = —T13

) = —(61,A€4) = >\<,014 = —54,014

)=—( )

) =—( )

= O 00 3 O O i W N -

) (Aes,eq) = —(e3, Aeq) = T34 = —0p3a

3.21 Casel, A\=n=7=0=0.

In this case we have a starting matrix of all zeros which is skew-adjoint with

respect to any metric so we don’t need to consider it.

3.2.2 Case2, A\=n=0,7,0 #0.

Using [3 and 4] we can see that ¢33 = @44 = 0. Also using [6-9] we can see that
P13 = P14 = a3 = a4 = 0. Lastly, using [10] we see that either 7 = —§ [¢1] or
034 = 0 [pa]. 2 is degenerate but ¢ gives the determinant @342 (@122 —p11p22)

so it is a possibility.

Because all of the cases where two variables are 0 and two are not are very
similar we can disregard the others and just use this one example to express

them all.
11 p12 0 0
| w12 w22 O 0 .
L0 00 00 gy | PP2T

0 0 @3¢ O

3.2.3 Case 3, \,n, 7,0 #0.

o O o o

O O OO

Using [1-4] we see that ¢11 = w22 = ¢33 = paa = 0. The remaining equations

result in with the following choices:
5) A=—nor¢2=0
6.) A\=—7or p;3=0
7) )\:7501‘(,014:0
8.) n=—Tor wa3 =0
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9)np=—=bo0r pau =0
10.) T=—0 or 34 =0

This means there are 64 different possibilities to consider. Fortunately we
can eliminate 42 of these due to contradictions or because they are degenerate.
Out of the resulting 22 we can determine that 19 of them either have a deter-
minant that is greater than or equal to 0 so they can be eliminated as well.
This leaves us with just three possible cases. When A = —7 = —¢ = n and
P12 = @34 =0 [(pl] then we get the determinant (p13<p24(<p13g024 — <p23<p14) —
pa3p14(P13024 — Pa3p14). But as we have seen before this can be reduced to
see that it is positive. When A = —p = —§ = 7 and 13 = w24 = 0 [p2] then the
determinant is —@14(p34012¢023 — P23°¢14) — ©12(P3a014023 — Y347 P12) which
reduces to (14023 — p12¢34)% which is positive. Lastly, when A = - = —7 =4
and Y14 = P23 = 0 [@3] then the determinant is @13(@13(,0242—@34()012()024) —
@12((,0344)0135024 — @12(,0342) which reduces to (@13@24 — @12(,034)2 which is also
positive.

0 0 13 @usa 0 @12 0 s
0 0 a3 @2 w12 0 @23 O
= or = or
1 w13 w23 O 0 w2 0 @23 0 (34
Y14 w2s O 0 pia 0 w34 O

0 12 w13 0
05 = p12 0 0 o2
w13 0 0 @3

0 @214 w34 O

3.3 Form 9

Jr(\,3) @ Jr(n,1) =

O O O >
SO >
S > = O
S ©O O O

This form gives the equations:
A61 = )\61
Aes = e1 + Aea
Aeg =e2 + /\63
Aey = ney

This results in the following equations:
Ael,el) = /\g011 =0
Aeg,e2) = @12 + Apaa =0
Aes, e3) = pa3 + Ap3z = 0
e4) = Npag =0
Aey,ez) = —(e1, Aez) = Ap12 = —p11 — A\p12
e3) = —(e1, Aez) = Ap13 = —p12 — Ap13
) = —(e1, Aes) = Ap14 = —np14
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8.) (Aeg, e3) = —(e2, Aes) = p13 + Apaz = —pa2 — Apas
9.) (Aeg,eq) = —(e2, Aes) = Q14 + Ap2s = =12y
10.) (Aes,eq) = —(e3, Aeq) = pas + Apaa = —np34

3.3.1 Case 1, \,n #0.

Using [1 and 4] we can see that @17 = @44 = 0. Using this and [5] we can see
that Ap12 = —Api2 therefore @15 = 0. This same process shows with [6] that
@13 = 0. Using [2] we can see that ¢z = 0. Therefore with [8] we see that
@23 = 0. Using [3] we can see that ¢33 = 0. [7] means that either ¢4 = 0 or
A= —n. If A= —n then [9] says @14 = 0 so either way it will. Since this is true
[9] also says that either o4 = 0 or A = —n but if A = —n then [10] says @24 =0
so it will be always 0 too. [10] will then say that either A = —n [p1] or ¢34 =0
[p2]. Either way we get a degenerate matrix.

00 0 0 0000
00 0 0 000 0
17100 0 o |27 00 0 0
00 waa O 0000

3.3.2 Case 2, A\=n=0.

Using [2, 3, and 5] we can see that ¢12 = @23 = w11 = 0. Using [9 and 10]
we can see that @14 = @a4 = 0. Lastly, using [8] we can see that p13 = —pas.
This results in the matrix below with determinant @1339044 which could possibly
work.

0 0 w13 O
o= 0 *(813 0 0
©13 x Y

4 Results Summarized
Below are the specific cases that will work in the Lorentzian setting gathered

from the above results. First, the specific form and its matrix are given and
then the metric and determinant are given as well.

4.1 Form 7, Case 2, a=A=n=0,0#0.

0 b 0 0
-b 0 0 0
A= Jc(\/—lb,l)@JR(O,I)@JR(QI) = 0 00 0
0 0 0 O
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P11 0 0 0

The resulting metric is: ¢ = 8 vu1 (po (pO
33 P34
0 0 34 a4

The determinant of this matrix would be 112 (033044 — ©342).

4.2 Form 7, Case 3, a =0,b,\,n # 0.

For this case to work A = —n must be true.
0 b O
-b 0 0
A:JC(\/_lbvl)@JR(A71)@JR(nvl): 0 0 )\
0 0 0
P11 0 0 0
The resulting metric is: ¢ = 8 808 ! 8 @24
0 0 ¢3¢ O
The determinant is f<p112<p342.
4.3 Form 8, Case 2, A\=7n=0,7,0 # 0.
For this case to work 7 = —§ must be true.
0 00
0 00
A= JR(Oal)@JR(Oal)@JR(Tal)@JR(fTal) - 00 7
0 00
Y11 pr2 0 0
. oo | ez e 00
The resulting metric is: ¢ = 0 0 0 u

0 0 @34 O

The determinant is ¢342(122—p11¢022).

4.4 Form 9, Case 2, A =7 =0.

01 0 O
00 1 0
A=Jk0.3)ekOD= o o o,
0 0 0 O
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0 0 ez 0
. . 0 —¥13 0 0

The result etric is: ¢ =
resulting metric is: ¢ o1 0 y

0 0 Y Pag

The determinant of the matrix is g0133g044.

5 Open Questions

Possible questions for future research in this area:

1.) What Jordan normal forms are possibilities in signature (2,2) in dimen-
sion 47

2.) What Jordan normal forms are possible in dimensions 5, 6, or higher for
either Lorentzian or higher signatures?

3.) Can you use a change of basis to eliminate the variables that are un-
neccesary to find the determinant and thus aren’t required to be known in the
forms, for example the x,y variables in Form 9, Case 27

4.) Can you construct an algebraic curvature tensor R on the Skew-Tsankov
model in dimension 4 or greater in the Lorentzian setting? Since the known
examples of these models in the positive definite setting are decomposible [5],
does there exist one in the Lorentzian setting that is indecomposible?
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