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1 Preliminaries

Definition 1. Let V be a vector space and R : V xV xV xV — R be linear in each
mput. R is an algebraic curvature tensor if it satisfies the following properties for
all z,y,z,w €V:

1. R(z,y,z,w) = —R(y,z, z,w),
2. R(z,y,z,w) = R(z,w,z,y)
3' R('CL'? y7 z’ w) + R(z7 x’ y? w) + R(y7 z? ZB? w) = 0

The vector space of algebraic curvature tensors on V is denoted A(V).

Definition 2. Let A € End(V). The precomposition of A, denoted A, with an alge-
braic curvature tensor R(x,y, z,w) is defined ATR(x,y, z,w) = R(Az, Ay, Az, Aw). If A
is invertible, we may instead define the precomposition of A with R as AT R(x,y, z,w) =
R(A™ Yz, A=Yy, A=z, A= w). In some cases, the precompositions At and AT may be
used interchangably. In these cases, we denote the precomposition as A*, and assume
the form A in any arguments given, although the corresponding arguments for At can
be easily verified.

Definition 3. Let R be an algebraic curvature tensor on a vector space V of dimension
n. The structure group of R is denoted Gr and defined Gr = {A € GL(n)|A*R = R}.

Definition 4. A Jordan block of size k corresponding to some eigenvalue X € R on
R* is defined:

A1 0 0

0 A1 0
J(k,\) = ,

00 0 A



The Jordan block corresponding to a pair of complex conjugate eigenvalues a =+ bv/—1
1s defined in the construction of the size 2k matriz:

A T 0 ... 0
0o AT ... 0
J(k,a,b) = .
0O 0 o0 . A
where
a b
a=[5
and
10
=[]

Definition 5. Let {A;} be a collection of square matrices, i=1,...,n. The direct sum
of A; is:

A0 0

n 0 A 0

Pa - ; .

i=1 :
0 0 An

Lemma 1. Let A € End(V). Choosing an appropriate basis for V, A will decompose as
the direct sum of Jordan blocks. The unordered collection of these blocks is determined
by A.

Definition 6. The Jordan normal form of A is the unordered collection of Jordan
blocks from the preceding lemma.

2 A Generalization of Previous Results

Lemma 2. Let A € End(V). Define Ty : A(V) — A(V) by Ta(R) = A*R. Then Ty is
a linear transformation on A(V').

Proof. Let R1,R2 € A(V) and let ¢ € R. Then:

Ta((R1 + R2)(z,y,z,w)) = A*(R1 + R2)(z,y, z,w) = (R + R2)(Ax, Ay, Az, Aw)
= Ry (Az, Ay, Az, Aw) + Ra(Ax, Ay, Az, Aw) = A*Ryi(x,y, z,w) + A*Ra(x,y, z,w)
=Ta(Ri(z,y,z,w)) + Ta(Ra(z,y, 2, w)).

Furthermore,

Ta(cRi(z,y,z,w)) = Ta(Ri(cz,y, z,w)) = A*Ri(cz,y, z,w) = Ri(A(czx), Ay, Az, Aw)
= Ri(cAx, Ay, Az, Aw) = cRy(Ax, Ay, Az, Aw) = cA*Ri(x,y, z,w)

= Ta(Ri(z,y,z,w)). O

The following constitutes a generalization of the work done by Kaylor [1].



Definition 7. Let B = {%#1,%>,...,%ZN} be an ordered basis for A(V) and let A €
End(V). Define the Kaylor matrix of A with respect to A:

Bi1 Bar ... Bm
K, = 5'12 5?2 B B]'VQ
/BllN BQ.N ... BnNn

where B;; is the coefficient corresponding to Z; when A*Z; is expressed in terms of the
basis 4.

Lemma 3. K4 is the matriz representation of the linear transformation T with respect
to the ordered basis A.

N
Proof. Let R € A(V). Then R = ) a;%; where a; € R. Express R as a column vector
i=1
with respect to £:
Qg

a2
R =

an

N
Ty : .A(V) — .A(V), so given H; € %, TA(%i) = A*%; = Z ﬁij.@j where ,Bij € R. Then
j=1

N N N
TA(R) = Ta(d>, ai%i) = Y. a;Ta(%#;), since T4 is linear. But then > o;Ta(%;) =
i=1 = -

i=1 i=1

N N N N
Yooy Bii#; = > #; > a;fi;. Expressed as a column vector with respect to Z:
=1 j=1 j=1 =1
N -
> aifin
v P11 Bor ... Bni| |oa
aiPi2 Pz P22 ... DBn2 a2
Tu(R) = b ST . C | =KaR
N Bin Ban ... BnN] lan
> aiflin
Li=1 .

O]

Theorem 1. Let € = x1%1 + ... + tnZN. If there exists a nonzero algebraic curvature
tensor R such that A € Gg, then Kax = x has a non-trivial solution. [1]

Corollary 1. The solution space of Kax = x is the set of all algebraic curvature tensors
R such that A € Gg. [1]



3 Results

Fact. K; =1

Proof. Let R € A(V). Then:
KiR(z,y,z,w) = I*R(z,y, z,w) = R(I o, 'y, 7'z, I71'w) = R(z,y, 2,w) = IR(x,y, z,w).

(]
Fact. K_4=K4
Proof. Let R € A(V). Then:
K*AR('Ia Y, z, w) = (7A)*R(:L‘a Y, z, ) = R((iA)_lxa (7A)_1ya (7A)_1Z? (7A)_1U))
=R(—A7'z, —A"ly, —A7 2, A7 w) = (-1)*R(A 2, Ay, A7z, A7)
= A*R(z,y,z,w) = KgR(x,y, z,w). O

Theorem 2. Let A,B € End(V) and let K4 and Kp be the matriz representations
of TA(R) = A'R and Tg(R) = B'R with respect to the basis . Then the matriz
representation of Tag(R) = (AB)'R with respect to B is Kap = KpKa.

Proof. Let R € A(V). Then KagR(z,y,z,w) = (AB)'R(z,vy, z,w)
= R(ABx, ABy, ABz, ABw) = A'R(Bx, By, Bz, Bw) = B (ATR(z,y, 2, w))
= KpKaR(x,y, z,w). O

Corollary 2. Let A,B € GL(n) and let Ky and Kp be the matriz representations
of T4(R) = AMR and Tg(R) = B R with respect to the basis . Then the matriz
representation of Tap(R) = (AB)Y R with respect to % is Kap = K7 Kp.

Proof. Let R € A(V). Then:

KagR(z,y, z,w) = (AB)""R(x,y, z,w) = R((AB) 'z, (AB) 'y, (AB) "'z, (AB)'w)

= R(B'A 'z, B 1Ay, B~1A7 2, B A" \w) = BT R(A 'z, A=Yy, A7l 2, A= w)

= A(BYR(z,y, z,w)) = K4KpR(x,y, z,w). O

Corollary 3. If A € GL(n) then K41 = (Ka)™L.
P’FOOf. KA—IKA :KA—lA :K] =TI and KAKA—l :KAA—l :K[ =1. L]
Theorem 3. If G is a subgroup of GL(n) then Kg = {Ka|A € G} is also a group.

Proof. Gisagroupsol € G, andso K; =1 € Kg. Let K4 € Kg. Then A € G and
Al € Gso K41 = (Kg)™! € Kg. Let Ko, Kp € Kg. Then AB € G so AB € G
and so KpKp = Kap € Kg. Let KA,KB,KC € Kg. Then KA(KBKc) = (KAKB)KC
since matrix multiplication is associative. O

Lemma 4. Let # = {e1, e, ...,e,} be a basis for a vector space V.. Then given e;, e €
B, e; # ej, there exists a symmetric bilinear form ¢ such that the canonical algebraic
curvature tensor Ry(z,y, z,w) = ¢(x, w)od(y, 2) — ¢(x, 2)d(y, w) has Ry(es, ej,€ej,€;) =1
and, up to symmetries of algebraic curvature tensors, all other Ry(ey, e;, em,ep) = 0.



Proof. Let ¢ : VxV — R be defined as follows: ¢(e;, e;) = ¢(ej,ej) = 1 and ¢(e,e;) =0
for all other basis vector pairs. Then ¢ is a symmetric bilinear form, so we can form
the canonical algebraic curvature tensor Ry(z,y, z, w) = ¢(x, w)o(y, 2) — ¢(z, 2)p(y, w).
Then Ry(e;, €4, €e5,€e;) = 1 and, up to symmetries of algebraic curvature tensors, all other
Ry(er, el em,ep) = 0. O

Lemma 5. Let B = {e1,e2,...,en} be a basis for a vector space V. Then given dis-
tinct e;,ej, e, € B, there exists an algebraic curvature tensor R € A(V) such that

R(ej, ej,ex,e;) = 1 and, up to symmetries of algebraic curvature tensors, all other

R(er, em,ep,eq) = 0.

Proof. Let ¢ : V. x V. — R be defined as follows: ¢(e;,e;) = ¢(ej,ex) = Ple,ej) =
1 and ¢(e;,e,) = 0 for all other basis vector pairs. Then ¢ is a symmetric bilin-
ear form, so we can define the canonical algebraic curvature tensor Ry(z,y,z,w) =
d(x,w)P(y, 2) — d(x, 2)d(y, w). Then Ry(e;, ej, ex,e;) = 1, and if E, is any other permu-
tation of {e;, e;, €, e} then Ry(E;) is predetermined by the symmetries of algebraic cur-
vature tensors. It is clear from the definition of Ry that all other Ry (e, em, €y, eq) = 0 ex-
cept Ry(ej, ek, ex, ej) = —1 and its nonzero associates. According to the previous lemma,
there exists an algebraic curvature tensor Ry, € A(V) such that Ry (ej, ex, ex,e;) = 1 and
all other Ry (er, €m,ep,eq) = 0, up to symmetries of algebraic curvature tensors. Then
R = Ry + Ry has:

R(ej, ej, ex,e;) = Ry(ei, e, ep,e;) + Ry(ei, ej,epe;) =14+0=1,

}:%(ej,ek,ek,ej) = R¢(ej,ek,ek,ej) + R¢(ej,ek,ek,ej) =—-14+1=0, and

R(er, em, ep, eg) = Ry(er, em, ep,eq) + Ry(er, em,ep,eq) =0+0=0
for all other R(ej, em,ep,€q), up to symmetries of algebraic curvature tensors. O

Theorem 4. If A € GL(n), n > 3, then Ky =1 A=+1L

Proof. (<) This follows directly from the two previously stated facts.
(=) Suppose A # +I. Then A~! # +1, so the Jordan Normal form of A~! has a Jordan
block that isn’t either J(1,1) or J(1,-1). Call this block A;. A; has one of the following

(i) J(1,A), A # 1

(i) J(2,\)

(iii) J(m,\), m€Z,3<m<n
(iv) J(1,a,b)

(v) J(p,a;b), p€Z,2<p< 3

(Note that none of the Jordan blocks of A~! can have eigenvalue zero, since A~! is
invertible, and additionally that none of the Jordan blocks with complex eigenvalues can
have imaginary part zero, since they would not be complex.)

(i) Suppose A1 = J(1,A),\ # £1. Choose an ordered basis # = {e,e2,...,en}
for V such that, reading down and to the right along the diagonal of the matrix rep-
resentation of A~!, A; appears first and the remaining Jordan blocks appear in the



following order: (1) any other J(1,7), (2) any J(m,n),m € Z,3 < m < n —1, (3) any
J(p,a,b),p e Z,1<p< "T_l n > 3, so A~! has another Jordan block, As, in the second
diagonal entry of A~!. Ay will have form like that of (1),(2), or (3) above.

(i)(1) Suppose Ay = J(1,7). Then A~! has another Jordan block Az in the third
diagonal position with form either (a) J(m,v),1 < m < n —2, or (b) J(p,a,b),p €
Z,1<p<n2

(i)(1)(a) Suppose A3 = J(m,7),1 <m <n —2. Then A~! has the form:

A 0O 0
0 n O 0
A1 =10 0 v 0
0 0 0 ]

So A~ le; = Xey, A~tes = neg, and A~lez = vyes. Then
ATt R(eq,e9,e9,e1) = R(A7 e, A ey, A= ey, A=ler) = R(Ner, nea, ez, Aex)
= /\2772R(€1, €2,€9, 61).

Similarly, ATTR(eq, e3,e3,e1) = R(A™ er, A es, A les, A7 er) = R(Xey,ves, ves, Aey)
= A2y2R(eq, e3,e3,e1) and ATTR(eq, e3,€3,e2) = R(A™ ea, A es, A es, A7 ley)
= R(nez,ves,ves, nea) = n*v2 R(ea, e3, €3, €2).

If Ko = —1I then ATTR(ey,ez,e9,e1) = —R(e1,e,e2,e1), but ATTR(eq,ea,e9,e1) =
A2n?R(e1, e, €2, €1), so this is impossible. If K4 = I then AT R(eq, eq, eo, e1)
= R(e1, ez, e9,e1), ATTR(e1, e3,e3,e1) = R(e1, e3,e3,e1), and ATTR(ea, e3,e3,e2) = R(ea, €3, €3, €3),
50 A2n2 = X292 = 1?42 = 1. Thus A2 = ~2, s0 1 = A?92 = X% But \ # £1, so this is
impossible.

(i)(1)(b) Suppose Az = J(p,a,b),p € Z,1 <p < "7_2,1 <m <n—2. Then A~! has
the form: _ )
A0 0 O 0
0n 0 0 0
oo a 0
A7 =10 0 -b a 0
00 0 0 ]

So A7te; = ey, A~ley = ney, and A~le3 = aez — bey. Then ATTR(€1,€3,63,61) =
R(A7'e;, A~ tes, A te3, A=te) = R(\e1, ae3—bey, aes—beq, Ae1) = N2a®R(ey, e3, e3,e1)—
2)\2abR(e1, €3, e4,61) + A2b2R(e1, eq, €4, €1).

Let R;;;; denote the algebraic curvature tensor constructed in lemma 3, R;;; = Ry
for the appropriate ¢, and let R;ji; denote the algebraic curvature tensor constructed
in lemma 4, Rjjr; = R for the appropriate R. Let R = Ris31 + g5 1341 Then
R(e1,e3,e3,e1) = 1, but ATTR(eq1,e3,e3,e1) = A2a?R(eq, e3, €3, e1)—2X2abR(e1, e3, eq, €1)+



A2b%R(e1, eq, €4, €1) = A2a?(1) — 2X2ab(&) + A?0%(0) = A%a® — X%a®? = 0. Thus ATTR # R
and ATR # —R, so K4 # +1I.

(1)(2) Now suppose Az = J(m,n),2 < m <n — 1. Then A~! has the form:

A0 0 0
0 n 1 0
A-1-10 0 n 0
0 0 0 |

So A~le; = Xey, A~ ley = ney, and A~ tes = ey + ne3. Then ATTR(€1,€3,63,61) =
R(A7Ye;, A= tes, A le3, A~ te1) = R(Nep, ez +ned,ea + ned, Aer) = A2R(eq, ea,e2,€1) +
)\QUQR(el, €3, €3, 61)+2)\277R(€1, €2, €3, 61). Let R = —772R1221 +R1331. Then R(el, €3, €3, 61) =
1, but AT R(eq, e3,e3,e1) = AN2R(eq, ea, €2, e1)+A2n?R(e1, €3, e3, e1)+2X2nR(e1, e2,e3,e1) =
N2 (=n2) 4+ X2n2(1) + 2X%n(0) = =A% + X\2p? = 0. Thus AR # R and AR # —R, so
Ky # +1.

(i)(3) Now suppose Ag = J(p,a,b),pe Z,1 <p < "T_l Then A~! has the form:
(A 0 0 0]
0 a b 0
A 1=10 =b a 0
0 0 0 ]

So A7le; = Xe; and A7 ey = aey — bes. Then ATTR(eq, e0,e0,e1)
= R(A ey, A7 tey, A7 ey, A7 ter) = R()ey, aea—bes, aea—bes, Ae1) = A\2a%R(eq, ea, 2, e1)+
AN2b?R(eq, e3,e3,e1) — 2\2abR (e, e, e3,e1).

Let R = Rigo1 + g5 Ri231. Then R(ey,ez,e2,e1) = 1, but ATTR(el, e, €e9,€1) =
N2a2R(eq, e, e2,e1) + N2b?R(eq, e3, e3,e1) — 2A\2abR(eq, ez, e3,e1) = A2a?(1) + A2b(0) —
2X%ab(%) = Ma? — AN%a* =0

Thus AR # R and AR # —R, so K4 # +1.

(ii)Now, when A; = J(2, \), Az has one of the following forms: (1) J(m,n),1 <m <
n— 27 or (2) J(p7a7b)7l Sp S TLT_2

(ii)(1) Suppose As = J(m,n),1 <m < n —2. Then A~! has the form:

A1 0 ... 0
0O X0 ... 0
A 1=10 0 n ... O
0 0 0 ]




So A ley = e 4+ Aey and A~ tes = nes. Then ATTR(eg, €3, €e3,€2)
= R(A teq, A7 te3, A7 eg, A7 leg) = R(ey+Aea, nes, nes, er+Aez) = A2n2R(ea, e3, €3, e2)+
n?R(e1, es,e3,€1) + 2Xn*R(es, e1, ea, €3).

Let R = R2332 — )\2R1331. Then R(€2,€3,€3,€2) = 1, but ATTR(€2,€3,€3,62) =
NP R(e2, €3, 3, €2) + 17 R(e1, €3, €3, €1) + 2M°R(es, en,e2,e3) = A0?(1) + n*(=A%) +
22102(0) = A2n? — X2p? = 0.

Thus AR # R and A""R # —R, so K4 # +1.

(i1)(2) Now suppose Az = J(p,a,b),1 <p < ”7_2 Then A~! has the form:

O O O
SO > =

Q O O
QL ot OO
O O O O

—b

00 0 0
So A7le; = Xe; and A7 te3 = aez — bes. Then ATTR(eq, e3,e3,¢e1)
= R(A ey, A tes, A7 tes, A7 er) = R(Xey, aez—bey, aez—beq, Ae1) = N2b2R(eq, eq, €4, €1)+
N2a2R(eq, e3,e3,e1) — 2X\2abR(eq, e3, 4, €1).
Let R = R1331 + %R1341. Then R(61,63,€3,61) = 1, but ATTR(61,63,63,€1) =
A2b2R(eq, eq, €4, €1) + A2a?R(e1, e3, e3,e1) — 2X\2abR(eq, e3, e4, e1) = A2b2(0) + A\2a?(1) —
2X%ab(£&) = A?a* — A\2a? = 0. Thus AR +£ R and AR # —R, so K4 # +1I.

iii) Let A; = J(m,)\),3 <m <n. Then A~! has the form:
(iii) ;

A 1 0 ... O]
0 X1 ...0
A 1=10 0 X ... 0O
0 0 0 |

So A7le; = ey and A7 e3 = ey + Aes. Then ATTR(eq, e3,e3,¢1)
= R(A ey, A7 tes, A7 eg, A7 ter) = R(Mer, ea+Aes, ea+Aes, Ae1) = A2R(eq, ea, 2, e1)+
2)\3R(eq, e, e3,e1) + A R(e1, e3,e3,e1).

Let R = —A?Ry991 + Riz31. Then R(eq,es,es,eq) = 1, but AT R(eq, e3,e3,€1) =
M R(e1,ea,e2,e1) +2X3R(e1, e2,e3,e1) + A R(e1, e3,e3,e1) = A2(=A2) +2X3(0) + A4 (1) =
M A =0. Thus AR # R and AR # —R, so K4 # +1I.

(iv) Let Ay = J(1,a,b). Then Ay has one of the following forms:
(1) J(m,A\),1<m <n-—2or (2) J(¢g,c,d),1 <q< n?—Q

(iv)(1) Let Ay = J(m,\),1 <m < n —2. Then A~! has the form:



[a b 0 0]
-b a 0 ... 0
A1T=10 0 X ... O
10 0 0 ]

So A~'e; = ae; — beg and A~ es = Aes. Then ATTR(eq, e3,e3,e1)
= R(A teg, A ter, A7 ey, A7 te3) = R(ae;—bea, Aes, Nes, ae1—bes) = A\2a%R(eq, e3,e3,e1)+
AN2b?R(eq, e3, €3, €2) — 2abA?R(es, e1, €2, €3).

Let R = g;R31o3 + Rizz1. Then R(er,es,e3,e1) = 1, but ATt R(eq,e3,e3,e1) =
A2a%R(eq, e3,e3,e1) + A2b2R(eq, €3, €3, e2) — 2abA%R(e3, e1, ea, e3) = A2a?(1) + A\2b%(0) —
2abA? (&) = A?a® — X\%a® = 0. Thus AR # R and ATTR # —R, so K4 # +I.

(iv)(2) Let Ay = J(q,¢,d),1 < g < ”T_Q Then A~! has the form:

e b 0 0 0]
“ba 0 0 0
o0 ¢ a 0
A7 =10 0 —d ¢ 0
0 0 0 0 ]

So A™le; = ae;—bey, A" ey = bey+aes and A" lez = ces—dey. Then ATTR(eq, e0,e3,61) =
R(A ey, A teg, A= es, A= e1) = R(aey — bea, bey + aea, ces — dey, aep — bes) = ac(a® +
b2 R(e1, e, e3,e1) + be(a? + b?)R(ea, e1,e3,e3) — ad(a® + b?)R(e1, 2, eq,e1) — bd(a® +
b2)R(€2, €1,¢€4, 62).

Let R = §5R2142 + Ri231. Then R(e1,e2,e3,e1) = 1, but ATTR(el, €9,€3,€1) =
ac(a®+b%)R(eq, ez, e3, e1)+be(a®+b?) R(eq, e1, €3, e2) —ad(a?+b?)R(e1, 2, e4, e1) —bd(a?+
b?)R(eg, e1, €4, €2) = ac(a® + b%)(1) + be(a® + b?)(0) — ad(a® + b?)(0) — bd(a? + b%)(£) =
ac(a® + b%) — ac(a® +b?) = 0. Thus AR # R and AR # —R, so Ka # +1.

(v) Let J(p,a,b), 2 < p < %. Then A~! has the form:

fa b 1 0 0]
b a 0 1 0
o 0 0 a b 0
A7 =10 0 —b a 0
0 0 0 0 |

So A~ le; = aey — bey, A ley = bey + aey and A~ les = ey + aes — bey. Then
ATt R(eq,e9,e3,e1) = R(A'ey, A7 es, A" e3, A ey) = R(aey — beg,bey + aes,eq +



ae3z — bey, ae; — bey) = b(a® + b?)R(eq, e, ea,e1) + a?(a® + b?)R(eq, ez, e3,e1) + ab(a® +
b2 )R(ea, e1,e3,e2) — ab(a® + b?)R(e1, e2, e4, 1) — b*(a® + b?)R(ea, €1, €4, €2).

Let R = %R2142 + Ri231. Then R(ej,es2,e3,e1) = 1, but ATTR(€1,€2,€3,€1) =
b(a®+b%)R(eq, e, €2, €1)+a?(a®+b?)R(e1, €2, e3, e1) +ab(a® +b%) R(ea, e1, €3, e2) —ab(a®+
b?)R(e1, €2, eq,e1) — b%(a? + b?)R(ez, e1, eq, €2) = b(a® +b)(0) +a?(a® +b?)(1) + ab(a® +
b?)(0) — ab(a? + b%)(0) — b*(a® + bz)(g—z) = a?(a® + b?) — a*(a® + v*)=0.

Thus AR # R and AR # —R, so K4 # +1I.

O

Corollary 4. Define U : G — Kg by U(A) = K4. Then U is an onto homomorphism
of groups, Ker(U) = {£I}, and so G/{xl} = Kg.

Proof. By construction, K4 € K = A€ Gand U(A) = K4 soU isonto. Let A, B € G.
Then U(AB) = Kap = KaKp = U(A)U(B). So U is a group homomorphism.

Ker(U)={A € G|U(A) = K4 = I} = {£I} by the previous theorem, so G/{+I} = Kg
by the First Isomorphism Theorem. O

4 Open Questions

1. Given A € End(V), A not necessarily invertible, if A € Gg for some R and
Ker(R) = 0, must it be that Ker(A) =07

2. For A € GL(n), does the Jordan normal form of A determine or constrain the
Jordan normal form of K47

3. Given some number of elements from a group G € GL(n), can the study of Kaylor
matrices determine whether or not G is the structure group for some algebraic
curvature tensor R?
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