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ABSTRACT. A relatively new area of interest in differential geometry in-
volves determining if a model space has the properties of constant vector
curvature or constant sectional curvature. The natural setting in which
to begin studying these properties is in 3-dimensional space. This paper
in particular examines these properties in the Lorentzian setting, where
the Ricci Operator takes on one of four Jordan-Normal forms. We deter-
mine that three of the four forms possess the property of constant vector
curvature, and that under an orthonormal basis, only the diagonalizable
family has constant sectional curvature, and that is only when the Ricci
Operator has precisely one eigenvalue. By examining these families to-
gether, we draw some interesting and unifying conclusions that may be
useful for exploring these properties in higher dimensions.

1. INTRODUCTION & BACKGROUND

We begin by considering a real-valued, n-dimensional vector space, and
establish the following definitions.

Definition 1.1. An inner product on V is a function that takes each
ordered pair (u,v) of elements of V to a number (u,v) € R and has the
following properties

(1) Symmetry: (u,v) = (v, u),
(2) Additivity: (u + v, w) = (u,w) + (v,w) for all u,v,w € V,
(3) Homogeneity: (Au,v) = A(u,v) for all A € R and u,v € V,
(4) Non-Degenerate: (v,w) >0 for all v € V, and (v,v) = 0 if and only
ifv=20
We say the inner product is positive definite rather than non-degenerate
if (v,v) >0 for all v € V, and (v,v) = 0 if and only if v = 0.

Definition 1.2. Let V be a real-valued, finite-dimensional vector space.
Define R:V xV xV x V — R as a multilinear function that satisfies the
following conditions:

(1) R(l’, Y,z w) = —R(y, Zz,z, w)

(2) R(x7 y7 Z’ w) = R(z7 w7 x’ y)

(3) R(x,y,z,w) + R(z,z,y,w) + R(y, z, z,w) =0
1
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for all x,y,z,w € V. We say R is an algebraic curvature tensor
(ACT).

Definition 1.3. A model space M = (V,(,,-),R) consists of a vector
space V = span{ey,...,e,}, an inner product (-,-) on V which is symmetric,
bilinear and non-degenerate, as well as an ACT R.

We wish to examine certain properties of model spaces in the 3-dimensional
setting. These properties, along with some methods for studying them, are
defined below.

Definition 1.4. Let V be a real-valued, finite-dimensional vector space with
v,w € V, and suppose m = span{v,w} is a non-degenerate 2-plane. Then
the sectional curvature is defined as

() = R(v,w,w,v)

Note that this definition is independent of the basis chosen.

(v, v)(w, w) — (v, w)?

Definition 1.5. A model space M = (V, (-,-), R) has constant sectional
curvature ¢, denoted csc(e), if k(m) = € for all non-degenerate 7.

Definition 1.6. A model space M = (V,(,-), R) has constant vector
curvature ¢, denoted cvc(e), if for every v € V, there exists some w € V
such that x(m) = ¢ and 7 is non-degenerate.

Definition 1.7. Let M = (V,(-,-), R) be a model space with dimV = n
and a basis {e1, ..., ey}, which is not necessarily orthonormal. Define [g;;] =
(-,). The Ricci Tensor p is defined by

p(2,y) = g7 Ryijy = (Aey, ;)
1,J
Where [¢”] = [g;;]7! and A is the Ricci Operator.

A relatively new and active area of research in Differential Geometry in-
volves studying the properties of constant sectional curvature and constant
vector curvature for n-dimensional model spaces. In this paper, we study
these properties in the case of 3-dimensional space, where the ACT is deter-
mined uniquely by a simpler function, the Ricci Tensor. In particular, we
consider four different cases of M, as dictated by the four possible Jordan-
Normal Forms in the 3-dimensional Lorentzian setting.

For a precise definition of Jordan bases and Jordan forms, see [1]. The four
possible forms will be explored later in this paper. Of the four types, Peng
and Doktorova have extensively and completely studied the diagonalized
form [2] [3]. Their results are included here for completeness. In addition,
the Riemannian case has also been completely solved [4]. In that case, it
was shown that every model space is cve(e). We study the three remaining
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forms in this paper and draw some unifying results that may be useful in
studying cvc in higher dimensions.

We proceed by first considering a significant amount of preliminary ma-
terial that is necessary for examining each of the cases. We then present the
results obtained by Peng and Doktorova for the diagonalized case. After-
wards, we move to examining the case of one real eigenvalue, then two real
eigenvalues, and finally one real and one complex eigenvalue. In each case,
we first recover the metric of that particular Jordan form. Next, we recover
the Ricci and curvature tensor entries. Then, we eliminate all possible val-
ues of € with the exception of one particular value. Finally, we utilize some
preliminary material to either isolate the circumstances which allow M to
have cve(e) or demonstrate that it cannot be cve(e).

2. PRELIMINARIES

There are a handful of results which are used throughout the paper; they
are summarized here. Our first lemma we defer to [citation] for a proof.

Definition 2.1. The Jordan-Normal Forms are defined as follows:

A 1 0 ... 0] ra b 1 0 0 7
0N 1 0 b a 0 1 0
JNE)=1|: o . - L 0 00 a b 1 0
AER 0 y 1 J(C} sz, k)= 00 -b & o0 1
A=a+bicC—R
_O )‘_ . . . . <.
L0 a

Lemma 2.1. Fvery matriz A is similar to a direct sum of Jordan blocks.

Using this fact, we can derive the four possible Jordan forms in 3-dimensional
space. Also note that, by Lemma 2.1, we can examine all possible families of
3-dimensional model spaces by studying their corresponding Jordan forms.
These Jordan forms are:

(A1 0 0] A1 0
0 X O 0 x 1
0 0 Ag 0 0 A
Type 1 Type 11
A 1 0] (@ b 0
0 A O b a 0
[0 0 Az [0 0 X
Type 111 Type IV

Much of what we do when determining whether a family of model spaces
have constant vector curvature involves sectional curvature. To that end,
the next two lemmas are key tools that we can utilize.



4 ANDREW LAVENGOOD-RYAN

Lemma 2.2. Let v,w € V, a real-valued, finite-dimensional vector space.
v,w span a non-degenerate 2-plane if and only if (v,v)(w,w) — (v,w)? # 0.
Proof. (=) :

Suppose v,w span a non-degenerate 2-plane. Then there exists some
orthonormal basis {e1,e2} € V' such that we can express v, w as

v = aeq + besy
w = ce1 + des

Notice that this can be expressed as the matrix equation
v a bl |er
1 =
w il

[t

Notice that det(A) # 0 since the row vectors of A are linearly independent
(v & w cannot be multiples of one another or they would not span a 2-plane).
Now consider the denominator (v, v){w, w)— (v, w)? for v, w defined as above.
We obtain

(v,v) = a®{e1, e1) + b*{ea, e3)
(w,w) = c*{e1, e1) + d*{ea, e)
(v,w)? = [acler, e1) + bd(ez, e2)]?

After expanding and collecting terms,
[a?d? — 2abed + b2 c*] (e, e1) (o, €2)

— +1(ad — bc)?

since (e;,e;) = £1. Notice that this is simply +(det(A))?, which we previ-
ously stated is nonzero. Thus
<’U,’U> <’U},’U}> - <U, w>2 7é 0
as desired.
(<) :
Suppose now that
<’U¢U> <w¢w> - <Ua w>2 7& 0
Suppose also, for the sake of contradiction, that there exists some nonzero

u € span{v,w} such that u is perpendicular to itself and every other vector.
That is,

(u,z) =0 forallz eV
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Now we can write v as a linear combination of v and w:
u = av + bw

Consider the inner products of u with each of v and w:

0 = (u,v) = alv,v) + b{v, w)
0 = (u,w) = a{v,w) + b{w, w)

(4) A= [@av) <v,w>]

(v, w) (W, w)
Notice that det(A) # 0 by assumption, so there exists only one solution
to (3); in particular, the only solution is the trivial solution. But this con-

tradicts the assumption of the existence of a nonzero u as defined above.
Thus v, w must span a non-degenerate 2-plane. O

Lemma 2.3. If v = aej + bea + ces and w = xey + yes + zes and k(7) is
defined as above, then the numerator of k(w) is the sum of:

(1) Riza1(ay — bx)?,

(2) Rissi(az —cx)?,

(3) Rasaa(bz — cy)?,

(4) 2R1293(acy? — abyz — bexy + b*x2),

(5) 2Ro113(a’yz — acxy — abxz + bex?),

(6) 2R1332(abz? — acyz — bewz + ctay).

Proof. 1 of 6
For reference, the numerator we are working with follows:
R(ae; + bey + ces, xep + yea + zes, xep + yea + zes, aey + beg + ces).

There are 4 possible ways to obtain Ri921. One of these is detailed in the
diagram below.

R(aey + bea + ce3, we1 + yea + zes, xe1 + yea + zes, aeq + bea + ce3)
! ! ! '

2 92
= Ri221a0“y

We proceed in this manner for every other case.

(1) Ri221 = Ri221(a’y?) (3) Rao112 = Rygo1(b?z?)
(2) Ri212 = —Ri221(abzy) (4) Ra121 = —Ri221(abzy)
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Collecting these terms gives us
Ri991 (a2y2 — 2abxy + b2l’2)
— Ri991 (ay — bl’)2

as desired.
Proof. 2 of 6
We now consider all of the ways to get Ri331:
(1) Rizsi = Rizs1(a®2?) (3) Raii3 = Rigzi(c*x?)
(2) R1313 — —R1331((LC$Z) (4) R3131 — —R1331(CLCJ}Z)

Collecting these terms gives us

Russi(a®2? — 2acxz + *a?)

- R1331(az — C.%')2
as desired.
Proof. 3 of 6
Next consider all of the ways to get Rasso:
(1) Rosse = Rassa(c®y?) (3) Rsza3 = Rasaa(b?z?)
(2) Raszaz = —Rasza(beyz) (4) R332 = —Ras3a(bcyz)

Collecting these terms gives us
Rozsa(c2y? — 2beyz + b222)
— R2332 (cy — bz)2

as desired.

Proof. 4 of 6
Next consider all of the ways to get Rig03:
(1) Ri223 = Rizas(acy?) (5) Ra123 = —Ri223(bcay)
(2) Rzoo1 = Rizes(acy?) (6) R3z1i2 = —Rigzs(bery)
(3) Ri2s2 = —Ri3(abyz) (7) Raiz2 = Risos(b®z2)
(4) Razo1 = —Ri293(abyz) (8) Raziz = Rigas(b®z2)

Collecting these terms gives us
R1223(2acy2 — 2abyz — 2bcxy + 52$Z)
— 2Rq993 (acy2 — abyz — bexy + bez)
as desired.

Proof. 5 of 6
Next consider all of the ways to get Rs113:
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(1) Riaz1 = Ronz(a’yz) (5) Riz12 = —Ro113(abxz)
(2) Rissn = Ronz(a’yz) (6) Ro131 = —Ro113(abxz)
(3) Ri213 = —Ranz(acxy) (7) Ra1iz = Roriz(bex?)
(4) R3i21 = —Ranz(acxy) (8) R3iiz = Ror3(bez?)

Collecting these terms gives us

R2113(2a2yz — 2acxy — 2acxz + 2bc:v2)

— 2R2113(a2yz — acxy — abrz + bch)
as desired. O

Proof. 6 of 6
Finally, consider all of the ways to get Ri33o:

(1) Rizs2 = Rizsa(abz?) (5) Rosiz = —Rissa(berz)
(2) Rossi = Rizso(abz?) (6) R3132 => —Ri332(bcxz)
(3) Rizez = —Rizze(acyz) (7) Rsi23 = Rizsa(c®xy)
(4) R3z31 = —Rissa(acyz) (8) Rso1z3 = Rizsa(c®zy)

Collecting these terms gives us
R1332(2abz2 — 2acyz — 2bcrz + 202:ry)

— 2Ri332(abz® — acyz — bexz + ay)
as desired. O

The last result we need involves the concept of generalized eigenspaces.
All of the material that follows in this section is adapted from [1].

Definition 2.2. Suppose A € L(V) and A € F, where F = R or C. The
generalized eigenspace of A corresponding to A, denoted G(\, A), is defined
by

G(\, A) = null(A — AI)4™V
Definition 2.3. An operator on a complex inner product space is normal
if it commutes with its adjoint.

Lemma 2.4. Suppose A € L(V) is normal. Then eigenvectors of A corre-
sponding to distinct eigenvalues are orthogonal.

Lemma 2.5. Suppose A € L(V). Let n=dimV. Then
V = nullA"™ & rangeA™

Lemma 2.6. Suppose A € L(V) and p € P(F). Then null p(A) and range
p(A) are invariant under A.
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Lemma 2.7. Suppose V is a complex vector space and A € L(V). Let
A, ...y Am be the distinct eigenvalues of A, with multiplicities dy, ..., dp.
Then there is a basis of V with respect to which A has a block diagonal
matriz of the form

My 0

0 M,

where each M is a d;-by-d; upper-triangular matriz of the form

Aj *
(5) M; = .

0 Aj
Lemma 2.8. Let A € L(V). Suppose Ai,..., A\ are distinct eigenval-
ues of T and vi,...,v, are corresponding generalized eigenvectors. Then
V1, ..., Uy 1S linearly independent.

Theorem 2.1. Let V' be an arbitrary complex vector space and let A be a
linear operator on V. Then the following assertions are true:

(1) V' decomposes as the direct sum of its generalized eigenspaces.

(2) If ij is a non-degenerate inner product on V, and A is self-adjoint
with respect to @;;, then the generalized eigenspaces of A are orthog-
onal.

Proof. In this proof, we allow A to be either real or complex. We also let V'
have m eigenvalues.

We begin by showing (1). Let n = dimV. We prove by induction on n.
The result clearly holds for n = 1. We proceed by assuming n > 1, and that
the result holds for all vector spaces of a smaller dimension.

Since V is a complex vector space, it has at least one eigenvalue. Define
G(M\i, A) as the generalized eigenspace for each distinct A; of A. We use
Lemma 2.5 with A — \{] to obtain

(*) V=GM\,A) U

where U = range(A — A\ I)". Now since U is invariant under A (simply
use p(z) = (z — AI)™ with Lemma 2.6) and G(A1, A) # {0}, we have dim
U < n. Thus our induction hypothesis applies to A|y. Furthermore, each
eigenvalue of Al is in {Ag, ..., Ay }. By the induction hypothesis,

U=G, Aly) & ... & G(Am, Alv)
. It remains only to show that G(\, Aly) = G(A\g, A) for k=2,...,m.
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Fix k € {2,...,m}, so that G(\g, A|ly) C G(\k, A) is clear. Now suppose
v € G(Ag, A). By (*), we have

V=v1+u
where v; € G(A1, A) and u € U. We have
U=v9+ ...+ 0y,
where each v; € G()\j, Aly) C G(\j, A). Thus
V=01 +v2+...4+Unm
Now by Lemma 2.8, we have v; = 0 except, possibly, when j = k. Since
k # 1, we know at least that v1 = 0 and so v = u € U. That is, v €

U = v € G(M\, Aly). So we have shown that G(\g, Aly) = G(\g, A) for
k=2,...,m. Thus we have

V=GA,A)d...0G(A\n,A)

as desired.

We now need to show that the generalized eigenspaces are perpendicular.
By Definition 2.2, A is normal; then by Lemma 2.4, its eigenvectors are
orthogonal. Now we defined each generalized eigenspace as corresponding
to a distinct eigenvalue, meaning that \; € G()\;, A) and, in particular, the
Jjth eigenvector resides only in the jth eigenspace. Let w; € G(\;, A) denote
the jth eigenvector corresponding to A;, and let v; € G()\;, A) be a vector
other than the eigenvector. Note that

v; = aw; + br

where r is a unit vector and a,b € F. r cannot have entries below or above
the rows corresponding to A; by Lemma 2.7. Clearly, then,

v; L Vg
= G(N,A) LG\, A)

for ¢ # j since any vector from one space is perpendicular to any vector from

another space.
O

Corollary 2.1. The eigenspace corresponding to any Jordan block is per-
pendicular to the etgenspace corresponding to any other Jordan block.

Proof. Let G()\;, A) be the eigenspace corresponding to the Jordan block
J(Ni, k), where A\; € C or R and k is the size of the Jordan block. We may
construct V' in the following way (by Lemma 2.1):

V= é J(\i, k)
=1
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where k € {1,...,dimV}. The result now follows immediately from Theo-

rem 2.2.
O

It’s worth noting that this result holds for real vector spaces through the
process of complexification. For a detailed discussion of complexification, see
[1]. With these results established, we can begin to examine which models
spaces are cvc(e) and which are not.

3. THREE REAL EIGENVALUES

We begin by presenting the work done by [2] and [3]. Define

A0 0
0 0 A3

Since this matrix is diagonalized (and A is self-adjoint), we are guaranteed
by the spectral theorem to have an orthonormal basis as follows:

-1 0 0

(7) [pi]=10 10

0 0 1

where the negative in the first slot comes from the Lorentzian setting. We
can now determine both the Ricci and curvature tensor entries:

)

p11 = —A\1 = Ri201 + Ri331 p12 =0 = Ri332
p22 = A2 = —Ri221 + Ras3o p13 =0 = Rizz3
p33 = —R1331 + Ragso p23 =0 = Rou3
Ryggy = 2=31=22 Ri923 =0
Rigyy = 2=da=h Rizzo = 0

_ JotAz—A =
Ryggp = 228he=1 Ro113 =0

For the remainder of this section, we let

a = Ri291, 8 = Rizs1,7 = Rasso.
We also assume « > (. With the curvature entries, we can begin to
determine whether this family of model spaces has cvc(e).

Lemma 3.1. Let M = (V,(-,-),R) be a 3-dimensional Lorentzian model
space of Jordan Type I with the derived metric and curvature entries. If M
has cve(e), and:

(1) —a,—B <, then e = —a.

(2) v < —a,—f, then e = —f.
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(3) —a <y < B, thene € {—a,v,—S}.
(4) =, thene = —a = —f.

For a proof of this lemma, see the original statement in [3] or [2].

Theorem 3.1. Let M = (V,(-,-), R) be a 3-dimensional Lorentzian model
space of Jordan Type I with the derived metric and curvature entries. Then
the following hold:

(1) If y > —a, =3 then M has cve(—a).

(2) If y < —a, = then M has cve(—p).

3) If —-a<y< = or —a <y < —f then M does not have cvc(e) for

any € € R.
(4) If —ao= —f # ~, then M has cve(—a).
(5) If —a=—B ="+, then M has csc(3).

For a proof of this theorem, see the original statement in [2]. What we
have shown is that depending on the ordering of the eigenvalues of A, M
either has cve(e), csc(e), or neither. Going forward, we’ll see similar results
appear in the other forms.

4. ONE REAL EIGENVALUE

We turn our attention to the model spaces of type II; for quick reference,
define

8) A=

Our first order of business will be to recover the metric of this form so
that we can use it, in conjunction with the matrix, to evaluate the Ricci
tensor entries. Note that we allow ¢;; = (e;, ej), where {e;,e;} come from
whatever basis we are working with. We first compare the inner products
(Aey,eq) = (Aeg,e1), (Aer,e3) = (Aes,eq) and (Aeg, e3) = (Aes, ez). As an
example, consider:

(Aer,e2) = Apr2
(Aeg,e1) = 11+ A1
Then we conclude that ¢1; = 0. Repeating this process, we obtain:

0 0 2
9) vij = | 0 @22 a3
Y22 P23 P33

We let a = @29 and employ the change of basis:
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1
fi= %317
1
f2 = %62,
1

f3= 7z
Note that a > 0 since if a < 0 then we exchange the metric for its negative,
and if ¢ = 0 the metric is degenerate, which contradicts our choice of the
inner product. This has the effect of putting 1’s on the off-diagonal of ¢;;.
Now make one last change of basis:

g1 = f1,

92 =z f1+ fa,

g3 =yf1+xf2+ [
We wish to have @93 = 33 = 0. Solving for x and y gives
—b
2
It can be shown that these change of bases preserve the matrix A. Thus we
end up with

3
T = y:ZbQ—c

0 0 1
(10) pij =10 1 0
1 00

Utilizing this metric with the matrix A, we calculate the Ricci tensor
entries to be

p11 =0 = Ry p22 = A = 2R1223
p12 =0 = Ro113 p23 = —1 = Ri332
p13 = A = Ri313 + R1223 p33 = 0 = Ro33o

Thus we have

Ri291 =0 Ro332 =0 R2113=10

by A
-5 Ri223 = 5 R332 = —1

Ry331 =
With the curvature entries in hand, we can now examine whether this
family of model spaces has cvc(e) for some €.

Lemma 4.1. Let M = (V,{-,-), R) be a 3-dimensional Lorentzian model

space of Jordan Type II with the derived metric and curvature entries. If M

_ A
has cvc(e), then € = 5.
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Proof. Let w = xeq + yes + zeg for some x, 4y, z € R, with not more than one
of them 0. Suppose v = e;. Then from Definition 1.4, we have

2
z9(=A/2) A
K = = ==
(ﬂ.) _ZQ 2
Notice that we are free to choose z # 0 since we can stipulate z = 0 without
affecting this equation. O

This lemma only establishes what the value of € must be for M to have
cvc(e). It does not guarantee that there exists a w for every possible v that
will result in this €. As it turns out, there is a particular group of vectors
that cause M to fail to be cvc(%). In order to see why this is the case, we
first establish this lemma.

Lemma 4.2. If a model space that is Type II Jordan form has cvc(%), then
the following equation must be satisfied:

abz? — acyz — bexz + Cry =0
for v =aey + beg 4+ ce3 and w = xey + yeg + zes.

Proof. Let v, w be defined as above. We start with the numerator, using our
curvature entries and Lemma 2.3:

A A
) (az—cm)2+2(§) (acy®—abyz—bcry+b*w2)+2(—1)(abz* —acyz—becxz+c*xy)

A
= -3 (az—cx)*+ N acy* —abyz—bery+b*w2) —2(abz? —acyz—berz+cry)

We now calculate the denominator:

(v,v) = 2ac + b2,
(w,w) = 2wz + 12,
(v,w)? = (az + cz + by)>.
Which, plugging in to the denominator of Definition 1.4, gives us:

(v, v)(w, w) = daczz + 2acy® + 2b%xz + b*y?,
—(v,w)? = —a®2? — ax? — b*y? — 2acrz — 2abyz — 2bcxy.
Thus we have
—(az — cx)? + 2(acy® — abyz — bexy + b*xz).
Combining the numerator and denominator into Definition 1.4, and setting

k(m) = % from Lemma 4.1, we have:

—3(az — cx)? + Aacy? — abyz — bexy + b*xz) — 2(abz? — acyz — bexz + Pay) A
2

—(az — cx)? + 2(acy? — abyz — bexy + b%x2)
The right-hand side of this equation will be

A
—§(az — cx)? 4+ Macy® — abyz — bexy + b*xz)
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Cancelling terms and simplifying, we arrive at the desired result:
abz® — acyz — bexz + Fay =0
O

Theorem 4.1. Let M = (V,{(-,-), R) be a 3-dimensional Lorentzian model
space of Jordan Type II. Such a model space cannot be cvc(e) for any €.

Proof. Let v and w be defined as in Lemma 4.2. Suppose M is cvc(e). Then,

from Lemma 4.1, we know that ¢ = % Suppose we are given v = aej + bes.
From Lemmas 2.3 and 4.2, we obtain
abz? = 0.

Suppose it were the case that a # 0 and b # 0, so that z = 0. Now, utilizing
Lemma 2.2, we have:

(v,v) = b2,

(w,w) = 2zz + 32,

(v,w)? = (az + by)%.
Which gives us:

W22z + b2y? — a?2% — 2abyz — b*y? # 0
— 2(20%z — a®z — 2aby) # 0.
But we already stated z = 0, which contradicts Lemma 2.2. Then we know
that v, w must span a degenerate 2-plane, and so we have found a set of
“bad vectors” that prevent the cvc condition from holding. It is the case,

then, that ¢ # %, which with Lemma 4.1 implies that M is not cvc(e) for
any €. [l

And so we have now encountered our first example of a family of model
spaces that does not have the property of constant vector curvature. The
next case will prove to be more interesting by having cvc(e) in some cases
but not others.

5. Two REAL EIGENVALUES

We now consider the family of model spaces of Type III Jordan-Normal
form. For quick reference, let

AM10
(11) A=10 A 0
0 0 X

Once again, we must first recover the metric for this form. Here we
make use of Theorem 2.2. Notice that A1 and Ay constitute two different
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eigenspaces, so that we know G(A1, A) L G(\2, A) and that they span the
vector space. This gives us

w11 12 0
(12) [pij] = |p12 w22 0
0 0 33

We now employ the following change of basis to A:

fl = €1,
fo =ea+ zey,
f3 = es3.

This provides 22 = 0. The next change of basis provides ¢11 = 0:

fi=e,
fa = ez,
f3 =e3 + xey.
Note that these change of bases do not change A. Upon scaling pio =
33 = 1, we obtain

(13) [pis] =

With this metric in hand, we can calculate the Ricci Tensor as well as the
corresponding curvature entries. From Definition 1.8, we determine that the
Ricci Tensor is expressed as

3
p(:E? y) = Z Rx12y + Rx21y + Rx33y-
(2]

From this we obtain the following:

p11 =0 = Ri331 p22 =1 = Ro33o
p12 = A\ = —Ri221 + Ri332 p23 = 0 = Ry223
p13 = 0 = Ro113 p33 = A2 = 2R1332

Now let o = )‘—22 — A and g = )‘7 Then we have

Rigo1 = « Ragzo =1 Ri330 = f3
Ri331 =0 Ri203 =10 R2113 =10

With these curvature entries in hand, we can determine what the value
of € should be if M is cvc(e).
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Lemma 5.1. Let M = (V,{-,-),R) be a 3-dimensional Lorentzian model
space of Type III with the derived metric and curvature entries. If M has
cvc(e), then e = —a.

Proof. Suppose M has cvc(e). Let w = xeq + yes + zeg for some z,y, 2z € R,
with not more than one of them being 0.
Suppose v = e1. Then from Definition 1.4 we have

oy’
— =—a=c.
—y2
Note that we can allow y # 0 by stipulating z = 0. (]

We now need to see if, for every v, there is guaranteed an appropriate w.
We first impose the restriction that A\ = As.

Lemma 5.2. Let M = (V,(-,-),R) be a 3-dimensional Lorentzian model
space of Type III with the derived metric and curvature entries. M does not
have cvc(e) when Ay = Asg.

Proof. Let w = zey 4+ yes + zeg for some z,y,z € R, with not more than
one of them being 0. Suppose also for the sake of contradiction that M has
cvc(e) for A = A2, and consider v = e3. Then we have

_ 2ayB+y?
ri(m) = 2ry + 22 — 22
_ Y
=8+ 2z

Note that 8 = o + A1. We wish to have k(7)) =& = —a. So we have

a—i—)\l—I—i:—a

2z
— ﬂ = 20 — )\1.
2x
Now substituing a = % — A1, we have
Y
AL — Ay = —.
! 27 o

But A\ = Ay = y = 0, which we have seen results in a degenerate 2-plane
by Lemma 2.2. This contradicts our assumption of A\ = Ay. Thus, we have
K(m) =¢e=—aif A\j # Ao O

Before considering further restrictions on M, we establish this lemma.

Lemma 5.3. Let M = (V,(-,-), R) be a 3-dimensional Lorentzian model
space of Type III with the derived metric and curvature entries. If M has
cve(—a), then the following equation must be satisfied:

(cy — b2)” + 2( + B)(abz” — acyz — bewz + Pay) = 0.
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Proof. We begin with the numerator of the sectional curvature. From Lemma
2.3, we have
alay — bx)? 4+ (1)(cy — b2)* 4+ 2(B)(abz? — acyz — bexz + ay).
Now for the denominator:
{(v,v) = 2ab + ¢,
(w,w) = 2wy + 22,
(v,w)? = (ay + bz + c2)2.
Expanding and collecting terms, we get
—(ay — bx)? + 2(abz® — acyz — bexz + Aay).
Now utilizing Definition 1.4 with x(7) = —«, we have
alay — bx)? + (cy — b2)? + 2B(abz? — acyz — bexz + cay)
—(ay — bx)? + 2(abz? — acyz — bexz + xy)

= —Q.

The right-hand side of this equation will be
alay — bx)? — 2a(abz2cyz — bexz 4 Cxy).
Bringing everything to the left-hand side gives us the desired result:
(cy — b2)? + 2(a + B)(abz? — acyz — bexz + ay) = 0.
([
Lemma 5.4. Let M = (V,{(-,-),R) be a 3-dimensional Lorentzian model

space of Type III with the derived metric and curvature entries. M does not
have cve(e) when A\ < Ag.

Proof. Suppose v = ae; + ces and w = xe; + yes + zes, and note that
a+ 8 =X — )\ #0. We scale ¢ down to 1 for simplicity in this case. From
Lemma 5.1, we know that if M attains cvc(e), then it must be the case that
€ = —a for a defined as above. Then from Lemmas 2.3 and 5.2, we have

v+ 2(a+ B)(zy — ayz) = 0.

If y = 0, then v, w span a degenerate 2-plane, so it must be the case that
y # 0. Then the above equation simplifies to

y+2(a+ )z —az) =0

-y
a+ B
We now need to check if v,w span a non-degenerate 2-plane. Using
Lemma 2.2 and v, w as defined above, we have

(*) = 2(x —az) =

(v, V) (w, w) — (v, w)? = 2zy + 22 — (ay + 2)*

= 22y — a®y® — ayz
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= y[—a’y — 2(z — az)].

Now substituting in (*) and factoring a y gives us

1
27 2
—a*+ —].
y°l a+5]
Choose a? = ﬁ where o + 8 > 0. Then we have
-1 1
2
+ =0,
4 [oz—i-ﬁ a+ﬁ]

which demonstrates that v, w actually span a degenerate 2-plane. Since we
assumed a+ > 0, we now know that A\; < Ag produces degenerate 2-planes.
That is, for the given v, there exists no w € V for which (7)) = —a.

O

Theorem 5.1. Let M = (V,(-,-), R) be a 3-dimensional Lorentzian model
space of Type III with the derived metric and curvature entries. If Ay > Ao,
then M has cvc(—a).

Proof. Suppose A1 > Ao, and let w = xe; + yes + zes for some z,y, 2z € R.
We now consider the remaining forms of v.

Case 1:

Suppose v = e3. Then we have

azx? + 22
A = T
22
= — — —
132
= —Q =€

when z = 0 and x # 0, which is allowable under the restrictions on w.
Case 2:
Suppose v = aeq + bes. From Lemma 5.2, we have

—b?2% + 2ab2*(a+ B) =0

We can let z = 0 since ej, ey are a hyperbolic pair and so span a non-
degenerate 2-plane. To prove this, we utilize Lemma 2.2 with w = xe; +yes.
We get:
(2ab)(2zy) — (ay + bx)?) #0
= 4dabzy — a®y? — 2abzy — b*x? £ 0
— —(ay — bx)? # 0.

This is only 0 when ay = bx, but we can choose x and y for any given
nonzero a and b such that this does not occur.

Case 3:

Suppose v = beg + ces, with b # 0 and ¢ # 0. From Lemma 5.2, we have

(cy — bz)* + 2(a + B)(=bezz + Cay) =0
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— (cy — b2)* 4+ 2z(a+ B)(c*y — bez) =0

Setting y = bf with x # 0, we find w = ze; + bfeg as a non-degenerate
pairing. From Lemma 2.2, we have
2xb
A(=2) = (b)? £ 0

= 2bcxz — b2x? £ 0.

Since b, x # 0, we simply choose an appropriate z so that 2cz # bx.

Case 4:

Suppose v = ae; + bea + ce3 with a,b,c # 0. For simplicity, we scale ¢
down to 1. From Lemma 5.2, we have

(y — b2) + 2(a + B)(abz? — ayz — brz +2y) =0
= %[V +2ab(a+B)]+2[~2by—2ay(a+B)—2bz(a+B)|+[y*+2zy(a+5)] = 0
when factoring for z. Using the quadratic formula, we arrive at

byt ay(a+ B) +bx(a+ B) £ (a+ B)(ay — bx)
T b2 + 2ab(e + B)

Then the positive and negative expressions for z are given by

2
(14) y=Y z:—y+ z(a + f)
b b+ 2a(a+ )
In either case, we can find a w that pairs with this v such that v, w span a
non-degenerate 2-plane. However, we need only consider z = % since b # 0.

Suppose w = xe1 + yez + Yes. Then from Lemma 2.2 we have:

2

(2ab + 1)(23:y+%2)—(ay+bx+%)27é0
2ab 2 2 2 9 2
= 4dabry+ aby +2xy+g;—2—a2y2—b2x2—‘z—2—%—Qabxy—%:y;AO

— —(ay — bx)? # 0.

As in Case 1, this is a non-degenerate pairing.
Having exhausted all possible vectors v, we have shown that for Ay > Ao,
M has cvc(e) when € = —a. O

This case has some similarities with the diagonalized case, in that the or-
dering of the eigenvalues is important in determining whether M has cvc(e).
We will see in the next case that introducing a complex Jordan block elim-
inates the need for any restrictions on the eigenvalues.
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6. ONE REAL AND ONE COMPLEX EIGENVALUE

The final case for our consideration is a Type IV model space. For quick
reference, define

a b 0
(15) A=|-b a o0
0 0 Mo

We may assume without loss of generality that b> 0.

In this form we needn’t concern ourselves with whether A\ = Ay, because
that simply is not possible. Therefore we can immediately apply Theorem
2.2, and so G(A\1, A) L G(A2, A) and these eigenspaces span the vector space.
Let ¢;; = (ei, ej), where {e;,e;} comes from the basis we are working with;
then we have

11 12 0
(16) Yij = [p12 @22 0O
0 0 33

By comparing the inner products (Aej,es) = (Aeg, e1) we obtain p1; =
—po2. Now employ the following change of basis:

f1=mwer +yex +e3
fo=ye1 — zea +e3
J3=es3
Note that this change of basis preserves the form of A. We wish to have
11 = 0, so we examine

(f1, f1) = 22yp12 + (2% — y*)p11 = 0

and set x = 1. Solving for y then gives us

2
y=2124 1472
P11 Y11

Notice that y = 0 is not possible here (since that implies 1 = 0), and that if
11 = 0 then we would not be making this change of basis in the first place.
So we have found a suitable z and y that ensure ¢1; = —p22 = 0. Now our
metric looks like the following:

0 @12 O
(17) wij= |12 0 0
0 0 33
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Naturally, a change of basis will scale the remaining entries to 1’s (if
33 = —1, exchange ¢ for —. With our metric in hand, we can recover the
Ricci and Curvature entries.

p11 = —b= Rz p22 = b = Rasso
p12 = a = —Ri291 + Ry332 p23 = 0 = Ry223
p13 = 0 = Ro113 P33 = Ao = 21330

Let a = % —aand 8= ’\7 Then we have
Rigon = a Rosso = b Rizzo =
Riy331 = —b Ri223 =0 R2113 =10

We continue as usual by checking to see if M can be cve(e) for some €.

Lemma 6.1. Let M = (V,(-,-),R) be a 3-dimensional Lorentzian model
space of Jordan type IV with the derived metric and curvature entires. If M
has cvc(e), then e = —a.

Proof. We consider this proof by cases. Let w = xe; + yes + zes for some
x,1y, 2z € R, with not more than one of them zero.
Case 1:
Suppose v = e;. We select y # 0 for this case. From Definition 1.4, we
have -
ay? + b2?
K(m)=——5—=¢
R -y
— b2% — ay® = ey?
— 022 —y*(a+¢e)=0.
Now since bz? > 0, we know that y?(a +¢) > 0; that is,
€ > —a.

Case 2:
Suppose v = es. We select x # 0 for this case. From Definition 1.4, we
have

( ) a:n2+l~922

k(T) = ————— = ¢
2

— az? 4+ b2 = —e2?

— b2 + 2% (a+e)=0.
Again, since bz% > 0, we know that z2(a + &) < 0 which means
e < —a.
Combining these cases, we know that € = —« is the only possibility. [

We have established what the value of € must be, but before we prove
that M is always cve(—a), we establish one last lemma.
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Lemma 6.2. Suppose M = (V,{-,-), R) is a 3-dimensional Lorentzian model
space of Jordan Type IV. If M has cve(—a), then the equation that must be
satisfied is:

b(bz — cy)? — (az — cx)?] + 2(a + B)(abz® — acyz — bexz + Pxy) = 0.

Proof. First we consider the numerator of Definition 1.4. From Lemma 2.3,
we have

alay — bx)? — blaz — cx)? + b(bz — cy)? + 2B(abz? — acyz — bexy + Eay)
= afay — bz)? +b[(bz — cy)? — (az — cx)?] + 2B8(abz? — acyz — bexy + xy).
Now for the denominator, we have:
{(v,v) = 2ab + ¢,
(w,w) = 2xy + 22,
(v,w)? = (ay + bx + cz)?.
Expanding and collecting terms, we have:
—(ay — bx)* + 2(abz?® — acyz — bexz + xy).
Now we know that ¢ = —«a from Lemma 6.1, so we have:
alay — bx)? + b[(bz — cy)? — (az — cx)?] + 2B(abz? — acyz — bexy + ay)
—(ay — bx)? + 2(abz? — acyz — bexz + 2xy)

= —Q.

The right-hand side of this equation will be
alay — bz)? — 2a(abz® — acyz — bexz + ay).
And, after bringing everything to one side, we obtained the desired result:
b(bz — cy)? — (az — cx)?] + 2(a + B)(abz? — acyz — bexz + Cay) = 0.
O

Theorem 6.1. Suppose M = (V,(-,-),R) is a 3-dimensional Lorentzian
model space of Jordan Type IV. M has cvc(e) for e = —a.

Proof. We consider this proof by cases. Let w = xe; + yes + zes for some
x,1y,z € R, with not more than one of them being 0.
Case 1:
Suppose v = e3. From Definition 1.4, we have
—bx? + by? + 2Bxy B
2zy -

K(m) =
We wish to see if it is possible for € = —a in this case. Make the substitution
and multiply the denominator over to obtain:
b(y? — x?) + 22yB = —2zya
— 2zy(a+ B) = b(z? —y?).
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Note that « + 8 = Ay — @, which gives us:
20y(A2 — a) = b(a® — ¢

— +2ﬂsy(a_l~))\2) =2

Let p = a_g/\Q. Then by completing the square we have

(x +py)* = y*(1+p°)
= z+py=yV1+p
= z=y(V1+p*—p).

Note that the coefficient on y cannot be zero since that would imply 1 = 0.
This means that, unless x = y = 0 (a ludicrous case), we have found a y that
pairs with x to produce a non-degenerate pairing for v. That is, ¢ = —a.

For the remaining cases, we find an appropriate w for the given v by
swapping the coefficients of e; and es. In two cases, we change one of the
signs.

Case 2:

Suppose v = ae; + bes, with a and b nonzero. Then we select w =
—be; 4+ aes. By Lemma 2.2, we can ensure this is a non-degenerate pairing
by examining the denominator of the sectional curvature.

—(2ab)? — (a®> = b*)2 =0
— —4a®b? —at — b + 242 =0
= —(a®*+0*)?=0.
Which occurs only if a = b = 0, which contradicts the given v. Thus v, w
span a non-degenerate 2-plane.
Case 3:

Suppose v = aej + ces, with a and ¢ nonzero. We select w = aes + ces.
Then we have

= (a*+*)?=0
= a*+2d%2 =0
— a*(a* + 2% = 0.
Which is true only if either ¢ = 0 or a = ¢ = 0; both situations contradict
the given v. Then by Lemma 2.2, v, w span a non-degenerate 2-plane.
Case 4:

Suppose v = bes + ceg, with b and ¢ nonzero. We select w = be; + ces.
Then we have

=P+ =0
and this proof proceeds exactly as in the previous case.
Case 5:
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Suppose v = aej + bey + ceg. For simplicity, we scale ¢ down to 1. We
select a w by comparing a? and b2. If a? > b?, we select w = —be| + aeq + e3.
Then we have

(2ab +1)(=2ab+1) — (a®> = b* +1)> =0
= 1 —4a** —a* — b* — 1 - 2a% + 20> + 2a*0* = 0
= (a®* +b*)? +2(a* - b*) = 0.

This equation is only zero when @ = b = 0 or in the event that a?® < b2,
both of which violate the conditions set on v. So by Lemma 2.2, we have a
non-degenerate pairing.

For the case that a? < b2, we select w = be; — aes + ces. The proof follows
similarly, but now we end up with

(a®> + 032 +2(0* —a?) =0
which has solutions only for a = b = 0 or a® > b%. Both of these situations
violate the conditions on this v.

Having exhausted all possible combinations of v, we have shown that if
M has cvc(e), then € = —a. O

This is the only family of model spaces, then, that always have cvc(e).
There is no restriction on the ordering of the eigenvalues in this case, unlike
the real cases.

7. GENERAL RESULTS

We turn now from a form-specific analysis to some general results that can
be gleaned from prior results. To do this, we first convert all of our metrics
to orthonormal bases. Type I is already on an appropriate orthonormal
basis, so we instead provide change of bases for Types II, III, and IV. A
suitable change of basis for Type II is:

g1 = L(61 - 63)

g2 = €2
g3 = %(61 + 63)
This will change the form of A to:

S

1
Lo
BCRE
Oﬁ)‘

A suitable change of basis for Types III and IV are:

g1 = %(61 - 62)
g2 = %(61 +e2)
gs = €3
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This will change the form of A in Type III, but preserves the form of A
in Type IV. Type III becomes:

M-3 3 0
-1 M43 0
0 0 A2
In all cases, the metric is now given by:
-1 0 0
(18) [pis] =0 10
0 01

The Ricci and curvature entries are obtained in the same way as before.
We provide the curvature tensor entries by type below:

Type I:

Riggy = 28=41=22 Rygzp = 22433=21 Ri332 =0
Ryg = 22=2e= Ro113 =0 Ri923 =0
Type II:

Rign = —3 Roszo = Ri3ze = —%
Rizz1 = —% Ro113 = —% Ri223 =0
Type III:

Rizm1 =% — M Rayzzo = 152 Riszo = —%
R1331 = % R2113 =0 R1223 =0
Type I'V:

Rign =% —a Rogzo = 22 Rizz = —b
Rigs = —22 Ronz =0 Ry223 =0

With these in hand, we can state three general results. Note that the
proofs of these results are not provided, since they have been demonstrated
by the results found throughout this paper.

Corollary 7.1. cvc(e) is well defined in the 3-dimensional setting.

Theorem 7.1. Let M = (V,{-,-), R) be a 3-dimensional Lorentzian model
space on the derived orthonormal basis. If M is cvc(e), then € = —Ry221.
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Theorem 7.2. Let M = (V,{cdot, cdot), R) be a 3-dimensional Lorentzian
model space on any basis. If M is cvc(e), then

e= Zn: (1) ey,
=1

2

Where n is the number of distinct eigenvalues and d; is the multiplicity of
each eigenvalue.

One note to make is that we take some liberties with the meaning of
“multiplicity” in this case. We consider the multiplicity of the complex
eigenvalue to be 2 by counting both itself and its conjugate.

8. CONCLUSIONS

In 3 dimensions there is only one family of model spaces which do not
have cvc(e) for any €. These model spaces are of the form J(\,3) and so
have one eigenspace. In this form, e; and es form a hyperbolic pair while ey
is the spacelike unit vector; whenever e; is paired with eo, the model space
fails to have cvc(e). However, when ey is paired with es, everything works
out fine. Future research should examine what, if any, significance arises
from this choice of pairing.

The other model spaces constitute two or three eigenspaces. In the case
of two eigenspaces, the value for € turns out to be nearly identical. In fact,
to unify the two cases one may be able to say that e is the real part of
the first eigenvalue minus half the second. Further research is again needed
in this area. In the case of three eigenspaces, there are a fair number of
conditions and cases to consider. One conjecture is that the orientation,
size, and positioning of the eigenspaces may play a role in deciding cvc(e);
this may be a good case to start with in testing that conjecture.

9. OPEN QUESTIONS

(1) The major unanswered question that came from this research is
whether these results hold in higher dimensions. A great place to
start to see if these results are further generalizable would be to
look at certain types of 4-dimensional model spaces whose curvature
tensor entries are generated by Ricci tensor entries.

(2) One conjecture is that Rjg91 is invariant under certain change of
bases, and so one could generalize Theorem 1 to include more situ-
ations than just orthonormal bases. A good place to start would be
to wonder what the relationship is between the hyperbolic basis and
the orthonormal basis derived in this paper.

(3) The formula given for € in Theorem 2 is very closely related to the
trace of the Jordan form. However, there is a difference of a negative
sign on the third term (and in one instance, the second term for the
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diagonalized case). Our conjecture at this point is that perhaps
the eigenvalues must be ranked according to modulus, and that the
largest of those ranked will be negative in the trace. In addition, the
Jordan block containing the timelike vector is excluded from this
ranking (and so is always positive).
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