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ABSTRACT. This research investigates the restrictions on symmetric bilinear form ¢ such that R = R, in
Einstein and Weakly Einstein model spaces. It has been determined that if a model space is Einstein and
has a positive definite inner product, then: if the scalar curvature 7 > 0, then the model space has constant
sectional curvature, and if 7 < 0, ® can have at most two eigenvalues. Alternatively, given R = R, a model

space is weakly Einstein if and only if R,2 has constant sectional curvature. Also, it has been found that

given an Einstein model space with a non-degenerate metric, if ® is diagnoalizable, then the above applies,
but if dim (V) = 4 and there exists a basis such that ® takes one of several specific Jordan forms, then it
must be the case that all eigenvalues of ® are zero.

1. INTRODUCTION

An algebraic curvature tensor R over a vector space V is defined by R: V xV xV xV — R satisfying:
R((ﬁ, Y, z, w) = _R(ya z,z, U)) = R(Z7 w, T, y)v and
R(x7 y’ Z? w) + R(Z’ ‘,Z:’ y7 w) J’» R(y7 Z’ :1:, w) = 07
the latter termed the Bianchi Identity. Such a function allows us to study the characteristics of 9. Given
an orthonormal basis {e1,eq,...,e,}, a notational convention is to say R(e;,e;, ek, e;) = Rijki-
The following are several preliminary definitions to aid in the understanding of the study of algebraic
curvature tensors.

Definition 1.1. Given vector space V, a symmetric bilinear form p: V xV — R is:
(1) Symmetric: o(x,y) = ¢(y,x) Yo,y € V, and
(2) Linear in the first slot: p(ax1 + x2,y) = ap(x1,y) + @(x2,y) Yo,y € V.

Definition 1.2. An inner product or metric (-,-) on vector space V is a symmetric bilinear form.
A metric is non-degenerate if, for all x € V, there exist w € V such that {x,w) # 0.
A metric is positive definite if (x,x) > 0 and (x,x) = 0 if and only if x = 0.

Notice that positive definite implies non-degenerate.

A metric with respect to basis {e1, eq,...,e,} will be expressed in the following form: (e;,e;) = g;;. The
metric could also be represeted by the matrix &, where G;; = g;;. For the purposes of future definitions,
g = [G‘l]ij = G; = gi; since the metric is non-degenerate and symmetric.

It may be assumed that any metric mentioned in this paper is positive definite unless otherwise stated.
Definition 1.3. Given vector space V of dimension n, a metric (-,-), and an algebraic curvature tensor R,

a model space M is defined by:
M= (V7 <'a >7R)

Definition 1.4. A canonical algebraic curvature tensor R, is an algebraic curvature tensor that can
be expressed as
Rtp(£7 Y, z, U}) = 90(:177 ’LU)(P(y, Z) - (,0(!1,'7 Z)(P(y, ’LU)
where @ is a symmetric bilinear form.
Henceforth, all algebraic curvature tensors will be canonical. That is, R = R,.

Definition 1.5. The Ricci tensor [5] p over a vector space V' of dimension n and basis {e1, ...en} is defined
by:

p(zay) = Z gin(m,eiaej7y)'

i,j=1
1
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Definition 1.6. The scalar curvature [5] of model space M is defined by:
7= )plei )
i=1
on orthonormal basis {e1,...,e,} for V.

Definition 1.7. A model space M is Einstein [5] if the Ricci tensor is a scalar multiple of the metric.
That is,

We will call \ the Einstein constant.
Furthermore, A = T..

Definition 1.8. A model space M is weakly Einstein [1] if, given orthonormal basis {e1,...,e,} of V:

n
Z RabciRabcj = K1Gij 27] = 1, o, n

a,b,c=1
where 1 = %Zz,x7y7zzl szzyz. We will call p the weakly Einstein constant.

Given these preliminary definitions, it is now possible to establish the conventions for the results.

First, we will discuss symmetric bilinear form ¢ and its relationship with associated linear operator ®,
whose eigenvalues will provide a base for the remainder of the calculations. In Section 3, we will discover
that Einstein model spaces with positive scalar curvature have ® as a multiple of the identity matrix. On
the other hand, when the Einstein and weakly Einstein constants are 0, at most one eigenvalue of ® will
be nonzero. In Section 4, we will find that if a model space is weakly Einstein, all the eigenvalues of ®
will be the same, up to a sign. Section 5 reveals the precise relationship between the dimension of V' in an
Einstein model space and the eigenvalues of ® if the scalar curvature is negative. Finally, Section 6 will
explore Einstein model spaces with non-degenerate metrics and conclude that in multiple cases, either the
results are identical to those of the model spaces with positive definite metrics or all eigenvalues are zero.

2. DIAGONALIZATION AND EIGENVALUES OF ¢

Let ¢ be a symmetric bilinear form. Given a model space M, and an orthonormal basis {e1,ez,...,e,},
it is possible to express ¢ as the matrix:

pler,e1) (e, ea) ... pler,en)

plez,e1) w(ez,ea) ... plea,en)
Y= : : - :

olen,e1) @len,ea) ... @(en,en)

There also exists a unique associated operator ® : V' — V defined by:

@(x’y) = <@I,y>

Furthermore, @ is self-adjoint due to the symmetry of ¢:

p(z,y) = (Pr,y) = (z,0"y) = (®"y,z) = p(y,z) = (Py, 7).

Thus, & = ®*, so @ is self-adjoint.
In the case that the metric is positive definite, associated matrix ® can be diagonalized on an orthonormal
basis [3]:

A0 ..o00
0 X ... O
¢ = S :
0 0 ... A\

Furthermore, we notice that since p(e;, e;) = (Pe;, e;) = (e, e5) = Aigi; = Aidij;, the representation of
¢ as a matrix (above) is equivalent to ®. So, the matrix representation of ¢ when ® is diagonal is:
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A O 0
0 Ao 0
Y= e
0O 0 ... A,

Every symmetric bilinear form ¢ has a similar matrix ®. For instance, given a positive definite metric as
the symmetric bilinear form, the associated matrix is the identity, I.

Therefore, if it is given that R = R, and the basis for V' is such that ® is diagonal, the only possible
nonzero entries of R are those given by R;j;i = A\iAj = —Ryjij, ¢ # j. This is true since p(eq,ep) = 0 if
a # b. Furthermore, R;;i; = ¢(e;, e;)p(ei, e;) — (e, e;)p(ei, e;) = 0. Thus, all other entries of R are zero.

Proposition 2.1. Let M be a model space with R = R, and a positive definite metric. Let Ay,..., A, be
the eigenvalues of ® and {e1,...,e,} an orthonormal basis for V.. Then, the following system of equations
holds when M is Einstein:

A = Mg+ A3+ + )
A= A+ A3+ + )
A= MM+ Xe+.+ )
(1) i
A= MM+t N =T+ N+ )

A= /\n(/\1+)\2+~--+>\n—1)

Furthermore, the converse is true. That is, if System (1) holds in M with R = R, and diagonalized & on an
orthonormal basis, then M is Finstein.

Proof. Recall that M is Einstein when the Ricci tensor is a constant multiple () of the metric. Since
R=R,,

n
pleiej) = Aei,ej) = Xo;j = ZR(ei,ek,ek,ej).
k=1
Only nonzero terms contribute to the sum, so ¢ = 5. Let M be Einstein. Then,

A= Rlei e ex ;) = Zn: ANk = \i zn: A Vie{1,2,....n}.

1 k=1,k+i k=1,k#i

n

Since each step of this proof is reversible, it is true that if System 1 is satisfied, then M is Einstein. O

Proposition 2.2. Let M be a model space with R = R, and a positive definite metric. Let Ay,..., A, be
the eigenvalues of ® and {ey,...,en} an orthonormal basis for V.. Then, the following system of equations
holds when M is weakly Finstein:

o= NOZ+M+.. +A2)
L= MNA+A+...+A2)
o= MM+ +...+A2)
(2) :
Bo= MNAZ+A+. A2+ A7+ A2
Bo= MAT+ M+ 4N

where i = 5. Furthermore, the converse is true.That is, if System 2 holds in M with R = R, and
diagonalized ® on an orthonormal basis, then M is weakly Einstein.

Proof. Recall that M is weakly Einstein if Zzb,czl RapciRave; = 11gi5. Since Rpyye = —Ryzye are the only
nonzero entries of any given Rgp.;, all other entries may be discarded. Thus, it is the case that in the
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definition of weakly Einstein, ¢ = j if the term is nonzero. Then,

Z Rabcz abcj — Z Rzaaz Z Razaz = 2 Z Rzaaz -

a,b,c=1
Thus,
Z Rzaaz = /1
Since Riiii = 0,
n n
SN =X D> A Vie{l2,....n}
a=1,a#1 a=1,a#1
Once more, the logic is reversible, so the converse holds true. (]

In the following sections, we will apply these equations to Einstein and weakly Einstein model spaces with
the purpose of solving for ® given various parameters for Einstein constant A, scalar curvature 7, or weakly
Einstein constant pu.

3. CONSTANT SECTIONAL CURVATURE IN EINSTEIN AND WEAKLY EINSTEIN MODEL SPACES
WITH R = R,

Now, we will see why, in Einstein model spaces, when 7 > 0, a model space has a special property called
constant sectional curvature. Furthermore, we will find that this same property applies to weakly Einstein
model spaces when p = 0.

Definition 3.1. A model space M has constant sectional curvature ¢ if:
R(u,v,v,u
K(u,v) = ( ) =¢ Yu,v €V
<U7 U> <u7 u) - <u7 U>2

where u,v span a non-degenerate 2-plane.

One can notice that this definition simplifies to:
n(u,v)mzs Yu,v € V.
Also, if a model space has csc(e), it does so for any basis.
Lemma 3.2. Given a model space M and an algebraic curvature tensor R,
R., = *R,
Proof. This result can be obtained through a straightforward application of the definition of R.:
Rep(z,y,2,w) = co(z,w) - cply, z) — cp(z, 2) - cp(y, w)

= (el w)pley, 2) — (. 2) - oy w))
= CQR@('I',y,Z,U})

]

Lemma 3.3. If o = w(-,-) (so ® =wl) and R = R, then M has csc(w?).

Proof. Let ¢ = w(-,-). Then,

Rg; = Rw<.’.> = LUQR(.7.>
Calculating the sectional curvature yields:
Ii(u, ’U) — Rtp(ua v, v, ’Z,L) — W2R<_,,> (uv v, U, U) — UJ2
Ry (u,v,v,u) R y(u,v,v,u)
Thus, M has csc(w?). O

Lemma 3.4. Let M be an Einstein model space with orthonormal basis {ey,...,en} of Vand p(-,-) = A(-,-,).
Let {\i|1 < i < n} be eigenvalues of diagonalized ®, as in Section 2. If R = R, then the following are
equivalent:
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(1) A=0 and
(2) Ai #0 for at most one i € {1,...,n}.
In this case, M has csc(0).
Proof. Suppose M is Einstein. If \; = 0, then

n

A=Xx| > A =0

J=1.5#i
Conversely, suppose A = 0. Let there be i nonzero eigenvalues of ®, and suppose i > 2. Without loss of
generality, suppose A1,...,A; # 0. By System (1), for some a,b € {1,...,i}, a #b,

Aa zn: Ac | =0 and

c=1,c#a

Ab i Ae | =0.

c=1,c#b
Dividing the first equation through by A, and the second by A, leads to,

z": Ae = 0 and

c=1,c#a
n
> =0
c=1,c#b
Then, subtracting the first equation from the second results in
Ao — A =0,
and simplifying yields
Ao = N\p-
Since a,b € {1,2,...,i} were arbitrary,
M=X=-=X=n#0.
Furthermore, when this is substituted back into any of 1,2,...,7 of System (1), it becomes clear that

nlnti-1)+ Z A | =0.

j=it1

So since A; = 0 for j > 4,

n
ni—1)+ > A=n(i—1)=0.
j=it1

Thus, either ¢ = 1, meaning ¢ has one nonzero eigenvalue, or n = 0, contradicting there being more than
one nonzero eigenvalue. Therefore, at most one eigenvalue of ® is nonzero.

Recall that the only nonzero entries of R, are those in the format R;;;; or R;;; for i # j. Also,
Rijii = ples, ei)plej, e5) = iP5 = A Aj. Since at most one A\; = 0 when A = 0, R;;;; = 0 for all 4, j, and
thus R, = 0 identically. It follows that M has csc(0). O

Lemma 3.5. Let M be a weakly Finstein model space with orthonormal basis {e1,...,e,} of V and u
defined by: Zz,b,c:l RabeiRavej = pgij. Let i = 5. Let {\|1 < i < n} be eigenvalues of diagonalized ®, as
in Section 2. If R = R, then the following are equivalent:
(1) =0 and
(2) A #0 for at most one i € {1,...,n}.
In this case, M has csc(0).

Proof. The proof for this lemma is identical to that Lemma 3.4, but with A\? instead of \;. O
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Now that we found Einstein model spaces with A = 0 to have c¢sc(0), we will show that Einsein model
spaces with A > 0 also have constant sectional curvature. When n = dim(V') = 2, the model space is trivially
flat, so it has constant sectional curvatue. Lemma 3.6 will consider the non-trival case of n > 3.

Lemma 3.6. Given R = R,, if M is Einstein with A\ > 0 and n > 3, then ® = cI. Furthermore,

_ A ; A
c=+4/-25, so M is csc(27).

Proof. Let A > 0. Suppose that ¢ # c(-,-). Then, there exists ¢ # j such that A\; # \;. Due to the
symmetries of System (1), we may assume without loss of generality that A; # Ay. Then, subtracting the
first two equations of System (1), we find that:

()\1 —)\2)()\3+)\4++)\n) :0
Since A1 # A, A3+ Ay + -+ + A, = 0. It is now evident that
M=) M Vie{3,...,n}.
k=3,k#i

Therefore, substituting that into all remaining equations from System (1) yields

A=XA+ X+ D M) =N+ A - N) Vie{3,...,n}.
k=3,k#£l
Summing both sides of equations over [ = 3,...,n, we find that:
DA=D MM+ A = M) =D N+ A2) = DA so
1=3 1=3 1=3 1=3

(n—2)A = (M1 + A2) (Zn: )\l> — (zn: A%) = (zn: A%) .
=3 =3 =3

n
Since A > 0 and — (Z A?) < 0, this equation is inconsistent. Therefore, it must be the case that ¢ = ¢(-, )
1=3

and ® = cl.
Since all the eigenvalues of ¢ are equal, we can write:

A=Xi((n=1)N) = (n—1)A?

Therefore, solving for \;,

A

n—1

A=+

It follows that ¢ = /2=, so, by Lemma 3.3, M has csc(-25). -

Theorem 3.7. Given R = R, if M is Einstein with scalar curvature 7 > 0, M has constant sectional
curvature.

Proof. Since 7 >0, A > 0.
Let 7 = 0. Then, by the results of Lemma 3.4, M is ¢sc(0).
Let 7 > 0. Then, by Lemma 3.6, M has constant sectional curvature. O

The results from this section are significant since they enumerate every possible ¢ when 7 > 0 for Einstein
spaces, and p = 0 for weakly Einstein spaces. We will now take a closer look at the remaining cases for
weakly Einstein model spaces.
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4. WEAKLY EINSTEIN MODEL SPACES IN dim(V) =n WITH R = R,

In this section, we will determine that if a model space is weakly Einstein, accociated linear operator ®
has identical eigenvalues, up to sign. The following theorem encapsulates this result.

Theorem 4.1. Let p? be the symmetric bilinear form with associated linear operator ®2. Let M be a model
space with R = R, . Let M be a model space with R = R, and the same metric as M. Then, M is weakly
FEinstein if and only if R, > has constant sectional curvature.

Proof. Suppose M is weakly Einstein. Then, there exists i such that System (2) holds. Let 7; = A?. Then,
we know the following to be true:

20 ... 00 m 0 ... 0
o 00X .. 0| [0 m .0
0 0 ... A 0 0 ...

Furthermore, the following system holds:

Bo= MAS+A+...+A2) = mme+n+...+m)
io= MM+EN+. ) = mm Attt
o= MM HN+ A ) = ).

This system clearly satisfies the requirements set by System 1, signifying that model space M is Einstein
with R = R_2. Since ji > 0, Theorem 3.8 states that M must have constant sectional curvature.

Conversely, suppose M has constant sectional curvature. In [4], Gilkey proves that constant sectional
curvature implies ® = cI, so it must be the case that ®* = nI for some 7. Here, it is known that n > 0.
Clearly, this fulfills the requirements for M to be Einstein, as enumerated in System 1. Then, ®2 can be
expressed as a diagonal matrix with eigenvalues n, while ® can be written as:

+7 0 ... 0
el
A R
Then, the equations in System 2 are fulfilled with fi = (n — 1)n. Therefore, M is weakly Einstein. a

Theorem 4.1 has several important implications. First, given a weakly Einstein model space, we know
that the eigenvalues of ® must be equal with the exception of sign. A simple calculation demonstrates that
we know how many possible matrices @ yield weakly Einstein model spaces.

Corollary 4.2. Let M a model space with R = R, and ® be diagonal with respect to an orthonormal basis.
Given that all eigenvalues are nonzero, if dim(V') = n is even, then there are § +1 unique sets of eigenvalues
of v, and when n is odd, there are ”T_l + 1 unique sets eigenvalues, both excluding negation of all entries. If
at most one eigenvalue is nonzero, there is one set of possible eigenvalues excluding scaling, and the same is
true if all eigenvalues are zero.

Proof. In all cases, we must be careful to not double count any permutations of the basis vectors. Therefore,
suppose that Ar,...,A\; <0 and Ajy1,..., Ay > 0.To account for negation, ¢ < 3.

Let n be even. Then, there are 5 possible sets of eigenvalues of ® from above and one more from the
possibility that all are the same sign, for a total of 5 + 1.

Let n be odd. Then, to account for the above constraints, there are ”T’l possibilities with some negative
eigenvalues and another from the possibility that all eigenvalues are the same sign. This totals to "T_l +1
possible sets of eigenvalues.

The case that only one eigenvalue is nonzero is trivial, though that eigenvalue can take on any value. The
case that all eigenvalues are zero is trivial as well.
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By Lemma 3.2, R_, = (—1)2R@ = R,, so negation of all entries of ® leads to an identical algebraic
curvature tensor. O

Despite the fact that if a model space is weakly Einstein then, then M = (V, (-,-), R) with R = R,> has
constant sectional curvature, this may not be the case for M = (V, (-,-), R) with R = R, might not have
constant sectional curvature.

Example 4.3. Let M = (V, (-,-), R) be of dimension four with R = R,,. Let ® have eigenvalues (A1, A2, A3, \y) =
(1,1,-1,—1). It is easy to check that M is indeed weakly Einstein by referencing System (2).

Now, to show that M does not have constant sectional curvature, we will compute curvature k with two
distinct sets of vectors.

K(er, e2) = Ri201 _ A1 A2 1
’ 911922 — 9%2 1-0
R AL
(e, e5) = 1331 _MAs

gugss —gis  1-0
Since 1 # —1, M does not have constant sectional curvature.

Now that we have completely solved for the possible canonical algebraic curvature tensors in weakly
Einstein model spaces of dimension n, we will do the same for Einstein model spaces.

5. EINSTEIN MODEL SPACES IN dim(V) =n WITH R = R,

The case in which 7, A > 0 in Einstein spaces has already been solved in Section 3, leaving the case in
which 7, A < 0. To solve for the eigenvalues of ®, we will first establish that there exist at most 2 distinct
eigenvalues of ®.

Theorem 5.1. Given an Finstein model space M with and diagonalized @ with respect to an orthonormal
basis, if R = R, then ® can have at most 2 distinct eigenvalues.

Proof. If dim(V) < 2, ® is smaller than or equal to a 2 x 2 matrix, and therefore can have at most 2
eigenvalues.

Suppose then that dim(V) > 3, and ¢ has at least 3 distinct eigenvalues. Due to the symmetries of
System 1, we can let \y = X, Ay =Y, and A3 = Z, where X,Y, and Z are unique nonzero constants. (The
case in which any one of {X,Y, Z} is zero is covered in Lemma 3.4.) Manipulating the first three equations
yields:

¥ = Y+Z+M+. 4+ N
% = X+Z+M+... .+
2 = X+Y+M+...+ N\
Subtracting the second equation from the first and simplifying shows that:
A A
-y = VY-X

So, A = XY. Similar operations for the second and third equations, as well as the first and third equations,
lead to the conclusion that A = XY =Y Z = XZ. Since X,Y, and Z are nonzero, X =Y = Z, which
contradicts their being distinct. Thus, ® can have at most 2 distinct eigenvalues. O

Let x,y be distinct eigenvalues of ®. Let j be the number of times x is an eigenvalue of ® and k be the
number of times y is an eigenvalue of @, so j + k = n. Since A = xy, as in Theorem 5.1, one of {z,y} must
be negative and the other positive, and we may assume that > 0 and y < 0 without loss of generality. The
following system of equations can be compiled from the equations presented in previous sections:

(3) A=y
(4) n=j5+k
(5) (J-Dz+(k-1)y=0

Equation 5 is derived from System 1, which states that, in this case,
A=az(y+(G—Dz+(k-1y) =zy+z((j - Dz + (k-1)y)
Thus, 2((j — 1)z + (k — 1)y) = 0, and dividing by = yields: (j — 1)x + (k — 1)y = 0.
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Note that j,k # 1 since that would imply that either x or y equals zero, which contradicts their being
nonzero. If j or k is zero, ® has only one eigenvalue, which simplifies to the ® = ¢I case covered in Section
3.

Theorem 5.2. Let M be an Finstein model space with R = R, and let ® be diagonalized with eigenvalues
Ayeeoy An. Let scalar curvature = < 0. Then,

B kE—1 j—1 j—1
(6) ALy A Ay An) = Mﬂﬂj_lﬂwn,L )

Proof. Since 7 < 0, we know that A < 0.
Manipulating Equation 5 and combining it with Equation 3 yields:

Ao itt
T k-1
Since A < 0, =\ = |)|, so 2 = . Thus,

/A _ izt
B k—1 [ k=1 [ -1 [ -1
Moo A, A, An) = ( |/\|j_1,..., Wj—l’ |)\|k_1,..., |/\|k_1)

Factoring the right hand side and substituting in n|7| for A leads to the conclusion that:

[k -1 j—1 j—1
e AL A, = — (..., 1, - ... -
()‘1) a)‘]aAJ-‘rl) 7An) |n7—| J—].( ) ) k_la ) k—l)

Corollary 5.3. Let M be an Einstein model space with R = R, and let j and k be as in Theorem 5.2.
Then, switching the values of j and k yields the same solution up to permutation and negation.

Hence,

O

Proof. Beginning with Equation 6 and swapping j and k, we get:

j—1 k—1 k—1
V4 1., ..,
|A| k_l(v y Lo j_17 ) ]_1)

Multiplying the /% i into the parentheses, then factoring out —,/ leads to:

/ J-1 J—1
—/|A —1""’_k—1)

Therefore, the two solutions are identical up to a permutation and a negation. O

Corollary 5.4. Let M be an Einstein model space with R = R,. If dim(V) = n is even, then there are
anz unique sets of eigenvalues, up to permutation and negation. If dim(V) = n is odd, then there are "T*‘j

unique sets of eigenvalues, up to permutation and negation.

Proof. Suppose n is even. Then, j € {2,3,...,n —3,n —2}. This provides for n — 3 total possibilities for j.
However, j = a leads to the same solution as j =n — a by Corollary 5.3. F‘urthermore, there is one case in

which j = k. Therefore, the total number of solutions is given by %52 4 2 = 72
Alternately, suppose n is odd. Once more, there are n—3 possible values for 7, and each is double counted.
Hence, the possible number of solutions for n odd is %‘3 O

In 2010, it was proven that in four dimensions, if a model space is Einstein, it is also weakly Einstein [2].
However, it is not true in higher dimensions.

Corollary 5.5. In model spaces, the Einstein condition does not imply a weakly Finstein condition for
dim(V) > 5.
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Proof. Take the construction of the eigenvalues of ® to be dictated by j = 2, as described in Theorem 5.2.
Then, it is clear that in dimensions other than 4, the eigenvalues are not negatives of each other, as required
by Theorem 4.1 for a model space to be weakly Einstein. Thus, a model space with such an R = R,, is
Einstein but not weakly Einstein. The following is a concrete example of this concept. O

Example 5.6. Finstein does not imply weakly Einstein. Let M have R = R, defined by the eigen-
values of ® being:

1
(o dan XA ) = (111,22, -2),

Clearly, this satisfies being Einstein with 7 = 3,k = 2. However,

= (—2\@2 (ﬂ - ﬁ + \E + <—2£>2> =2

which is the necessary condition for weakly Finstein. Therefore, Finstein does not imply weakly Einstein.

6. EINSTEIN MODEL SPACES IN HIGHER SIGNATURE SETTINGS

The signature of a metric refers to the sigs of the entries of GG, the matrix representing the metric. Model
spaces in higher signature settings therefore imply having a non-degenerate metric. In this section, we will
investigate the effect of the signature of a metric on the algebraic curvature tensor of a model space.

Any matrix A may be expressed in a form called a Jordan-Normal (Jordan) form [3]. The basis under
which A is Jordan-Normal is called the Jordan basis. Given any Jordan basis, matrix may take only one
Jordan-Normal form [3]. Which Jordan form the matrix takes is determined by the rank of the matrix and
the number of repeated eigenvalues.

Thus far, we have considered the diagonalized form of ®, which is the first Jordan form. As we previously
discussed, a positive definite metric leads to a diagonalizable ®, which is why no other Jordan forms have
been considered. The following are Jordan forms for matrices of dimension 4 with real eigenvalues:

A1 0 0 A 1000
) 0 A 0 O ) 0 A 0 O
Type I: 0 0 A 0 Type II: 0 0 A 1
0 0 0 X3 0 0 0 X
A1 0 O A1 0 0
) 0 A 1 O ) A 10
Type III: 0 0 A O Type IV: 0 0 AN 1
0 0 0 X 0 0 0 M\

It is possible for A\; = A; in any of the above cases.
However, a model space with a non-degenerate metric may still have a diagonalizable ®.

6.1. Einstein Model Spaces with Non-degenerate Metrics and Diagonalizable ®. Given an Ein-
stein model space M with diagonalizable ®, it is possible to express the metric as g;; = €;d;5, where ¢; = £1.
Thus, ¢(e;, ej) = €;A;0;;. Let X be the constant associated with the definition of Einstein spaces. Computing
the Ricci tensor yields the following equations:

pleie;) = g"Rini+ 9% Risoi + g3 Rizgi + -+ + ¢"" Rinni
= er(ei)(e1dr) +ea(€Ai)(e2X) + -+ €i—1(€iAi) (€i—1Xi—1)
(7) +eiv1(eidi)(€ip1hivt) + -+ en(eihi)(€ntn)
= N3z M)
AQ.

Clearly, p(e;,e;) =0 for ¢ # j since g;; = 0.

Theorem 6.1. Let M be a model space with diagonalized ® with respect to an orthonormal basis, R = R,
and non-degenerate metric. Let {eq,...,e,} be an orthonormal basis for V.. The following are then true:



ALGEBRAIC CURVATURE TENSORS OF EINSTEIN AND WEAKLY EINSTEIN MODEL SPACES 11

(1) If the scalar curvature T > 0, then M has constant sectional curvature.
(2) Let dim(V) =n, and j, k € {2,...,n— 2} such that j+k =n. If 7 <0, then

[k—1 -1 j—1
e A =/ —(1,...,1,— e, — .
()\15 a)‘]aAJ-‘rl) ;An) |A| ]—].( ) s 4y k_17 ’ ]f—].)

Proof. Equation 7 can be rewritten as:

n
Agii = €A = €;\i( Z Aj)-
J=1.j#i
So,
n
A=X( >0 M)
J=1.5#i

This equation is identical to the case in which the metric is positive definite, and therefore it has the same
solutions. Thus, by Theorem 3.8, the first claim is true, and by Theorem 5.2, the second claim is true. [

6.2. Einstein model spaces in higher signature settings and Type I ®.
Given the Einstein condition (with a corresponding A) and ® in the Jordan-Normal form

A1 0 0
o XN 0 o0
=10 0 x» o |’

0 0 0 X

it is possible to solve for the metric g by using the symmetric bilinear form . Let {e1,e2,e3,e4} be an
orthonormal basis for V. The equations are as follow:

(8) pler,e2) = (Per,ea) = Agi2
= (Pez,e1) = Mgz +gu1

Thus, we know that g;; = 0.

(9) 90(81763) = <q)61,€3> = )‘1913
= <‘I)€3761> = g3

From Equation 9, we know that either Ay = Ay or g13 = 0.

(10) @(61764) = <q>€1764> = )‘1914
= (Pes,e1) = A3gua

Equation 10 tells us that either Ay = A3 or g14 = 0.

(11) plez,e3) = (Pez,ez) = gi3+ Aigos
= (Pes,ea) = Aago3

From Equation 9, we know that Ay = Ag or ¢g13. Suppose A\; = Ag. Then, g13 = 0. If not, g13 = 0 from
above. Thus, we know g13 = 0. Then, we know that it must be the case that either Ay = Ay or go3 = 0.

(12) plez,eq) = (Pez,eq) = gia+ Aigos
= (Peg,e2) = A3gu

By the same logic as above, from Equation 10, we know that g4 = 0. Then, either \; = A3 or Aoy = 0.

(Pes, eq) A2g34

p(es, eq)
13
(13) (Peg,e3) = Azgaa

Therefore, either \s = A3 or g34 = 0.
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For the purpose of generalizing as much as possible, we will suppose we know nothing of the eigenvalues
of ®. Thus, all that we know of the matrix G (as defined by G;; = g;;) is:

0

921
0

0

G:

gz 0 0

g22  Gg23 G24
g32 933 034
ga2  g43  G4a4

Note that g12 = go1 # 0 since the metric is non-degenerate. Now, we must create a series of change of

bases that will place G in a helpful form.
Lemma 6.2. Let {ey,..

.,eq} be a Jordan-Normal basis of V. Given a change of basis that involves any

fi = e;+xe;, such that e; is an eigenvector of ® and such that e; and e; have identical associated eigenvalues.

Then, ® is preserved.

Proof. Let u be the eigenvalue associated with e; and e;. Then,

Of; = Ole; +xej) = Pe; + xPej = pe; +xpe; = ple; + xe;) = pufi.

Thus, f; is preserved as an eigenvector of ®. Similarly, all other f; are preserved. Therefore, the matrix ®

is preserved.

Lemma 6.3. Let {ey,..

O

., en} be a Jordan basis for V.. Given a change of basis that involves any f; = Ce;,

such that C' # 0 and e; is an eigenvector of ®. Then, ® is preserved.

Proof. Let u be the eigenvalue associated with e;.
Of;, =D(Ce;) =nde; = Cue;

By similar reasoning as in Lemma 6.2, the matrix ® is preserved.

Then,

w(Cei) = pfi.

Lemma 6.4. Let {e1,e2,€e3,e4} be a Jordan basis for V. Then, the basis {f1, fo, f3, fa} defined by:

f1
fo
fs
Ja

€1

_ 922
2912

€3

€4

e1 + eo

preserves O and sets (fa, f2) to 0 without altering the remaining 0 entries of the metric.

Proof. First, the change of basis does not alter ®

by Lemma 6.2. To confirm that {fs, f2) = 0 and none of

the other zero entries of G are affected, we must check all of the inner products.

(fi.f2) = (en,—322e1+e2) = =291+ g12 = g12 # 0
(fr fo) = (=322)gu1+ g2 +2-—32212=0

Of the remainder of the entries, those that contain an inner product with f> do not matter since the values

are not yet set, and all the others are preserved since (e;, e;) = (f;, f;) for 4,5 # 2.

Now, the matrix ® is unaltered, while

0

921
0

0

G:

with basis {fi,...
Lemma 6.5. Let {f1,...

hy
ha
hs3
hy

preserves ® and sets g1o = go1 = €1 = £1 without

O

gz 0 0
0 go3 924

g32 G933 Gs34

942 943 G4

, fn} of V. All g;; in the following lemma are in reference to this updated metric.

, fn} be a basis as described above. Then, the basis {h1, ha, hs, hy} defined by:

1
el /1
= f2

f3
Ja

altering the remaining 0 entries of the metric.
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Proof. By Lemma 6.3, this change of basis does not alter ®. As stated earlier, g2 = g21 # 0. Then,

1 1 1
hiho) = {(——f1,f2) = —(f1, fo) = — - =41 =¢.
(h1, ha) <|912|f1 f2) o0l (f1, f2) ol 12 1
Note that (hq, h;) for i # 2 remains 0 and gso is completely unaffected. (]

Once more, following this change of basis, ® is still in the above Jordan form. The updated matrix
representation of the metric is:
0 e O 0
o= 0 92 92
0 g32 933 9g3a
0 942 943 Gaa
with basis {h1,...,hn}, as described in Lemma 6.5. Henceforth, all g;; = G7;.
Now, suppose As # A3. Then, by Equation 13, g34 = 0. However, this may not be the case. Setting gs4
to 0 is covered in the following lemma.

Lemma 6.6. Let {hy, hz, hs, ha} be a basis for V as described above. Then, there exists a basis {l1,l2,13,14}
such that (I3,14) = 0 while preserving ® and all other known entries of the metric.

Proof. Suppose gq44 = 0. Then, we first want to create a change of basis such that g44 # 0.
Suppose that g3z # —2¢34. Then, use the following change of basis for V.

a = h
ay = ho
a3 = h3
ag = hg+hy

Then,
(a4, a4) = gaa + g3z + 2934 = g3z + 2934 # 0, and
(a1,a4) = (h1, hs + ha) = g13 + g14 = 0 = g14,
which is exactly as desired. All other inner products are either not affected or we do not care about the
results.
Now, suppose that gs3 = —2g34. Then, use the following change of basis for V.

by = M
by = ha
b3 = h3
by = hs+2hy

In this case,
(ba,b4) = 4gas + 4934 + g33 = 2934 # 0,
which, once more, is the desired result.
By combining Lemmas 6.2 and 6.3, both change of bases preserve ®. Now, adopt the change of basis that
corresponds with G’, and call the new metric:

0 e 0 0
” €1 0 go3 gos
G’ = , d#0.
0 932 933 gsa 7
0 ga2 943 d
For simplicity, call whichever basis applies {c1, ¢2, 3, ¢4}
Now, apply the following change of basis:

ll =
lg = C2
l3 = C3 — %04
l4 =

By Lemma 6.2, this change of basis preserves ®. Furthermore,

<l3,l4> = (Cs - %64,60 = g34 — %944 = g34 — g%‘ld =0,
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as desired. The only other relevant inner product to check is:

(li,13) = (c1,¢3 — %CQ = 913%914 =0,

as desired. 0

The updated matrix representation of the metric, with inserted variable names for ease of notation, is
now:

e

2 o
[a)
a

- d+0.

o O
St Qe O
o0 8 O
QUL O o O

Nothing is known about a,b, and c. From now on, g;; = Gij. Furthermore, this is also the case if Ay # A3,
so we are now ready to tackle further cases.

From Equation 12, if Ay # A3, go4 = 0. Suppose then that A; = A3. We will now see that there exists a
change of basis such that Aoy = 0.

Lemma 6.7. Let {l1,la,13,14} be a basis for V as described in the previous lemma. Then, the basis defined

by:
m; = ll
mo = l2
ms = lg
my = l4 — ill

preserves ® and sets (ma, my) to 0 while keeping all other known entries of the metric constant.

Proof. By Lemma 6.2, ® is preserved. Now,

b b
(ma,ma) = (lo,ls — —li) =b— —e1 =0,
€1 €1

as desired. Furthermore,

b
(mi,my) = (l1,ls — :h) =0 and
1

b
(m3,ma) = (3,14 — :h) =0.
1
All other inner products are unaffected or their values are not fixed. O

The updated matrix representation of the metric, with variable names for ease of notation, is now:

0 ¢ 0 O

* €1 0 a O
G = 0 a ¢ O
0 0 0 d

Note that a, ¢, and d are not as in G.
When A1 # Aa, a = 0, as per Equation 11. Suppose then that Ay = A\y. We must now find a change of
basis that makes a = 0.

Lemma 6.8. Let {my,ma, mg, my} be a basis for V as in the previous lemma. Then, the basis defined by:

b1 = Ty
b2 = M2
ps = m3z— L

by = My
preserves ® and sets (pa,p4) to 0 while keeping all other known values of the metric constant.

Proof. This proof proceeds with identical logic to that of Lemmas 6.4-7. |
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The updated matrix representation of the metric is now:

0
G:

o0 OO
QU O O O

€1

€1 0

0 0

0 0
which preserves ®. Once again, note that ¢, d are not as in G*.

There is now one final step to simplifying this matrix as completely as possible: setting the value of every

nonzero entry to +1.

Lemma 6.9. Let {p1,p2,ps,ps} be a basis for V as defined above. Then, the basis defined by:

@ = P1
g2 = P2
g3 = 4/ ﬁp:’,
qqs = ‘711|p4

preserves © and sets {(qs,q3) and {(q4,q4) to £1.

Proof. First, ¢,d # 0 since g is non-degenerate.
Clearly, the following is true:

1 1 1 c
(43,93) = ([ =3, 1| =P3) = —(P3,p3,) = 7= = *1 = €2,
|c] |c] |c] |c]

Similarly,
d
(Qa,qu) = — = Fl =e3.
|d|
The remainder of the proof follows the logic of Lemmas 6.4-8. ]

Theorem 6.10. Let M be a model space with non-degenerate inner product (metric) g and R = R,. Then,
if ® has one generalized eigenvalue, then there exists a change of basis such that it is possible to express G,
where G;; = gij, as:

0 ¢ 0 O
=15 0 o o
0 0 0 e
without altering ®.
Proof. This follows from Lemmas 6.4-9. O

Lemma 6.11. Let M be an FEinstein model space, A being the constant in the definition of Einstein, with
the remainder of the conditions dictated in Theorem 6.10. Let {e1,eq,es,e4} be the basis that achieves
those conditions. Then, the only nonzero entries of the Ricci tensor are p(e1,e2) = p(ez,e1), p(es,es), and
pleq, eq), and they yield the following equations:

A = )\1(—/\1 + X2+ /\3)
A )\2(2>\1 + /\3)
P WES W

(14)
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Proof. Since M is an Einstein model space, we know that p(e;, e;) = A e;, e5) = Zi,b:l 99 Riqpj. Clearly,
gi; = 0 when (4, j) # (1,2),(2,1),(3,3), or (4,4), so the same is true of p. Furthermore, calculating p yields:

pler,ea) = €A

E:bzl 9°°Riap2

€1 0+ €1 (61/\1)2 + 62(61)\1)(62/\2) + 63(63/\3)(62)\2)

61)\% + 61)\% + 61)\%

p(ez,er)

,0(63, 63) = 62)\

Zi,bzl 9°°Rsaps

61(61/\1)(62)\2) + 61(61)\1)(62/\2) + €2 - 0 + 63(63/\3)(61)\1)
62)\% —+ 62)\% —+ EQ}\%

ples,e4) = €

E:b:1 9"’ Riaba

61(61/\1)(63)\3) + 61(61)\1)(63/\3) + 62(62/\2)(63)\3) +e€e3-0
= 63)\% +€3)\% +€3)\§.

Cancelling out the epsilons leads to the final system of equations:

A= M(=Ai+ A+ )
A= (20 + g
A= As(20 + o).

O

Theorem 6.12. Let M be an Finstein model space with R = R, and a non-degenerate inner product
(metric) g and basis {e1, ea,e3,e4} for V such that:

€1 (1,7) = (1,2) or (2,1)
gij = €2 (Zv.]) = (3’3)

& (i) =(44)

0 otherwise

Let A1, A2, A3 be eigenvalues for ®. Then, scalar curvature T =0 and A1, Aa, A3 = 0.
Proof. First, it is helpful to calculate p(es, e2), although we know its value:
plez, e2) = €2 Ro332 + €3Rosan = €a(e1)(€2A2) + €3(€1)(€3A3) = €1(A2 + A3) = 0.

Since €1 # 0, Ao = — 3.
Substituting this result into the first equation of System (14) yields:

A= VA
The second two equations in System (14) may be rewritten as:

A= X2 (2X1 — Ag) = 2X Mg — A2

A= =X (2M1 + A2) = —2X1 My — A2
Subtracting the second equation from the first and dividing through by 4 results in:
A1Ag = 0.

Then, either Ay = 0 or Ay = 0. If Ay = 0, then A\ = 0, and substituting this into the updated equations
above shows that Aoz = 0, so Ao, A3 = 0. If Ay = 0, then A3 = 0 and A = 0, so Ay = 0. Therefore,
)\1,/\2,)\3,)\,T:OSiHC6)\:%. O
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7. EXAMPLES
Here are several examples of model spaces that fulfill the conditions discussed in previous sections.

Example 7.1. FEinstein model space. Let V' be a four-dimensional vector space and let {-,-) be a positive
definite inner product on V. Let R = R, be defined by the following ®:

10 O 0
01 0 0
00 -1 O
00 0 -1

Let M = (V7 <'7 '>7 Rtp)
Then, the first two equations of System (1) are:

A=1(1-1-1)=-1,
while the second two equations are:
A=—-11+1-1)=-1.
Therefore, the equations are satisfied, so M is Einstein.

Example 7.2. Weakly Einstein model space. Let M be a model space as described in Example 7.1.
Then, each equation from System (2) is:

fi=12(12 4 (—1)2 + (—1)2) = (—1)2(12 + 12+ (=1)%) =3,
meaning M is weakly Finstein.
As seen in Examples 7.1-2, it is possible for a model space to be both Einstein and weakly Einstein.

Example 7.3. Weakly Einstein but not Einstein. Let M = (V,(-,-,), Ry, with dim(V) = 5. Let the
eigenvalues of ® be (1,1,1,—1,—1). Then, the equations from System (2) are:
p=112 4+ 124 (1) 4+ (D)) = (D)’ (1P + 1P+ 12+ (-1)%) = 4.
Therefore, M is weakly Einstein.
However, the two distinct equations from System (1) are:

A=1(1+1-1-1)=0

A=—1(1+141-1)= -2
Since 0 # —2, M is not Einstein.

Example 7.4. Einstein but not wealy Einstein. This is covered in Example 5.6.

8. OPEN QUESTIONS

(1) Section 6 focuses nearly exclusively on dim(V) = 4 Type I ®. Are there analogous results for the
other Jordan forms, and are there results in dim (V) = n?

(2) This paper demonstrates the necessary characteristics of ¢ for a model space with R = R, to be
Einstein or weakly Einstein. Are the converse results true - that is, under what conditions is R = R,
if M is Einstein?

(3) If the above is not true, then are there characteristics of a model space that easily lend information
regarding whether the algebraic curvature tensor is canonical?

(4) Does Einstein imply weakly Einstein in manifolds of dimension greater than four?
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