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Abstract

This research finds new families of pseudo-Riemannian manifolds that are curvature homogeneous
and not locally homogeneous. The examples demonstrated look specifically at the mapping of the Levi-
Civita connection of the coordinate vector fields. The coordinate vector fields in the examples covariantly
differentiate to coordinate vector fields of a higher level. This is done in a way that creates path lengths
larger than any previously studied curvature homogenous manifolds. We exhibit a four-dimensional
manifold with a path length of four and a five-dimensional generalized plane wave manifold with a path
length of four in the covariant derivative of the coordinate vector fields.

Introduction

The main purpose of this research is to explore new examples of curvature homogeneous manifolds
satisfying certain structural requirements. This paper will define two families of curvature homogeneous
manifolds with covariant derivative lengths of four on the coordinate vector fields. More specifically, it will
look at the sequential structure to the Levi-Civita connection of these manifolds and how it takes certain
coordinate vector fields and covariantly differentiates them to other groups of coordinate vector fields. The
inspiration for the manifolds of this structure arose from previous examples of generalized plane wave
manifolds. In observation of the generalized plane wave manifolds, it became clear that manifolds of this
type have limited lengths in the mappings of the covariant derivative of the coordinate vector fields.

While we will be more spacific later, generalized plane wave manifolds with balanced signatures of
(p,p) (p > 2) demonstrated path lengths of only two in the covariant derivative of the coordinate vector
fields. They are constructed in a way that takes one group of vector fields and differentiates them to the
other group of vector fields.

Generalized plane wave manifolds with unbalanced signatures of (2s, s) and (k+ 1+ a,k+ 1+ b), such
that a + b = k, had path lengths of three: these manifolds have three groups of coordinate vector fields
covariantly differentiating to each other. The construction takes the first group of vector fields,
differentiates them to the second group of vector fields, and then the second group differentiates to the
third group of vector fields.

Within the examples constructed in this paper, there were set objectives that I worked to obtain. The
main goal was for the manifolds to have a path of length four in the covariant derivatives, meaning that
there needed to be four groups of vector fields differentiating to each other. Other aspects I aimed to
include were for the manifolds to be generalized plane wave curvature homogeneous manifolds, not locally
homogeneous, and to be of smaller dimensions relative to the intended lengths. The last characteristic we
attempted to include is an unbalancing of the signature. We produce a family of four-dimensional manifolds
that have a path length of four, are curvature homogeneous, and not locally homogeneous. We also
produce a family of five-dimensional manifolds that have a path length of four, are curvature homogeneous,
and not locally homogeneous, has an unbalanced signature, and is a generalized plane wave manifold.



Preliminaries

Definition 0.1. A Euclidean n-space, R", is the set of all n-tuples p = (p1,...,pn) of real numbers
where p is a point.

A manifold, M, is Hausdorff topological space that is covered by coordinate systems and locally
resembles a Euclidean space. Knowing specific information about the manifold allows us to classify surfaces
and curvature according to the local properties [5].

Manifolds carry the structure of a metric space. A metric, g, allows us to work to grasp what a
manifold looks like in a specified dimension. It is a way of measuring lengths of tangent vectors at any
given point on the manifold. More simply, it is an inner product on each tangent space of M and is
described as [2]:

9ij = 9(3xi, 83:,)

As an example, note that the inner product of R™ is just the dot product X -Y =) x;y; with

1X| = VX - X [5].

Having information on both the metric and the manifold makes it possible to be able to examine
certain properties within the manifold. Specifically, this paper will use the information of the manifold and
metric to examine the coordinate vector fields and their specific paths. They will also allow us to look at
the curvature tensor R to determine curvature homogeneity and local homogeneity. It is useful to look at
certain properties at a specific point on the manifold. To do this, let M be a manifold and let p € M. We
can then describe g, as the metric at p, R, as the curvature tensor at p, and T, M as the tangent space of

M at p.

Theorem 0.1. If (z1,...,xy,) is a coordinate system in M, then {0y,,...,04, } are local coordinate vector
fields and form a basis for T,M [5] .

Define 9., as coordinate vector fields, where 0,,(f) = g—f and each 0., sends functions on M to

T

functions on M.

Using a certain object, V, called the Levi-Civita connection, one can compute the covariant derivatives
of the vector fields. This will demonstrate the path length while also allowing for future calculation of the
curvature tensor.

Definition 0.2. On a pseudo-Riemannian manifold M there is a unique connection V such that

[X,Y]=VxY — Vy X and,
X(g(Y,2)) =g9(VxY,Z)+ g(Y,Vx Z).

For all X,Y,Z € M, V is called the Levi-Civita connection of M and is charaterized by the Koszul
formula

29(VXYa Z) = XQ(K Z) + Yg(Z,X) - Zg(X,Y) - g(X, [Ya ZD + g(Y, [Za X]) +9(Za [XvY])
Using the Koszul formula, we can compute the Christoffel symbols of the connection.

Definition 0.3. Let (x1,...,2,) be a coordinate system on M, then the Christoffel symbols of the
first kind are as follows:

Vo, 0r, = ¥ TF0a,
k=1



Definition 0.4. The Christoffel symobls of the second kind are as follows:

1
Lijk = 9(Vu, 00,00, ) = §(gjk/i + Gikyj — Gij/k)

0
where g;;/, = - (945)-
Tr

Using the Levi-Civita connection and Christoffel symbols, one can compute the Riemannian curvature
tensor R on the coordinate vector fields as follows [2]:

R(awL 5 awj 5 awk 5 aa:l) = g(vam7 v[‘)z]. 6$k - Vazj Vami awk 5 aa:l )

With the above information on the curvature tensor R , we can then also calculate the covariant derivative
of the curvature tensor VR :

VR(azivaxjvazk;azUafm) :Va R(ariva"cjvaxkaﬁxl)*R(v@m a"ciaarjvarkvaxl)*R(ariavaw amjaamkvarl)

_R(axza 81]7 vaxmazlm 8Il) - R(amz7 89:]'78:13]@7 vaxmafrl)‘

It then follows that the second covariant derivative of the curvature tensor V2R is as follows:
VZR(ﬁxia a:cja Orks Ozt Orm,s 8a:n) = vamnR(axia aacja Orks Oz aa:m) - R(vaxnaxiy 8:6]'7 Oty Ozl a:cm)

_R(aziv vawnaxj» azka 8:61; amm) - R(aa:m 893]'7 vawnaa:kv axl; amm) - R(axw a:cja aiElm Va$n8xl; aﬂcm)
_R(azvm 8$ja Oz ks Ouy; vam aﬁm)

Definition 0.5. An algebraic curvature tensor (ACT) R over a vector space V' with dimension n is a
function R: V x V x V x V — R satisfying [3] :

R(xay7z7w) = —R(y,x,z,w) = R(Z,U),ZE,y), and
R(xayasz) + R(Zaxava) + R(y,Z,I‘,U/) =0.

Definition 0.6. Let = (x1,...,2,,) be the usual coordinates on R™. A pseudo-Riemannian manifold
M = (R™, g) is said to be a generalized plane wave manifold if its Levi-Civita connection is of the
form [4]

Vaziamj = Z I‘fj(xl,...,a:k,l)azk.

k>max(i,5)

Definition 0.7. (M, g) is said to be curvature homogeneous if given any two points P,Q € M , there
exists a linear isomorphism ¢ : TpM — T M such that ¢*Rg (¢.x, Yuy, ¥z, Ysw) = Rp(z,y, 2, w). More
simply, if there exists a change of basis of the tangent space that makes the metric values some specified
constant and curvature entries some specified constants, then M is said to curvature homogenous.

Definition 0.8. (M,g) is said to be locally homogeneous if given any two points P and @, there are
neighborhoods Up and Ug of P and @ respectively, and an isometry 1 : Up — Ug such that P = Q.
Taking 1 := 1, shows that locally homogeneous manifolds are curvature homogeneous manifolds, but the
converse of this fails.

Definition 0.9. A model space .# is defined by a collection of a vector space, a metric, and an ACT:

(V> <'7 '>7 R)'



It is common to search for a nonconstant isometry invariant to determine when a curvature
homogeneous manifold is not locally homogeneous. In previous studies, the Weyl scalar invariants usually
provided such an invariant, but in the Riemannian setting, if they do not, the manifold is locally
homogeneous. In the case of the manifolds exhibited in this paper, the Weyl invariants are zero and we
needed to look further. This made the computation of the structure group important.

Let a1, ..., a5 be a collection of contravariant tensors on V. Consider the tuple # = (V,aq,. .., as).
There is a natural action of the general linear group GI(V') on any contravariant tensor:

(A*a)(xlv s 71'5) = a(Aa:u o -an )

s

We can then define a structure group G_4 of a model space .# as

Gu={AcGI(V)|A"a;=q; fori=1,...,n}.

On curvature homogeneous manifolds, models .#,, defined (T,M, g,, R,), are all isomorphic to some given
M , the structure group of a curvature homogeneous manifold is the structure group of any of the models
M. In this paper, we will be able to compute covariant derivatives of R on a specialized basis for each
tangent space and produce a quantity that is invariant under the action of the group [5] . In calculation of
the structure group, it will also be important to understand the kernel.

Definition 0.10. Define the kernel of R as follows [3] :

ker R := {v € V|R(v, v1,v2,v3) = 0,Vv1,v9,v3 € V} # 0.

This will then allow us to prove the manifolds are not locally homogeneous. Outside of curvature
homogeneity, we will want to study whether or not the manifolds are generalized plane wave manifolds. We
will determine this based on the following definition.

The following is a brief outline of the paper. Section 1 will begin by defining a four-dimensional family of
manifolds. It will describe the covariant derivative length four of the coordinate vector fields and then
prove the manifold is curvature homogeneous. Lastly, we will show that the manifold is not locally
homogeneous. Section 2 will begin by defining a family of five-dimensional generalized plane wave
manifolds. Similar to the four-dimensional manifold, it will describe the covariant derivative length four of
the coordinate vector fields and prove the manifold is curvature homogeneous. Lastly, we will show that
the manifold is not locally homogeneous.

1 Four-Dimensional Manifold

This section will explore a four-dimensional manifold of signature (2,2) that is curvature homogeneous and
not locally homogenous. The most interesting aspect of the manifold is the path length of four of the
covariant derivative of the coordinate vector fields (see Theorem 1.1).

Definition 1.1. Define the model space .# to be: V =span{X,Y,Z, W}, (X, W) =(Y,Z) =1, and
R(X,Y,Y,X)=R(X,Y,Z, X) = L.

1.1 Curvature Homogeneity

Definition 1.2. Put coordinates (z,y, z, w) on Euclidean space M := R* and let {9,,9,,0,,0,} be
coordinate vector fields on M . Define the function p = p(y) such that p'(y) # 0, f = f(x), and all
nonzero entries of metric, g, are as follows:

9(0x,0x) = =22p(y), g0y,0y) = —2f(x), ¢(0y,0z) =1,
9(0x,02) = —2f(x), ¢(Ox,0w) = 1.

If M :=(R%,g), then M is a pseudo-Riemannian manifold with signature (2,2).



Theorem 1.1. The nonzero covariant derivatives of the coordinate vector fields are as follows:

Vos0x = =2(f'(z) +p)0y +(zp' () f(2))0z  +(zzp'(y)f(z) — 8f"(x)(f(2))* + 4f (x)p(y))Ow,
Vo 0y = (=f(2))0z —(2f (@) f'(x) + 2p'(y))Ow
Vaxaz = ( )aw7
Voydy = I (x)0w.
Proof. The nonzero Christoffel symbols of the second kind are
1
Fxmy = g(vaxaz, ay) = 5(2amg(ama ay) - ayg(aan am))
1
= 5220'(y)) = 21 (y),
1
1
= 5(=2f'(@) = 2f'(x) + 20'(y)) = =2f'(z) + p(v),
1
1
= 5(=220'(y)) = —=1'(y),
1
Loyy = 9(Va,0y,0y) = B 5(929(0y, 0y))
1
= S(-2f/(@)) = ~f'(@)
Fizw = Q(Vagﬁzﬁx) = ;azg(aiwa )
1
= 5(=2p(y)) = —p(y),
1
Lyyz = g(v{)yayp 617) B (28119(83;, Os ) - azg(aya ay)
1
= SCf(@) = (@)
Note: Any covariant derivatives with 0,, will be zero since all metric entries containing 0,, will always
differentiate to zero. O

The construction of the metric creates a mapping of length four in which coordinate vector fields are
covariently differentiating to coordinate vector fields of strictly higher levels. More explicitly, in this
example, it creates a path that can be best described as V : 9, — 0y — 0. — 0, — 0 . Meaning that any
covariant derivative involving 0, can only differentiate to 0y, 0., 0, . Similarly, any covariant derivative
involving d, can only differentiate to 0.,0,. Anything with 0, can only differentiate to d,,. Since 9,, is in
the last link of the chain, any combination involving it must differentiate to zero. Looking at just the
covariant derivative of the coordinate vector fields, it is clear that this metric follows the conditions for
specified mapping.

While it may be possible M is a generalized plane wave manifold, the Va 0, entry prevents us from being
able to characterize this manifold as a generalized plane wave manifold.
Theorem 1.2. The nonzero entries of the curvature tensor R (up to usual symmetries) are:

R(0x, 0y, 0y, 0x) = f"(x) + zp" (y),
R(0x,0y,0z,0y) = p'(y).



Proof. We may use the above calculations of the covariant derivatives to see that

R(0z,y, 8y, 05) = 9(Vo,Vo,8y,02) — 9(Vo,Vo,0y, )
=9(Vy, (f'(@)0) = Vo, (= ["(2)0: = 2f (2) f'(z) — 2P (y) D), Oz)
=9(

f ( )Ouw + zp’ ( 0w, Oz)

= f"(x) + 2" (y),
R(a:r78y7az7a ) :g(va Va azaa ) (Vayvaxamaz)
=9(=Vo, (=p(y)w), 0:)
= 9(=(=p'(¥))0w, 9:) = p'(y)-
O
Theorem 1.3. The nonzero entries of the covariant derivative tensor VR (up to the usual symmetries)
are:
R(0x, 0y, Oy, Ox; 0x) = 2f"(x)p'(y) + [ (x),
R(a.’l?, 6% aya 8.’1}, ay) - Zp///(y)’
VR(0z,dy, 0y, dx;0z) = p"(y),
R(0z, 0y, 0z, 0x; 0y) —p”(y)
Proof. Note: If X|Y, Z, T are any coordinate vector fields, then VR(X,Y,Y, X;T) =
VTR(XaxxX) - ZR(VTXa Y7Y7X) - ZR(X7 VT}/’KX)
Using this and the result from the curvature tensor, the covariant derivative of R is given by:
R(azvayaayvaa,’;az) = vﬁx (axvayvayvaa:) (vﬁzazvayaayaam) ( zavﬁmayvayaaz)
= Vaoy(f"(z) + 20" (y)) = 2R (0, (—f'(2)0z), 0y, Or)
= f"(@) +2f(2)p'(y),
VR(0g, 0y, 0y, 0z; 0y) = VayR(0z, 0y, 0y, 0z) — 2R(V 90z, Oy, Oy, 0z) — 2R(0x, Vo, 0y, 0y, 0z)
= Vo (f"(x) + 2p" (y))
= 2p"(y),
VR(axv aya 8ya aam az) = VBZR(awa ayv aya am) - 2R<vazaz7 8@/7 aya 89:) - ZR(awa Vazagp aya 89:)
= V(" +2p"(y))
= p//(y)a
R(axv 82/’ au aac; ay) = vdyR(axa ay; 3z, a@) - 2R(vdyaxa ay, 3z, aac) - R(aara vayagp 827 a;c)
- R(aa:a 8y7 v@yaza aw)
= Vo, (¢'(y))
=1p"(y).
O

This information will be important in calculation the isometry invariant to prove M is not locally
homogeneous.

Theorem 1.4. M is curvature homogeneous with the model in definition 1.1.

Proof. Begin by defining the basis on each tangent space to be the following:

X = /a(0z + 2p(y)Ow),



Y = VO, + f(2)0, + 2f(2)?0y),
Z = %(az + 2f x)@w),
W = %aw.

where a and \ will be defined presently and the nonzero inner products that follow are
(X, W) =(Y,Z)=1.

The potentially nonzero curvature entries are :
R(X,Y)Y,X) = aAR(0z, 0y + f(x)0.,0y + f(x)0.,0z)

= aA[R(0z, 0y, 0y, 0z) + 2f (2) R(0x, Oy, 02, Oy)]

= aA(f"(z) + 2p"(y) + 2/ (2)p' (v)),
R(X,Y,Z,X) = a(R(d,, 8y + f(2)d.,0.,8,)

= Q(R(ax, ay7 627 az) + f(x)R(am 627 827 a:z:))
= a(p'(y)).
To complete the proof, we must set
a=
P’ (y)
A= L
[ (@) +zp" (y)+2f (z)p' (y)

By assumption upon the metric, p’(y) # 0. We also know f”(x) + 2p”(y) + 2f(2)p’(y) # 0. Thus, o and A
are certain to be nonzero, defined functions. We then obtain the constant curvature entries
R(X,Y,Y,X)=1and R(X,Y,Z,X) =1, and thus M is curvature homogeneous. O

Theorem 1.5. The nonzero entries of the covariant derivative of R on {X,Y,Z, W} are as follows:

VR(X,Y,Y, X; X) = a\/a2f (y)p'(y) + 1" (2)),
VR(X,Y,Y,X;Y) = aAWA(zp" () + 3aA/A(f(2)p" (),
VR(X,Y,Y,X;Z) = aVA(p" (y)),

VR(X,Y,Z,X;Y) = aVA(p"(y)).

Proof.

>

VR(X,Y,Y,X;X) = VR(Vads, VA9 + VAf(2)0., VA + VAf(2)0s, /aOy; \/ady)
= aMWAN(VR(9y, 0y, 0y0y; 0y) + 2V R(0y, 0y, 0z, Ou; Oz))
= aAVAVR(9,, 0y, 0,0y; 0s)
= aAWARS (2)p (y) + (),
VR(X,Y,Y,X;Y) = VR(Vad,, VA9, + VAf(2)02, VA + VAf(2)0, /aDs; VA + VA S (2)0:)
= aMWAVR(0yx, 0y, 0y, 0; 0y) + M Af(2)R(Dy, Dy, Oy, Ou; Os)
+ 20 MM f(2)VR(Oy, 0y, 0z, O; By) + 200N f (2)VR(Oy, Oy, Oz, O 0
= aAVA(zp" (y) + AV Af (@) (0" (1)) + 200V A(f (2)p" (),

VR(X,Y,Y,X; Z) = VR(Jady, VA, + VAf(2)D., VA, + VAf(2)Ds, /ady; —=0,)

1
VA
= Oé\/XVR(az7 ayy ay> aw? 62)

= VA" (),



VR(X,Y,Z,X;Y) = VR(y/ad,, VI, + Vf(z)0., %az, Va0,V A9,)

= aVAVR(9,, 0Oy, 0z, 035 0y)
= avA(" (y))-
These calculations will be needed for the computation the isometry invariant.

1.2 Not Locally Homogeneous

Theorem 1.6. For any a;;, A is a structure group on M and is defined as the following:

AX = y = ElX +CL12Y +ang +a14I/V,
AY =Y = Y Fagy W,
AZ = 7 = 522 +a34I/V,
AW = W = 81VV,

where e1 = £1 and 5 = 1.

Proof. We must have (X, W) = (Y, Z) = 1 as the only nonzero inner products. Suppose A statisfies:
AX = X =an X + aY + a13Z + a1uW,

AY =Y = an X + axY + as3Z + auW,

Z=7Z=aunX +azY +a3Z + azaW,

W =W =anX + asY + assZ + asW.

SRS

Claim (1): kerR= span W

Proof of Claim (1).

Assume ker R = {v € V : R(v,v1,v2,v3) =0, (Vv1,v2,v3 € V)}
(D) LetfW € span W

Then R(BW, v1,v9,v3) = BR(W, v1,v2,v3) =0

(C) Let v € ker R, to show v € span W

Suppose v = aX +bY +cZ +dW ,toshowa=b=c=0
R(v, Y)Y, X)=R((aX +bY +¢cZ +dW),Y,Y,X) =0
=aeR(X,Y,)Y, X)=0=a=0

R(X,v,Z,X) = R(X,(bY + cZ + dW), Z, X)
=bWR(X,Y,Z,X)=0=b=0
R(X,)Y,v,X)=R(X,Y,cZ,X)=0=c=0

and thus ker R = span W.

Claim (2): If A € G, then A : ker R — ker R

Proof of Claim (2).

Let W € ker R , to show AW € ker R

Let v1,v9,v3 €V

R(AW, v1,v2,v3) = R(AW, AA= vy, AA g, AA™1u3)

= (A*R)(VV, A_l’UhA_lvg,A_lUg) = R(VV, A_l’l)l,A_lvg,A_1U3> =0
And thus A : ker R — ker R. [3]

Since ker R = span W and A : ker R — ker R, it follows that a41, a4, a43 = 0.

Other simplifications on A can be made through the following steps:



>
~
I
[a—
4
Q
S
S
S
=
—
I
—
[}
j}
o
Q
S
=
S
=
—
h
e

Z) = (a22Y +axsZ,a33Z) =1
= ag9oa93 = 1.

N
]

(7) RX,)Y,V,X)=1=> a112a90a93 = 1
Since ageazz =1 by (4)= a2 =1=a;; = +1=¢
By (1) agga11 =1 = agy = €1
By (6) a112a2? =1 = a? =+1 =&
By (4) ezass =1 = ags = €.

And thus by items 1-7 we can define our basis as

AX = y = €1X +a12Y +(1132 +a14I/V,
AY =Y = ey +ag W,
AZ = 7 = 82Z +a34VV,
AW = W = le.

O

Definition 1.3. For simplification of computations to follow, redefine the covariant derivatives of R on the
basis {X, Y, Z, W} to be the following:

J=VR(X,Y,Y, X; X) = a\/a2f'(y)p'(y) + f"(x)),
k=VR(X,Y,Y,X;Y) = aAVA(2p" (y)) + 3eAVA(f (2)p" (),
I=VR(X,Y,Y,X;Z) = aVA('(y)),

m=VR(X,Y,Z,X;Y) = aV\p"(y)).

Theorem 1.7. The nonzero covariant derivatives of R on A (up to the symmetries) are as follows:

= Egk,

VR(X, Y,Y, X; X) = VR(ElX + a12Y +a132,e3Y,82Y, 61X 4+ a12Y, )
= VR(81X7 EQY, 62Y7 €1X; ElX) + VR(ElX, 521/, 62}/, ElX; CL12Y) + VR(€1X7 EQY, 62Y7 €1X; ang)
=e1%e2%) + e1%e2%aisk + 1°e2%arsl

=e1j + aizk + aisl,



= VR(€1X, €2Y, EQY, 51X; EQY)

= 612523k‘ = Egk‘,

= 512523m = &2M,

VR(Y,?, 7, Y, Y) = VR(€1X7 EQY, EQZ, €1X; ElX + a12Y + a13Z + a14W)
= VR(ElX, EQY, €2Z,€1X; a12Y)

= 512522a12m = a12M.
O

Theorem 1.8. Under changes to the covariant derivative of the curvature tensor, VR, there exists a
nonconstant quantity that is invariant under the action of the structure group, and hence M is not locally
homogeneous.

Proof.

(VR(X,Y,Y,X:Z))? = (VR(X,Y,Y,X; Z))> = I?

= AP (y)

p(y)p" (y)
P () (" () 4+ 2p" (y) + 2f (2)p' ()

Since, in general, this quantity is nonconstant, M is not a locally homogenous. O

2 Section 2

This section will explore a five-dimensional generalized plane wave manifold of signature (2, 3) that is
curvature homogeneous and not locally homogenous. The most interesting aspect of the manifold is the
path length of four of the covariant derivative of the coordinate vector fields (see theorem 2.1).

Definition 2.1. Define the model space .Z to be:
V =span{X,Y, Z, W1, Wo} (X, W) = (Y, Wa) =(Z,Z) =1,and R(X,Y,Y,X)=1,R(X,Y,Z, X) = —1.
2.1 Curvature Homogeneity

Definition 2.2. Put coordinates (z,y, z, w1, ws) on Euclidean space M := R® and let {0z, 0y, 0., 0w, , Ow, }
be coordinate vector fields on M . Define b = b(y) such that v"/(y) # 0 and ¢ = ¢(x) such that ¢’ (x) # 0.
Define all nonzero entries of the metric g as follows:

g(azvaz) = —2231; g(aivvay) = _227 g(a:rvawl) = 17

g(amaawg) = *26(35)3 g(ayvan) = 17
g(ayvay) = —Qb(y), 9(82782) =1L
If M :=(R%,g) , then M is a pseudo-Riemannian manifold with signature (2,3).
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Theorem 2.1. The nonzero covariant derivatives of the coordinate vector fields

Vo, 0x = —2d(x)0y +y0. —(8c(x)d(x)b(y) + 4c'(x)z — 22¢(x)) 0w,
Vy, 0y = 0.

Vam 0, =

Va, 0y =

Vay 0, =

(_y - 20(1'))811)1
—2¢(2)V (y) Ow,

Proof. The nonzero Christoffel symbols of the second kind are

Fwwwg = g(va,t8$7 awg) =

Fwyw = g(vamawa a;v) =

Lay. =9(Vy, 0y,0:) =
Fowe = 9(V,0:.0,) =
Lozy =9(Vy, 0:,0,) =
Lyyy = g(Vayayﬁy) =

Fyz:v = g(vayaza 89:) =

(28909(8:67 ay) - 8yg(am» az))
(0,9(0,,0,)) = 5(22) =

9:9(0z,0z))

=N =N =

(2819(817 az) -

S =y

8w29<aw7 89:))

(=0:9(9:,0:)) =
(20:9(0z, Ow,) —
(20:9(0z, Ow,)) = —2¢ (2),
(0y9(0x, O0z) + 9:9(9y, Oc)
(0,900, 02)) =

7(_22’/) = =%,
ayg(axa az) + 63:9(83;7 82) -

- awg(aya 690))

2
8z9(8xvay>)

NN RN R REN RN RPN RN RN RN RN - - N

(

(—0:9(0:0,)) = 5(2) = 1,

(0:9(0z, 01) + 029(0x, 0) — 029(0x, 02))

(0:9(0s,0:)) = 3(—2y) = —,

(0:9(0z,0y) + 029(0z, 0y) — 0y9(0z, 02))

(0:9(0s,0y)) = 5(=2) = 1,

(9yg(0y,0y) + 0yg(0y, 0y) — Oyg(y, 0y))

(9y9(9y.9y)) = 3(=26'(y)) = =V (y),

(0:9(0z,0y) + O ( 0z,0z) — 029(9y, 0.))
y)) =

are as follows:
—(4b(y)c'(x) — 2)Ow,

_8w2
—b'(y)Ouw,

O

Similar to the four-dimensional manifold, this arrangement demonstrates a mapping of length four in which
coordinate vector fields are covariantly differentiating to coordinate vector fields of strictly higher levels. It
V: 0y — 0y — 0, = {Ow,, 0w, } — 0. In observation of the covariant derivative of

can be seen explicity as :

the coordinate vector fields, it can be seen that they follow the specified mapping. It can also be seen in

the covariant derivative of the coordinate vector fields that M is a generalized plane wave manifold.

Theorem 2.2. The nonzero entries of the curvature tensor R (up to usual symmetries) are:
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(02, 0,,0,,02) = =2 )V ) + 1.
R(0,,0,,0.,0,)

Proof. We may use the calculations of the covariant derivatives to see that

R(0z,0y, 0y, 0y)

9(Vo,Va,0y,0z) — 9(Vo,Va, 0y, 0z),
9(Vg, (—=2¢(2)b 0w, — V' (y)0u,) — Vo, 0: = 20u.),0:)
9( ¢ (2)V' (Y) 0w, + Oy 5 Oz)
= —2c(2)b'(y) +1
R(0x,0y,0.,0:) = g(Va,Va,0:,0,) — 9(Va,Vo,0-,0r)
=9(Vy, (=0uw,) = Vpy((—=y = 2¢(2)) 0w, — Ouw, ), Ox)
= g(—0Ow, = Ouw,,0z) = —

O
Theorem 2.3. The nonzero entries of the covariant derivative tensor VR (up to the usual symmetries)
are:
VR(0y,0y, 0y, 0z;05) = —2¢" () (y) —
VR(am 8ya ayv Ou; ay) - f20/(1')b”(y).
Proof. Note: If X|Y,Z, T are any coordinate vector fields, then VR(X,Y,Y, X;T) =
VrR(X,Y,Y,X) - 2R(V1X,Y,Y, X) — 2R(X, V7Y, Y, X).
Using this and the results from the curvature tensor, the covariant derivative of R is given by:
VR(azv 8ya aya 8ac§ am) - VamR(am 81;7 ayv 890) - QR(VBzazv 8@/3 aya aaz) - QR(am, vamaya ay7 am)
=V, (<2< @)V (y) + 1) — 2R(Ds, 0., 0y, )
= —2c"(x)b'(y) -
VR(0g, 0y, 0y, 0z; 0y) = VayR(0z, 0y, 0y, 0z) — 2R(V 5y 0z, Oy, Oy, 0z) — 2R(0x, Vo, 0y, 0y, 0z)
_ o
= V@y( 20 (y) + 1)
= =2/ (z)b" ().
O

Theorem 2.4. The nonzero entries of the second covariant derivative tensor V2R (up to the usual
symmetries) are:
2R(0q, 0y, Oy, 0 O, 0p) = —Ac' ()26 (y) — 2¢"" ()b (1),
VQR(aahayaayuaI;aahay) _20//( )b//(y)7
V2R(8a:aayaayaam;ay78y) —2¢ ( )bm(y)'

Proof.
2R(0y, 0y, Oy, Ou; O, Op) = vagcR(az,ay,ay,az;am) — 2R(Va$8x,8y,8y,8z;8m) — 2R(3I,Va$8y,8y,8z;8z)
— R(am,ay,ay,am;vaxam)
= Vo, (=2" (@) (y) — 2) — R(0x, 0y, Oy, Ou; (—2¢ () 0y + y02))
= 2" (@) (y) — (~2¢ () (~2¢ @)V (1)
= 2" ()b (y) — 4 ()" (1)

12



V2 R(0s, 0y, 0y, 013 02,0,) = Vg, R(Ds, 0y, Dy 003 05) = 2R(V g 2,0y, Dy 003 0s) = 2R (D, V g, By Dy 03 Os)
~ R(0r,0,,0,,0::V g, 02)
= Vg, R(0z, 0y, 0y, 05300, 0y) = Vg (=2¢" (@) () — 2)
= 2" (@)¥"(y)
V2R(02,0y,0ys 023 0y, 0y) = Vg, RO, 0y 0y, 003 0y) = 2R(V g O, Dy 0,023 0y) = 2R(Ds, Vg, Dy 0,025 0y)
~ R(0:,0,,0,,0,::V ,0,)
= Vo, B(0r,0,,0,,0,30,) = Vg (=2 (@)l (3))
= 2 (@) (y)
O]

Calculations of the first and second covariant derivatives of the curvature tensor will be important in the
calculation of the isometry invariant for proving the manifold is not locally homogeneous.

Theorem 2.5. M is curvature homogeneous.

Proof. Begin by defining a basis, {X,Y, Z, Wy, W»}, on each tangent space such that

X = La(ax + 2y0Ow, ),

Y = O‘(ay + (2Z + 2b(y)c(m))aw1 + b(y)awza
Z = 827

Wy = \/aawp

Wy = é(?c(x)@wl + Ow,)-

where a will be defined presently and the nonzero inner products that follow are
(X, W) =Y, Wa) =(Z,Z) = 1.

The potentially nonzero curvature entries are as follows:

1 1

= ozR(@z, 8y7 ayv 87')
= O[(—2Cl(x)b/(y) + 1)3

1 1
R(AXV7 Y, Z,X) 7R <\/a3m,oz3y,8z, \/aax)

= R(X,Y,Z,X)=—1.

1
S OIIMESE

By assumption upon the metric, b (y) # 0 and ¢’ (x) # 0. Also assume, W = 0 and thus we
obtain that « is defined. We then obtain the nonzero, constant curvature entries R(X,Y,Y, X) =1 and

R(X,Y,Z, X) = —1 proving that M is curvature homogeneous. O

To complete the proof, set a =

Theorem 2.6. The nonzero entries of the covariant derivative on {X,Y, Z, W1, Wa} of R are as follows:

VR(X,Y,Y, X; X) = y/a(=2"(2)V'(y) - 2)),
VR(X,Y,Y,X;Y) = a?(—2c (z)b" (y)).

13



Proof.

1
VR(X,Y,Y,X;X) = VR —=0,,00,,0a0,, —; — >
( ) (\f Y f\f

= aVR(Dy, 0y, By, 03 0y
= Va(=2" ()M (y) - 2)),
VR(X,Y,Y,X;Y)=VR (ﬂazvaay’aay’ %; \/a&”)
= a®V R(dy, 0y, 0y, 0y 0y)
= o?(=2¢ (2)b" ().
O

Theorem 2.7. The nonzero entries of the second covariant derivative of R on {X,Y, Z, W1, W} of R are
as follows:

V2R(X,Y,Y,X; X, X) = —4c ()b (y) — 2" (2)V (),
VZR(X,YY,X; X,Y) = aya(=2¢" (2)V" (y),
VIR(X,YY,X;Y,Y) = a3(=2c ()b (y)).

Proof.
1 1
V2R(X,Y,Y,X: X, X) = VQR( Dy, Dy, v, Oy, a,)
( ) TR o0 753 e 7
—v?zz(ax,ay,ay,@y,ax,a) 4c’(x)2b” (y) — 2¢" (2)b' (y),
1
V2R(X,Y,Y,X;X,Y) = V?R (ﬁam, aay,a )
_a\fv R(amaayﬂayaay’arva ) 20//( )b//(y),

1
V2R(X,Y,Y,X;Y,Y) = V’R (ﬁagﬂ, ady, a, ﬁ; ady, aay>

= V2 R(0z,0y,0y,0y; 0y, 0y) = o (=2¢ (x)b" (1))

Calculations of the covariant derivatives of R will be useful in proving M is not locally homogeneous.

2.2 Not Locally Homogeneous

Theorem 2.8. For any a;;, A is a structure group on M and is as follows:

AX =X = anX “HaY “a13Z +asWr “aisWsy
AY =Y = ax2Y HaozZ +aguWi  +agsWo
AZ = Z = €3Z +a34W1 +(L35W2
AW, =W, = asaWh
AWy =Wy = asaWi  +assWa

Proof. Claim (1): ker R = span{W, W}

Proof of Claim (1).

(2){BW1 + pWa} € span{ W1, W}

Then R(ﬂWl + uWs, vy, va, ’Ug) = BR(Wl, U1, V2, 1)3) + MR(WQ, VU1, V2, ’03) =0
(C) Let v € ker R, to show v € span{Wy, W)}

14



Suppose v = aX +bY + c¢Z + dW7,+eWs, toshowa=b=c=0
R(v,Y,Y, X) = R(aX,+bY + cZ + dW71,+eW3, Y)Y, X) =0

= R(aX,Y,) Y, X)=0=a=0

R(aX,Y,Y,X) = R(X,bY + cZ 4+ dW; +eW>, ZX) =0

= R(X,b0Y,Z,X)=0=0b=0

RX,V,Y,X)=R(X,cZ +dW; +eW3,Y,X)=0

= R(X,cZ,Y,X)=0=¢=0

Thus ker R = span{Wy, W5}

Claim (2): If A € G 4, then A :ker R — ker R .

Proof of Claim (2).

Let {W1, Wa} € ker R, to show {AW7, AW5} € ker R

Let v1,v9,v3 € V, then

R(&Wl + ClWQ,’Ul,’UQ,’Ug) = R(AwhAA_ll}l,AA_lUQ,AA_lU;),) + R(AWQ,AA_lvl,AA_lvz,AA_ll}:;)
= (A*R)(Wl, Aill}l, Ail’Ug, Ail’Ug) + (A*R)(WQ, Ail’Ul, Ail’UQ, Ailvg)

= R(Wl, A’lvl, Ailﬂz, Ail’Ug) + R(WQ, Ail’Ul, Ail’UQ, Ail’()g) =0

Thus A : ker R — ker R

By claims (1) and (2), g1 = Q42 — Q43 — 0 and a51 — 52 — A53 — 0

Claim (3): ker Rt = span{Z, W1, W»}

Proof of Claim (3).

(2) Let aZ, bWy, cWs € span{W;, Z, W5} and dWy,eWs € span{Wy, W5}
Then <CLZ + bW1 + cWo, dWy + 6W2> =0

And span{Z, Wy, Wy} € ker R+

(C) Let v =aX +bY +cZ + dW; + eW, € ker R+

To show a=0=0

(v, W1) ={(aX, W) =0=a=0

<U,W2> = <bKW2> =0=b=0

Thus ker Rt = span{Z, W1, Wy}

Claim (4): A :ker Rt — ker Rt

Proof of Claim (4).

Let v € ker R+, to show Av € ker R+

To show (Av,w) = 0, (Vw € ker R)

Define w := A7 'w <= Aw=w

AeGp = Al e G pq, and A7l kerR — ker R
wekerR=wWEkerR, A ~'w €ker R, A~ 'w =W € ker R
(Av,w) = (Av, Aw) = (v,) = 0 since v € ker R and @ € ker R+
Thus A : ker R — ker R+

By claims (3) and (4), az; = age = 0.

Other simplifications on A can be made through the following steps:
(1) <7,7> =1= <a33Z, a332> =1= a332 and agz = +1 = e3.
(2) R(X,Y,Z,X) = R(a11X + a2, a12X + axY,e35Z,a11 X +a2Y) =1

= 63(111R(0,11X + a12Y, 001 X + a2, Z, X) =1
= 63(111((111(122 — (112(121) =1= all 7é 0.

(S)R(Y, ?,7, ?) = R(a21X + a22Y + QQSZ, a11X + 0,12Y + (1132, 63Z, (121X + a22Y + azgz) =0
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= ]%((1,12)('70,12Y—7 EgZ, CL21X) + R(a22Y7a11X, EgZ, ang) =0
= ag1(az1a12 — A1 — Agz) = 0= az = 0 by (2).

(4) esa11aze = 1 = ai1,a2 # 0
= 63(1%10,22 =1 by (2,3)

(5) (Y, W1) = (a0Y, assWa) =0
= Q922045 = 0 and a45 = 0 by (4)

(6) <Y, W1> =1= a11044 = 1= a44 # 0.
(7) <?, W2> =1= ageas; =1 = ass5 75 0.

And thus by items 1-7 we can define our basis as:

AX =X = anX +apY +aizZ +audWi +ai;Wa,
AY = ? = CLQQY +023Z +a24W1 +025W2,
Az=7Z = €32 +azuWi +azsWa,
AW, =W, = ag Wi,
AWy = WQ = asaW1  4assWo.

O

Definition 2.3. For simplification of computations to follow, redefine the covariant derivatives of R on the
basis {X,Y, Z, W1, W5} to be the following;:

h = VR(Xv Yv}/aXvX) = \/a(_2cll(‘r)bl(y) - 2))7
J=VR(X,Y,Y,X;Y) = a®(=2¢ (2)b"(y)).

Theorem 2.9. The nonzero covariant derivatives of R on A (up to the symmetries) are as follows:

VR(X,Y,Y,X;X)=VR(a11X,aY,a2Y,a11X;a11.X + a12Y)
= VR(a11X,a22Y,a22Y,a11X;a11X) + VR(a11 X, a22Y, a22Y, a11X; a12)
= a11°a22’h + a11%a22°j = ezariasnh + e3a22%4,

2 3. 2.
= a11 Q22 ) = €30a22" ].

Definition 2.4. For simplifications, also redefine the second covariant derivatives of R on the basis
{X,Y, Z, Wy, W5} to be the following:

t=V2R(X,Y,Y,X; X, X) = —4c' ()0 (y) — 2¢"" (z)V/ (y),
v=V2R(X,YY,X; X,Y) = ay/a(-2¢" (x)b (y),
u=V2R(X,YY,X;Y,Y) = a3(=2¢ ()b (y))-

Theorem 2.10. The nonzero second covariant derivatives of R on A (up to the symmetries) are as follows:

V2R(X,Y,Y,X;Y,Y) = ai12az u.
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Proof.

= V2R(a11 X, a2Y,asY,a11X;a11X,a11X) + 2V2R(a11 X, azY, asY, a11X; a11 X, a2Y)

+ VQR(GUX, a22Y, a22Y, a11.X;a12Y, a12Y)

4 2 3 2 2 2 2
= a11" a2t + 2a11" a2 a2V + a1 an’a12’u

2
= g3l + 2e3a11a22a12V + a22a12°U,

= V?R(a11 X, a2Y, asY,a11 X;a11 X, a22Y) + V2 R(a11 X, a2Y, asY, a11 X; a12Y, asY)

3. 3 2 3
= a11°a22°v + a11”aze"azu

2
= £30110220 + £3Q22"A12U,

2 4
= a1l a22 U.

O

Theorem 2.11. Under changes to the covariant derivative of the curvature tensor, VR, there exists a
nonconstant quantity that is invariant under an action of the structure group, and hence M is not locally
homogeneous.

Proof. On the structure group we can compute:

o T v o 6

VR (Y,Y,Y,X;Y)6 C(e3a22%)% a®i® 0 (aP(2d(2)b(y)

B B 0 (2¢ (@)1 ()" |
W a2y () RC@ () - D@D m)

V2R (XYY, X;Y,Y)" (enn?ax

0

Following the same computations, on the basis {X,Y, Z, W, W1, W1}, we obtain the following:

VR(X,Y, Y,X;Y)6 B ﬁ B (02(20’(3:)1)”(34))6 B (20’(w)b”(y))6
VZR(X,Y,Y, X;V, V)Y wt o @(@p(y)t (2 (@) (y) — )2 (@) (y)"
Since this is generally nonconstant, M is not locally homogeneous. O

Open Questions

1. This research on the manifolds was limited to curvature homogeneity. There are a lot of other
properties that have yet to be explored on these specific manifolds. What other properties exist
within these manifolds? For example, are they indecomposable or complete? Are they weak
curvature homogeneous and homothety curvature homogeneous?

2. These manifolds are similar in terms of the metric, curvature tensors, and formation of the structure
groups. Is it possible to continue finding examples of curvature homogeneous manifolds with these
specific conditions for the mapping of the covariant derivative and could you work to generalize the
results? What happens when you try to expand the path length beyond four?

3. Can you compute the structure groups of common model spaces arising from generalized plane wave
manifolds and compute invariants of these assumed curvature homogeneous manifolds?
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