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Abstract

This papers studies past notions of curvature homogeneity while also discussing G-
modeled pseudo-Riemannian manifolds. It is shown that for any m € NN [3,00), there
exists a manifold M of dimension m, a model space M, and a one dimensional Lie group
such that M is G-modeled up to order 0 with respect to M. In addition, the manifold
fails to be curvature homogeneous as well as homothety curvature homogeneous.

1 Introduction

Past studies of curvature homogeneity, for example in [1], have involved the comparison of
pseudo-Riemmanian manifolds and model spaces. This paper dives into a deeper theory of
curvature homogeneity, which was first studied in [3]. We wish to examine a new branch of
manifolds known as G-modeled manifolds. This theory involves the ingredients of a pseudo-
Riemannian manifold, a model space, and a Lie group G. One of the first examples of a
G-modeled manifold (see [3]) appears in the form of a three dimensional manifold being
G-modeled with respect to a model, and a one dimensional Lie group G. In this paper, we
extend this particular result by increasing the dimension of the manifold to any arbitrary
finite dimension m, while leaving the dimension of the Lie group the same.

1.1 Manifolds and Model Spaces

For the remainder of the paper, when a vector space is mentioned, we assume that it is real
and finite dimensional.

Definition 1. Let V' be a vector space. A function ¢ : V xV — R is called an inner product
on V if

1. ¢ is bilinear,
2. ¢(v,w) = p(w,v) for any v,w €V,
3. ¢(v,v) >0 if v #0 (positive definite).

Furthermore, if M is a manifold, then a metric g on M is a choice of inner product on each
tangent space. We denote the tangent space at a point P € M as TpM. We say that the
tuple (M, g) is a pseudo-Riemannian manifold if g admits an inner product on each TpM
that satisfies the following property:



4. For any v e V \ {0}, there exists a w € V such that ¢(v, w) = 0.

Given a pseudo-Riemannian manifold (M, g) as discussed above, if V is Levi-Civita connec-
tion on M, the we define the Riemannian curvature tensor R on the vector fields X,Y, Z, W
as

R(X,Y,2,W) =g (VxVyZ = VyVxZ — Vixy)Z,W).

Furthermore, we define V'R to be the i'* covariant derivative of R. If P is a point on M,
then we denote TpM to be the tangent space at P, and gp, V' Rp to be the metric g and
covariant derivative at P, respectively.

Definition 2. A map Ry : V* — R is called an algebraic curvature tensor on V. if
1. Ry is multilinear,
2. Ro(x,y,z,w) = —Ro(y, z, z,w),
3. Ro(x,y,z,w) = Ro(z,w,x,y), and
4. Ro(x,y,z,w) + Ro(z,z,y,w) + Ro(y, z,z,w) =0,

for all x,y,z,w € V. The set of algebraic curvature tensors on V' is denoted by A(V'). The
tuple (V, ¢, Ro) is called a model space. For simplicity, we denote the set of all model spaces
over V- as M(V).

Remark 1. We note that in the above definition, Ry was an element of @*V* that satisfies
the same algebraic properties as the Riemannian curvature tensor. We may further extend
the definition above by saying that a model space is a tuple (V, ¢, Ro, Ry, ..., Ry) where V is
a vector space, ¢ is an inner product on V, and each R;, fori1=0,1,... k, is an element of
@V * that satisfies the same algebraic properties as VIR.

Given two model spaces V = (V, ¢, Ry, ..., Rr) and W = (W, ¢2, Sy, . .., Sk), we say that V
is isomorphic to W and write ¥V = W, if there exists an invertible linear map A : V — W
such that V = A*W, where A* represents precomoposition by A, and

AW i= (W, A*¢o, A* Sy, ..., A*S).

Remark 2. It is important to note that in some cases, for a model space M, we sometimes
define A*M exactly as above, but do not precompose A with the inner product.

1.2 Curvature Homogeneity Theories

The next definitions discuss the types of curvature homogeneity we wish to study. If a model
is of the form M = (V, ¢, Ry, . .., Ry.), then we say that M is a k-model and in some cases use
the notation M¥ in its place. Also, if (M, g) is a pseudo-Riemannian manifold and P € M,
then the tuple

MI; = (TPM, gp, Rp, ey VkRp)

is a k-model space.



Definition 3. Let (M, g) be a pseudo-Riemannian manifold and let M* = (V, ¢, Ry, ..., Ry)
be a model space of order k. Then, we say that (M, g) is:

o Curvature homogeneous up to order k (CHy) with model M*, if M% = M* for every
PeM

e Homothety curvature homogeneous up to order k (HCH,) with model M*, if there
exists a nonzero smooth function \ : M — R such that for every P € M,
k+2

M52 (V, ¢, ARy, A2 Ry, ..., A2 Ry).

Remark 3. It is clear to see that CH, = HCH;, by simply setting A = 1.

While the above types of curvature homogeneity have been studied in the past, we can
generalize these notions by also considering a Lie group that acts on the set of model spaces
over V. Adding this aspect of a group action has only recently been studied in [3]. This idea
is clearly laid out in the following definition.

Definition 4. Let (M, g) be a pseudo-Riemmanian manifold and M = (V,¢, Ry, ..., Ry) be
a model space. Suppose that G < GU(V) is a Lie group and A — A - M is an action of G
on the set of model spaces over V.. Then, (M,gq) is G-modeled up to order k provided the
following hold:

1. For every P € M there exists an A € G such that M% = A - M

2. For every A € G there exists a P € M such that M% = A - M.

1.3 Invariants of Curvature Homogeneous Manifolds

As briefly discussed before, we are interested in manifolds that live in the category of Defi-
nition 4 but not that of Definition 3. The following result is a useful curvature homogeneous
invariant, which was first used in [2] and [3].

Proposition 1. Suppose (M, g) is an HC Hy manifold with model M. Define
7= > ¢"¢" Ry and |[R|?:= Y g gPg g R, i R, (1)
’i,j,k,l 81,01 50-04,J4

then we have that

IR(P)I? [[R(P)]]?
for any points distinct points Py, P, € M.

We use the contraposititive of this statement, in practice.

Corollary 1. Let (M, g) be a manifold. As defined above, if ﬁ is non-constant on M,
then (M, g) is not HC Hy, and hence not CHy either.



2 (G-modeled Manifolds of 4 Dimensions

In [3], it was shown that there exists a 3-dimensional manifold that is G-modeled up to order
0, with respect a model space M and a Lie group G = R* acting on M. This manifold
was also not HC Hy nor C'Hy. While it is our overall goal to construct an arbitrary finite
dimensional manifold satisfying these conditions, we begin by showing that there exists such
a manifold of 4 dimensions.

Let M := {(x1,29,23,24) : 1 > 0}, where (x1, 29,23, 24) are the standard coordinates
of R* and define a metric on M via

9(8171,3361) =1, 9(056’278553) = 9(31’273954) = €2f(m1)7 and 9(313373%3) = h(%)

where we define f(z;) := —z;+In(e™ —1) and h(z1) := $¢***. Let V = span{ X1, X, X3, X4}.
We construct a model space on V', and define it to be M := (V| ¢, Ry) where the following
are the nonzero entries of Ry and ¢, up to the standard symmetries:

¢(X17Xl) = ¢(X2aX3> = ¢(X27X4> = 17
RO(X17X37X37X1) = RO(X37X47X27X3) = _17

and
Ro(X1, X2, X3, X1) = Ro(Xa, X3, X3, Xa) = Ro(X1, X2, X4, X7) = Ro(X2, X4, Xy, Xo) = 1.
Let G < GI(V) be the Lie group

S+ O

G:

0
0
1 >0,
0

S O O
— o O O

0
which is isomorphic to R*. Let G act on the set of model spaces over V' by
GXx MV)— M(V)
(4, (V. ¢, Ro)) = (V, &, A" Ry).
The following Lemma is due to calculations done in Maple.
Lemma 1. Let (M, g) be constructed as above. The following hold:

1. The nonzero covariant derivatives of the coordinate frames are

V02,003 = Vu, 022 = Vi, 0xy = Vi, 029 = —le(“)f'(:vl)axl,

h/
Von, 03 = — (;1)8951, Vw003 = Vg, 0xy = f'(21)0s,
B W (xy) R (1) ,
Vax18$3 = Vam@xl = 2h($1)8$3 + < 2h(l’1> + f ($1) 8$4,

and

Vaxla[&; = Vax48$1 = f/($1)8$4.
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2. The nonzero curvature entries (up to the usual symmetries) are

(P(x1))* _ h"(x1)

R(Dxy, x5, 0x5, 015) = R(dxo, x4, x4, 015) = @ (f'(21))?,

eI (f (1)) (W (1))

R(E)xl,@xg,@xg,axl) = 2 )

) R(al‘g, a55'4, aZL’Q, 31‘3) = —

and

R(0x1, 0y, Ox3,0x1) = R(Ox1, 0%, 04, 011) = —e2f(“)((f’(x1))2 + f"(x1)).

Theorem 1. As defined above, (M, g) is G-modeled up to order 0 with respect to the model
space M (and group action as above). Moreover, (M, g) is neither CHy nor HC H,.

Proof. Using Lemma 1 part 2, we consider the frame {X7, X5, X3, X4} (note that this is an
abuse of notation when considering V' above, but the significance of this abuse will become
clear) where

V1Al 1 1
X1 = al‘l, XQ = 6@, X3 = 78[E3, and X4 = —F—
¢ ViAl VAl

f(@1)
Here, we define A := (Z’}f?l)y — M@1) 1¢ is an easy verification that
z1) 2

8[E4.

W' (1)

Al = —A and = |A]

for any x; > 0. Now,
9(X1, X1) = 9(Xs, X3) = g(Xp, Xy) =1

and

A
R(XI;X3aX37X1> = TA — _17 R(Xl,XQ,Xg,X1> - R(X17X27X47X1> - _((f,(xl>>2+f,,(x1))a

A
R(Xy, X3, X3, Xy) = R(Xa, X4, X4, Xo) = (f'(21))?,
"(z1)W (z ,
and R(Xs3, Xy, Xy, X3) = —W = —f"(21).

It is trivial to see that f/(z1) = —((f'(z1))? + f”(z1)) and also that f'({z1:z; > 0}) =R*.
Hence, for any t > 0, we can find a point Py = (y1, Y2, y3,v4) € M such that f'(y;) = ¢, and
when considering the frame (X, Xs, X3, X4), we have

R(X17X37X37X1) = _17 R(X17X27X37X1) = R(XlaXQaX4aX1) - t?

R(Xaq, X3, X3, Xo) = R(Xy, X4, Xy, Xo) =7, R(X3, Xo, Xy, X3) = —t.

In other words, given any A € G, there exists a point P € M such that Rp = A*Ry and
hence A*M = Mp. We conclude that (M, g) is G-modeled up to order 0 with model M.
To verify that this manifold is not HC H,, we calculate the values in (1) (via Maple) as

2(—e?1 4 2e™1 — 2)
(eml _ 1)2

T =
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and
16(36e™ — 131e™ — 32071 + 80e®™ — 871 4 8e™™1 — 94e271)

2 _
HRH - (6961 . 1)2

2

for any 17 > 0. Now, one could verify that TTRIE is non-constant as x; varies. Thus, by

Corollary 1, we find that our manifold is not HCH,. By Remark 3, it is also not C'Hy. [

3 (G-Modeled Manifolds of Finite Dimension m > 3

It is our goal to prove the following Theorem:
Theorem 2. Let m € NN [3,00). Then, there exists:

e a pseudo-Riemannian manifold (M, g),

e a 0-model M, and

e a Lie group G = R and an action of G on M(V)

such that M is G-modeled up to order O with respect to the model space M, and dim(M) = m.
Furthermore, (M, g) is neither CHy nor HC H.

For the remainder of this section, suppose that n is an arbitrary element of N.

3.1 Construction for m =2n +1

Lemma 2. Let M = R**! with coordinates (w1, s, ..., %o,41). Suppose f is a function of
only x1. Let g be a metric on M with nonzero entries given by

g(0x1,0x1) =1

and
g<ax27 axS) = g(8$4, 8$5) == g(ame ax2n+1) — €2f($1)_

The following hold:

1. The nonzero covariant derivatives of the coordinate frames are
Vou, 02 = Vg, 0x1 = f'(21)0x and Va,,0x; = Vi, 0x; = —f'(21)e¥ @) o1y
where k =2,3,....2n+1, and {i,j} € U := {{i, 5} : Guio;, = Gu;u, = €V}
2. The nonzero curvature entries up to symmetry are
R(0xy, 0x;, 05, 011) = —er(“)((f'(xl))2+f"(x1)), R(0z;,0xj, 0x;, 0x;) = e4f(x1)(f’(x1))2

and R(0x;, 04, 0xy, 01;) = —e (' (21))?,

where {i,7} and {a,b} are unique sets contained in U.



Proof. 1. By construction, the only nonzero Christoffel symbols of the second kind (up
to symmetries) are

Ty = f'(z1)e? @) and Ty = —f/(21) e @),

where {k,l} € U. Now, since

2n+1
Liw=g ( > T 0, (99:;> = T%,9(0zy, 0x1),

m=1

we have that

k=1 0 otherwise

This implies that Vg, 0zy = f'(x1)0z; and similar derivations show that Vg,, 0x,
obtains the same value. Also, we have that

2n+1
Twi=g <Z L30T, 81:1> =T4,9(02,,011),
m=1
and hence
o —f'(z)eX @) ifm =1
kil 0 otherwise
Thus, Vg, 0x; = —f'(x1)e* @92, and by symmetry, we conclude that V92,02 0b-

tains the same value, proving the second assertion of (1). It is also clear that any other
covariant derivative entries vanish.

2. Let {7,7},{a,b} € U. By part 1, we have
R(0x1,0x;,0x;,0x1) = g (Vou, Vor, 01 — Vo, Vo, 0x1,01,)

(_Q(f/($1))2e2f(w1) — (@) ) — (f’(x1>>262f(11)’ax1)

—((f(@1))* + f"(21)),

= g((f"(21))*e* D0z, Ox;)
= _€4f(xl)(f/(l’1))2,

and
R(0x;, 0xq, 0z, 0x;) = g (Vow, Vor, 0Ty — Vg, Vo, 0xp, 0x)
= g (= (f'(1))?e¥ ) 0x;, 0z )
— = (),



as needed. It is left to show that the remaining curvature entries vanish. Let p,q,r, s €
{2,3,...,2n + 1}. First assume that {q,r} ¢ U. Then,

R(0xy, 0xy, 0y, 0x5) = g (—vaxqvaxpaxr, 6ms>
_ { g ((f’(xl))262f(‘”1)8xp,8378) if {p,r}eU

0 otherwise

However, we note that if both {p,r},{q, s} € U, then this is a symmetry of a nonzero
curvature entry. Thus, if either {p,r} or {q, s} are not in U, then this curvature entry
vanishes, as required. Now suppose that {¢,r} € U. To distinguish from an existing
nonzero curvature entry, it must be the case that {p, s} ¢ U. Now,

R(0x,, 0x4, 0, 0xs) = g (—(f’(:vl))ezf(“)(?xp — Vo, Vo, 01, 8955) =0,

where the last inequality holds since g(0x,, 0z) = 0 and Vow,Vor,0r, = 0. It remains
to verify that any curvature entry with only one input of dz; is zero. Let p,q,r €
{2,3,...,2n + 1}. We have that

g E—e”(”””((f’(wl)V + ["(@1))0,, 0x,) if {p,r} €U

(Oz1, Oz, Ozg, Oxy) {g _62f(zl)(2f’(w1)>2+f"($1))8$,3m5> otherwise

but since g(0z1, dxs) = 0, this value is zero in either case. Due to symmetry, we have
that any curvature entry with only one input of 0x; is zero.
m

The goal now is to utilize the metric construction of Lemma 2 on a particular manifold,
and show that it is G—modeled up to order 0 for some Lie group isomorphic to R*. In
addition, we want our construction to omit a manifold which is neither C Hy nor HC Hy,. We

now show given any 2n + 1, there exists a manifold M satisfying the above properties with
dim(M) = 2n+ 1.

Let (21,9, ..., %2,11) be the standard coordinates of R*"* and define
M = {(x1,22,. .., Tonq1)|z1 > 0}

to be our manifold. We also let our metric g on M to be defined as in Lemma 2, while using
the same notation for U, and also setting f(x;) := —z; + In(e” — 1). With this mind, we
let our model space be given by M := (V, ¢, Ry) where V = span{Xj, Xs,..., Xon41}, and
the nonzero inner product entries (up to the standard symmetries) are given by

H( X1, Xq1) = d( X, X3) = -+ - = ¢(Xon, Xopg1) = L.

If we denote U := {{i,j} : ¢(X;, X;) = ¢(X;, Xi) = 1 and i # j}, then we define the nonzero
algebraic curvature entries as

Ro(X1, X5, X, X1) = Ro(X;, X;, X, X;) =1, Ro(Xi, X, Xo, Xj) = —1.
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where {i,5} and {a,b} are distinct sets in U. We also let G < GI(V) be the Lie group
defined to be the set of (2n + 1) x (2n + 1) matrices A = [a;;] for which

1 ifi=75=1 (mod 2),
a; =< t ifi=j=0 (mod 2),
0 otherwise

where t € R*, so that G = R*. Furthermore, we let G' act on the set of model spaces over

V' (call this set M(V)) via

GXxMV)— M(V)
(A, (V, ¢, Ro)) = (V, ¢, A"Ry),

where A* represents precomposition by A.

Theorem 3. As defined above, the manifold (M, g) is G-modeled up to order O with respect
to the model space M and the given group action on M(V'). In addition, (M, g) is not
HCH,.

Proof. By Lemma 2, we deduce that the nonzero curvature entries on the vector field (up to
the usual symmetries) are given by

R(0xy, 0x;, 0z, 011) = —le(Il)((f’(xl))2 + f"(z1)), R(Ox;,0x;,01;,01;) = e4f(ml)(f’(x1))2

and R(0x;, 0x,, Oxy, Oxj) = —e4f(zl)(f’(ac1))2,

where {7, j} and {a, b} are unique sets contained in U. Now consider the frame { X1, Xo, ..., Xo,41}
(using the same abuse of notation as before) where

¥ ox; if i =1 (mod 2)
P e @9z, if i =0 (mod 2)

Noting that if {i,j} € U, then i is incongruent to j modulo 2, it easily follows that
9(X1, X1) = 9(X2, X3) = g(X4, X5) = - -+ = g(Xon, Xopy1) = 1
and
R(X1, X5, X5, X1) = —((f'(21))* + f"(21)), R(Xi, X;, X5, X;) = (f'(21))?,
R(X’u Xau Xb7 X]) = _(f/(xl))27

for any distinct pairs {i,j} and {a,b} in U. We already know that f'(x1) = —((f"(x1))? +
f"(x1)) and also that f’ is surjective onto RT. Thus, for any ¢ > 0, there exists a point
P = (y1,y2, -, Yon+1) € M such that f'(y;) = t, and on the frame (X, Xo, ..., Xon41), we
find that

R(X1, Xi, X;, X1) =t, R(X;, X;, X;,X;) =12,

and

R(X;, X, Xy, Xj) = —t2,



In other words, for any A € GG, there exists a P € M such that A*M = Mp. We conclude
that (M, g) is G—modeled up to order 0 with respect to the model space M.

We now check that the manifold is not HCH,. Calculating the values in (1), through
basic counting, one could deduce that

7-:(4nﬁ-—<2n4—8<g>>t2
HRHZ::8n¢2+—(4n—%16<g>>t4

for any ¢ > 0. Hence, as a function of ¢,

and that

F(t) = ™ (4n® —4n® + n)t?* — (8n® — dn)t + 4n
~IRIP (2n — 1)t2 +2 ’

in which case,
16n — 16n + 4n)t* + (16n® — 32n% + 12n)t — (16n? — 8n)
(2n — D) +2)

Since F'(t) # 0, by Corollary 1, we conclude that our manifold is not HC Hy, and hence not
CH, either. H

3.2 Construction for m = 2n + 2

Lemma 3. Let M = R*"*2 with coordinates (x1,%a, ..., Tani2). Suppose f is a function of
only x1. Let g be a metric on M with nonzero entries given by

g(0x1,0x1) =1
and
g(0xy,0x3) = g(Oxy,05) = - - - = g(Zon, OToni1) = §(OTonto, OTonio) = €7@V,
The following hold:
1. The nonzero covariant derivatives of the coordinate frames are
Vou, 02 = Vg, 0x1 = f'(21)0x) and V,,0x; = Vo, 0r; = —f'(21)e¥ @92y
where k= 2,3, ...2n+ 1, and {i,5} € U == {{i, 5} : Gusa; = Gu,u; = @i £ j}.
2. The nonzero curvature entries up to symmetry are
R(0x1,0x;, 05, 011) = R(Dx1, 012, 0Zon 12, 021) = —T @ ((f'(21))? + (1)),
R(0x;, Ox;, 0z, 0x;) = M@ (F(21))?,
and R(0x;, 0z, 0xp, 0xj) = R(0%op+2, 0x;, 0T;, 0Tonio) = —e4f($1)(f’(x1))2,

where {i, j} and {a,b} are unique sets contained in U.
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Proof. The proof of this Lemma is similar to the proof of Lemma 2 and thus is omitted. [

Now, for our construction, let our manifold be given by
M = {(371,:6'2, B 7x2n+2> € R2n+2 I > O}

and let the metric ¢ on M be defined as in the previous Lemma. We again suppose

that f(x;) = —x; + In(e™ — 1). Suppose M = (V,¢, Ry) is the model space where
V =span{ Xy, X, ..., Xo,.2}, the nonzero inner product entries are
P(X1, X1) = ¢(Xo, X3) = -+ = &(Xon, Xons1) = &(Xong2, Xongo) = 1.

Defining U = {{i,j} : ¢(X;, X;) = &(X;,X;) = 1,i # j}, we let the nonzero algebraic
curvature entries be given by

Ro(X1, Xi, X, X1) = Ro(X1Xon+a, Xonto, X1) =1, R(X;, X;, X;,X;) =1

and R(Xi,Xa,Xb,Xj) = R(X2n+2,Xi,Xj,X2n+2) = —1,

where {i,j} and {a, b} are unique sets in /. We also let G < GI(V) be the set of (2n+2) x
(2n + 2) matrices A = [a;;] such that

1 ifi=j =1 (mod 2),

t ifi=j =0 (mod2)andi#2n+2,
Vt o ifi=j=2n+2

0  otherwise

where ¢ € RT, so that G =2 RT. We again let G act on M(V) via

aij =

GXx MV)— M(V)
(A7 (V> ¢7 RO)) = (V> ¢7 A*RO)v

where A* represents precomposition by A.

Theorem 4. As defined above, the manifold (M, g) is G-modeled up to order O with respect
to the model space M and the given group action on M(V'). In addition, (M,g) is not
HCH,.

Proof. The details of this proof are similar to that of Theorem 3, and hence we only mention
the change of frames. We consider the frame {X;, Xo,..., Xa,12} (using the same abuse of
notation as before) where

Oy if i =1 (mod 2),
X; =1 e @) if§ =0 (mod 2) and i # 2n + 2, .
e~ @) if i =2n 42

As before, if we set f' =t, then

R(X1, Xi, X;, X1) = R(X1, Xonto, Xonio, X1) = t, R(Xi, X, X;, X;) = 12,
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and R(XZ’ X‘l’ Xb?Xj) = R(X27’L+2a Xiana X2n+2) = _t27

where {i,7} and {a,b} are unique sets contained in U.
2
Again, as in Theorem 3, it can be verified that the value HIT%W is non-constant, and using
Corollary 1, we see that (M, g) is neither C' Hy nor HC Hy.
m

The combination of Theorems 3 and 4 proves Theorem 2.

4 Conclusion and Open Problems

While the work above tampers with the dimension of a G-modeled manifold, with the di-
mension of G being 1, it was shown in [3] that there is a 3 dimensional manifold that is
G-modeled with respect to a model M, where G had dimension 2. In fact, in this example,
the manifold was G—modeled up to order 1. The next steps would be to investigate mani-
folds that are G-modeled up to order £ > 1, where the Lie group has dimension [ > 1. In
addition, one might investigate more topologically interesting groups, such as a compact Lie

group.

5 Acknowledgments

This research was advised by Dr. Corey Dunn. This project was funded by NSF grant
DMS-1758020 and California State University, San Bernardino.

References

[1] [1] Dunn, C., McDonald, C., Singer invariants and and various types of curvature homo-
geneity, Ana. Geom., 45, 303-317 (2014).

[2] [2] Garcia Rio, E., Gilky, P., Nikcevic, S. Homothety Curvature Homogeneity and Homo-
thety Homogeneity, Ann. Glob. Anal. Geom., 48, 149-170 (2015).

3] [3] Shiti S., A generalization of warious theories of curvature homogeneity,
https://www.math.csusb.edu/reu/previouswork /Sbitil6.pdf Accessed August 2019.

12



