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ABSTRACT. This research investigates the properties of k-plane constant sec-
tional curvature and k-plane constant vector curvature, traditionally studied
when k = 2, in finite-dimensional model spaces. We introduce (m, k)-plane
constant vector curvature, an extension of k-plane constant vector curvature,
and generalize several results. In two of our central theorems, we prove that
the sets of k-plane and (m, k)-plane constant vector curvature values are con-
nected, compact subsets of the real numbers. Next, we explore the relationship
between decomposability and curvature. In particular, we demonstrate several
connections between the k-plane constant vector curvature values of the com-
ponent spaces and the (k + 1)-plane constant vector curvature values of the
composite space. As a corollary, we prove every decomposable model space
with a positive-definite inner product is k-cvc(e) for some integer k > 2 and
e € R. We also provide two examples to illustrate our theorems. These results
allows us to easily construct model spaces with prescribed curvature values.

1. INTRODUCTION

Differential geometry uses concepts from analysis and algebra to study the prop-
erties of Hausdorff topological spaces called manifolds. Manifolds locally resemble
Euclidean space, so we can utilize calculus and linear algebra to characterize its
tangent space at any point. A classic example of a 2-dimensional manifold is a
sphere, such as the surface of the Earth. To an observer on Earth, its surface
appears linear, but an observer in space knows the Earth’s surface is curved. How-
ever, Gauss proved that an observer on the surface of a two-dimensional manifold
can determine its curvature without changing perspectives simply by computing
distances and angles. Riemann later extended the concept of curvature to any
finite-dimensional manifold.

To locally describe a manifold and its curvature, we construct a model space
and investigate its properties. Though our research concerns model spaces, not
manifolds,we sometimes comment on the latter. To study curvature, we need a
notion of distance in the tangent space, which is itself a vector space. The most
common tool is called an inner product.

Definition 1.1. An inner product {-,-) on a real, finite-dimensional vector space
V is a function (-,-) : V x V — R which assigns a scalar to two vectors and is:
(1) Symmetric: {x,y) = (y,z) for all z,y € V,
(2) Bilinear: (x +y,z) = (x,y) + (x, 2) and {(cx,y) = c(x,y) for all c € R and
x,y,z €V (symmetry implies linearity in the second slot),
(3) Non-degenerate: for all x € V' \ {0} there exists y € V such that (x,y) # 0.

In lieu of condition (3), we call an inner product positive-definite if (x,x) > 0 for
all z € V, and (z,z) = 0 if and only if x = 0. Every positive-definite inner product
1
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is non-degenerate since (z,z) > 0 for all nonzero xz. Unless otherwise stated, we
suppose all inner products are positive-definite. We also exclusively use V' to denote
a vector space and n to designate the dimension of V' (i.e. dim(V') = n). For brevity,
we often omit these statements in our theorems, though they are included when
necessary. Now, to compute the curvature of a manifold at a point, we use an
algebraic curvature tensor, often abbreviated as an ACT.

Definition 1.2. An algebraic curvature tensor (ACT) R is a function from
ordered quadruples of tangent vectors to scalars,

R:VxVxVxV =R,

which satisfies the following properties for all x,y,z,w € V:

(1) Multilinearity: R(x + v,y, z,w) = R(z,y, z,w) + R(v,y,z,w) for allv eV
and R(cz,y, z,w) = cR(x,y, z,w) for all c € R (linearity is similar in the
other slots),

(2) Skew symmetry: R(z,y,z,w) = —R(y,x, z,w),

(3) Interchange symmetry: R(x,y,z,w) = R(z,w,x,y), and

(4) First Bianchi Identity: R(z,y,z,w) + R(z,z,y,w) + R(y, z,z,w) = 0.

If {e1,...,e,} is a basis for V, we regularly shorten R(e;,e;,ex,e;) to Rijk.
The set of algebraic curvature tensors is denoted A(V). In addition to conditions
(1) — (4) above, which concern the components of R, any tensor in A(V) satisfies
the following additive and multiplicative conditions.

Proposition 1.3. If R,S € A(V), z,y,z,w € V, and X\ € R, then

(1) (RJF S)(x,y,z,w) = R(x7y727w) —+ S('r’yazaw);
(2) (AR)(z,y,z,w) = AR(z,y, z,w).

Since the trivial ACT R = 0, meaning every curvature entry is zero, is an element
of A(V'), Proposition [1.3|shows A(V') is a vector space [I1]. Now we can introduce
a model space to help us study the local curvature of a manifold.

Definition 1.4. A model space M = (V,(,-), R) is a vector space V, a non-
degenerate inner product (-,-) on V, and an algebraic curvature tensor R.

Given a manifold, a metric, and a point on the manifold, we can construct a
model space from the tangent space, metric, and ACT at that point. A common
curvature measurement is the sectional curvature, a function that takes a non-
degenerate 2-plane 7 and returns a scalar k(7). We say a 2-plane is non-degenerate
if the inner product restricted to the 2-plane is non-degenerate. Since this is always
true for a positive-definite inner product, we assume all 2-planes are non-degenerate.

Definition 1.5. Let M be a model space, R be an ACT, x,y € V be vectors,
and m = span{x,y} be a non-degenerate 2-plane. The sectional curvature is a
function k : V x V — R that assigns a scalar to pairs of vectors, given by

() = — B@YYT)
<1‘, l‘> <y’ y> - <.1I, y>2
Importantly, the sectional curvature is basis-independent, so k() is the same
no matter the choice of x and y. Also, notice that if x and y are orthonormal, the
denominator in the expression for x(r) is one, so k(m) = R(z,y,y,x). Thus, it is
much easier to work with the sectional curvature on an orthonormal basis.
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Since we assume the inner product is positive-definite, any linearly independent
set of 2 vectors determines a non-degenerate 2-plane. However, more care is neces-
sary with non-degenerate inner products. We refer the reader to [I3] for a thorough
examination of curvature in this alternate setting. Note that we exclusively use 7
to designate a 2-plane. Also, if 7 = span{z,y}, we often shorten k(span{z,y})
to k(x,y). With this understanding of sectional curvature, we can introduce two
standard notions of constant curvature.

Definition 1.6. A model space M is constant sectional curvature ¢, denoted
csele), if k(m) = € for all non-degenerate 2-planes .

Constant sectional curvature means all 2-planes have the same sectional curva-
ture value. Since this is a strong condition, constant sectional curvature is uncom-
mon. A more useful property, called constant vector curvature, concerns whether
each vector in V' is contained in a 2-plane with a given sectional curvature [16].

Definition 1.7. A model space M is constant vector curvature ¢, denoted
cve(e), if for all v € V' \ {0} there exists a non-degenerate 2-plane w containing v
such that k() = e.

One can show that if a model space is csc(e), then it is cve(e) [I5]. While
these conditions are well understood for 3-dimensional model spaces [13], little is
known about model spaces of arbitrary finite dimension. Until recently, research
about curvature of higher-dimensional model spaces only used 2-planes. In [4], Calle
considers k-planes for any model space of finite dimension to study curvature. Chen
first defines the scalar curvature of a k-plane in [6].

Definition 1.8. Let M = (V,(-,-), R) be a model space with {e1,...,en} an or-
thonormal basis for V.. Let {f1,..., fx} be an orthonormal basis for some subspace
L C V. Define the model space My, = (L,{(-,")r, Rr), where (-,-)r, = (-,")|r and
Rr = R|. € A(V) are the restrictions of (-,-) and R, respectively, to L. The
k-plane scalar curvature of L is the function Kr, : L — R given by

k
ICRL(L) = Z H(f'ufj)
j>i=1

Although we actually evaluate (L) with respect to M, for brevity we usually
discuss (L) in terms of M. If R and L are clear from the context, we omit
the subscript and simply write K(L). Also, if L = span{ey,...,ex}, we often
shorten K(span{ei,...,ex}) to K(e1,...,ex). Based on [4], we now introduce a
generalization of Definition [T.6]

Definition 1.9. A model space M is k-plane constant sectional curvature ¢,
denoted k-csc(e), if K(L) = e for all non-degenerate k-planes L.

Similar as above, since the the inner product is positive-definite, we may suppose
that all k-planes are non-degenerate. Analogous to 2-planes, because k-plane con-
stant sectional curvature is uncommon, we introduce a looser, more useful property
called k-plane constant vector curvature [4].

Definition 1.10. A model space M is k-plane constant vector curvature e,
denoted k-cvc(e), if for allv € V| there exists a non-degenerate k-plane L containing

v such that K(L) = e.
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As with csc and cve, one can show that if a model space M is k-csc(e), then
M is k-cve(e) [4]. Note that we use notation cve and 2-cve interchangeably. For
a fixed integer k, Cj, denotes the set of all k-cvc values of M. Also, if we say M
is k-cve([e, 0]), we mean M is at least k-cve([e, d]). If Cy is exactly [e,d], we say so
explicitly. Unless otherwise stated, we assume 2 < k < n — 1. We do not consider
k = 1 since k is not defined for 1-dimensional subspaces, and hence neither is K.
Our next definition, from [4], shows why the case k = n is uninteresting.

Definition 1.11. Let M = (V,{-,-), R) be a model space with {e1,...,e,} an
orthonormal basis for V. The scalar curvature (or Ricci scalar) is

T = Zgzgng]]z
,J
where &, = (e, e,) = *1.

Since we assume the inner product is positive-definite, & = £; = 1 for all ¢ and
j. Hence, 7 is the sum of all possible R;;;; entries on an orthonormal basis. This
means (e;,e;) = 1 if and only if ¢ = j and is otherwise zero. If M = (V,{(-,-), R),

then the n-plane scalar curvature of V' = span{ey,...,e,} is
n n
IC(V) = Z /i(ei,ej) = Z Rijji~
J>i=1 j>i=1

So, in general, (V') = 7/2. Because every model spaces is exactly n-cve(7/2), we
do not consider the case k = n.

In the following sections we explore these curvature properties. In Section [2| we
study k-plane constant sectional curvature and propose future work on an open con-
jecture. Next, in Section [3] we introduce an extension of k-cve called (m, k)-plane
constant vector curvature and generalize several results. Section [4] contains our
central theorems on the topological properties of the sets C;, and C;*. In particular,
we prove Ci, and C}* are connected, compact subsets of R, that is, real intervals of
the form [a,b]. Next, in Section [5, we investigate the k-plane curvature properties
of decomposable model spaces. We demonstrate several relationships between the
k-plane constant vector curvature values of the component spaces and the (k + 1)-
plane constant vector curvature values of the composite space. As an important
corollary, we show every decomposable model space with a positive-definite inner
product is k-cvc(e) for some integer k > 2 and € € R. Finally, we provide two ex-
amples in Section |§| to demonstrate (m, k)-cve and our decomposability theorems.
Our research allows us to easily construct model spaces with prescribed curvature
values from simpler model spaces.

2. k-PLANE CONSTANT SECTIONAL CURVATURE

This section presents some basic extensions of work in [3, 4] regarding k-plane
constant sectional curvature and discusses a difficult open question.

Proposition 2.1. If the model spaces My = (V,(-,-), R1) and Mo = (V,{(-,-), Ra)
are k-csc(e) and k-csc(8), respectively, then M = (V, (-,-), R1+Ra) has k-csc(e+4).
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Proof. Define My, My, and M as above. Let v € V. By supposition, for any
k-plane L containing v, Kg, (L) = € and g, (L) = 6. Then

k k
Kr(L) = Z (R1+ Ra)ijji = Z (R1)ijji + (R2)ijji,
j>i=1 j>i=1
where the last equality follows from Proposition (1) Thus,
k k
’CR(L) = Z (Rl)ijji + Z (Rg)ijji =ec+0.
j>i=1 j>i=1

Since Kr(L) = € + § for all k-planes L, we conclude that M is k-csc(e + 9). O

Our next proposition is also straightforward. These results may prove useful in
more complex arguments or help resolve the open question of this section.

Proposition 2.2. If the model space M’ = (V,{,-), R) is k-csc(e), then the model
space M = (V, (-,),cR) is k-csc(ce).

Proof. Define M’ and M as above. Let v € V. By supposition, for any k-plane L
containing v, Kr(L) = e. Then by Proposition ),

k k
ICCR(L) = Z (CR)ijji =cC Z Rijji = Ce€
j>i=1 j>i=1
Since K.r(L) = ce for all k-planes L, we conclude that My is k-csc(ce). O

Now we transition to an open question. We know that if a model space is csc(0),
then the curvature tensor R is identically zero [1]. This is intuitive: if k() = 0 for
all 2-planes 7, necessarily R = 0 since every sectional curvature value is a rational
multiple of some R;jr; component [I]. In [4], Calle generalizes this argument to
include when a model space is k-csc(0).

Theorem 2.3. Let M = (V,(-,-), R) be a model space and set 2 < k <n—2. If
M is k-csc(0), then R = 0.

Note an important omission in the hypotheses. While csc(0) implies R = 0 for
3-dimensional model spaces, Calle’s argument does not hold when £k = n — 1. As
a partial result, one could impose a suitable additional constraint on the model
space to force R = 0. However, this merely circumvents the original question: does
(n —1)-csc(0) imply R = 0?7 Calle conjectures that there is an (n — 1)-csc(0) model
space with a nontrivial ACT, and we concur. One possible counterexample we
investigated, at the suggestion of Calle, is a 3-plane embedded in R*.

Conjecture 2.4. Let M = (V,(-,-),R) be the model space where V. = R*. If
Ri991 = R3qu3 = 1, Ri331 = Roaqs = —1, and all other components of R are zero
on some orthonormal basis {e1, ea,e3,e4} for V, then M is 3-csc(0).

Now we outline the evidence for Conjecture For any 3-plane L C R*, we
find an expression for (L) and attempt to prove it must be zero, showing M is
3-csc(0). We know there is an orthonormal basis {f1, f2, f3} for L, where each f;
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is a linear combination of the vectors ey, es, €3, e4. In all generality,

fi = aiier +aziex + aziesz + agieq,
f2 = a12e1 + agaea + agzes + agzey,
f3 = ai1ze1 + aszea + azzes + aqzey,
where a;; € Rfori=1,2,3,4and j = 1,2,3. Because {f1, f2, f3} is an orthonormal

basis for L, we can place restrictions on the coefficients a;;. Since fi, f2, f3 are unit
vectors, the inner product of any vector with itself is one:

(2.1) (fi, i) = afy + a3y + a3, + afy =1,

(2.2) (fa: f2) = ay + a3y + a3y +ady = 1,

(2.3) (f3, f3) = alz + a33 +a3s +ajs = 1.

Since the f; are pairwise orthogonal, the inner product of any distinct two is zero:
(2.4) (f1, f2) = a11a12 + az1a22 + az1az; + aga42 =0,

(2.5) (f1, f3) = a11a13 + az1a23 + aziazz + agras3 = 0,

(2.6) (f2, f3) = a12a13 + aza23 + asz2a33 + aspasz = 0.

Substituting into (L), expanding using basic properties of ACTs, and simplifying,
K(L) = R(f1, fa, f2, fr) + R(f1, f3, f3, 1) + B(f2, f3, f3, f2)

2 2 2 2

_ |@11 G21| _ |G11 a3z1| _ |G21 Q4 + azyr a4

a2 a22 a2  as2 a2 Q42 az2 @42
a as|® a as1]®  a aunl’ la asl’

11 a1 1 @31 21 Q41 31 Q41

(2.7) + - - +

a1z  az3 aiz  ass a3  a43 azsz  a43
2 2 2 2

+ aiz2 Q22| _ |G12 G32| _ |G22 @42 + azz Q42

aiz @23 aiz as3 a23 @43 azs @43

Interestingly, we can express KC(L) as the sum of squares of determinants of simple
2 x 2 matrices. Together, Equations|2.1 give a system of 7 nonlinear equations in
12 variables. Though we do not explicitly solve for the a;;, we investigate possible
solutions using Matlab’s fsolve function (in version 2018a). Our testing strongly
suggests this system has a solution if and only if (L) = 0, proving Conjecture
Due to the mounting evidence that (n— 1)-csc(0) does not imply R = 0, we suggest
further investigations to confirm the existence of a counterexample.

3. (m, k)-PLANE CONSTANT VECTOR CURVATURE

Much like Calle generalizes cve to k-cve, we extend k-plane constant vector cur-
vature to (m,k)-plane constant vector curvature. Instead of requiring that each
vector is contained in a k-plane with some k-plane scalar curvature value, we ex-
amine the possibility that an m-plane is contained in such a k-plane. By considering
different curvature measurements, we can better understand the model space and
hence the local properties of the manifold it represents.

Definition 3.1. A model space M is (m,k)-plane constant vector curvature
€, denoted (m, k)-cvc(e), if for all m-planes P, there exists a non-degenerate k-plane
L containing P such that K(L) = e.
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Analogous to standard k-plane scalar curvature, given a model space M and
integers m and k, we let C}* denote the set of all (m,k)-plane constant vector
curvature values of M. In particular, setting m = 1, we have C; = C{. We do not
consider the case m = k, since if every k-plane is contained in a k-plane (i.e. itself)
with curvature €, then every k-plane has curvature e. Now, similar to the previous
section, we present some elementary extensions of work in [4].

Proposition 3.2. If the model space M = (V,{-,-), R) is k-csc(e), then the model
space M. = (V,{-,-),cR) is (m,k)-cvc(e) for all1 <m <k —1<n.

Proof. Define M and M. as above. Let 1 <m < k—1 < n and suppose P is an m-
plane with orthonormal basis {ey, ..., e, }. Extend {eq,..., e} to an orthonormal
basis {e1,...,e,} for V. Choose a k-plane L with orthonormal basis {es, ..., ex}.
Since M is k-csc(e), we have K(L) = e. Such an L exists for all m-planes P because
m < k—1. We need only adjust the orthonormal basis for P, and hence for V' and
L. Thus, M. is (m, k)-cvc(e). O

The next result is a similar statement to Proposition [2.1

Proposition 3.3. If M; = (V,{-,-),Ry) is k-csc(e) and My = (V,{-,-), Ra) is
(m, k)-cve(6), then M = (V,(-,-), Ri + Ra) is (m, k)-cvc(e +9).

Proof. Define M1, Mz, and M as above. Let 1 <m < k — 1 < n and suppose P
is an m-plane. Since My is (m, k)-cvc(d), there is a k-plane L containing P such
that Kpg,(L) = 0. Because M; is k-csc(e), we have Kg, (L) = e. Hence,

k k
Kr(L)= Y (Ri+Ra)ijji= Y (Ru)ijji + (Ra)ijiis
j>i=1 j>i=1
where the last equality follows from Proposition (1) Thus,
k k
Kr(L)= Y (Ri)iji+ D (Ro)ijji=e+3.
j>i=1 j>i=1
Since P is arbitrary, we conclude that M is (m, k)-cve(e + 6). O

This section’s final result provides another way to build a model space with a
desired k-cvc value from known examples.

Proposition 3.4. If the model space M = (V,(-,-), R) has (m, k)-cvc(e), then the
model space M. = (V,(-,-),cR) has (m, k)-cvc(ce).

Proof. Define M and M. as above and let P be an m-plane. By supposition, there
is a k-plane L containing P such that Kg, (L) = €. Then
k k

Ker(L) = Z (cR)ijji = ¢ Z Rijj = ce

j>i=1 j>i=1
where we use Proposition 2). Since P is arbitrary, M, is (m, k)-cvc(ce). O
With this understanding of (m, k)-plane constant vector curvature, we can ask

and answer more difficult questions in Section [] results that include statements
about cve and k-cve by default.
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4. TOPOLOGICAL PROPERTIES OF Cj, AND C}"

Given a model space M, Cj, and C}*, respectively, are the set of k-cvc values and
(m, k)-cve values of M. Our goal in this section is to determine the topological
invariants of C, and C;*. Recall that the special orthogonal group in dimension n,
denoted SO(n), is the set of orthogonal n x n matrices with determinant 1, and
that the orthogonal complement of a subspace U C V, denoted U+, is the set of all
vectors in V' orthogonal to every vector in U. Our next proof utilizes that SO(n)
is path-connected [17], so for the reader unfamiliar with this result, we provide a
more direct, detailed proof in the appendix.

Theorem 4.1. If M = (V,(-,-), R) is a model space with n = dim(V') > 3, then
Cit is connected for all m,k € Z such that 1 < m < k < n. In particular, Cy, is
connected for all 2 < k < n.

Proof. Suppose M is as above and let 1 < m < k < n. Choose an m-plane P
and let Bp C V be an orthonormal basis for P. Suppose M is (m, k)-cvc(e) and
(m, k)-cve(d) for €,8 € R. By definition, there are k-planes Lo, L1 C V containing
P such that K(Lg) = € and K(L;) = 6. We can find orthonormal bases By and By,
respectively, for Ly and L so that Bp C By and Bp C By. Extend By and B; to
orthonormal bases Vy and V; for V. Consider VOL =)V \ Bp and Vf =V \ Bp,
which have n — m elements.

If m =n—1 and k = n, then C}* is connected since M is exactly n-cve(r/2)
and V trivially contains P. If m < n — 1, then n —m > 2, so SO(n — m) is path-
connected. Then there is a continuous deformation of orthonormal bases from Vg-
to Vi-. Restricting to the first & —m vectors yields such a deformation from By \ Bp
to By \ Bp. But the vectors in Bp are pairwise orthogonal to the vectors in By \ Bp
and By \ Bp, so adding the m vectors in Bp to any intermediate basis gives an
orthogonal, linearly independent set of k£ unit vectors. Hence, this rotation in the
orthogonal complement of P is a continuous deformation of orthonormal bases from
Bp to By, and the span of the basis vectors defines a path from Lg to L;. Since P is
in each intermediate basis, the space of k-planes that contains P is path-connected,
and hence connected. Because the map L — (L) is continuous, the image set
is connected. Since € and ¢ are arbitrary, C;* is connected. In particular, letting
m = 1, Cy, is connected for all 2 < k < n. O

The space of all k-dimensional subspaces of V' is called the Grassmannian, de-
noted Gry (V). Because Gry (V) is compact [I4] and the map L — K(L) is con-
tinuous, the set S;* of (m, k)-plane scalar curvature values of M is compact, and
hence bounded. Then C* C &;" is bounded, but this does not imply C;* is closed.
Rather, we can give a careful proof of this fact.

Theorem 4.2. For any model space M = (V, (-,-), R), Ci* is closed for allm,k € Z
such that 1 < m < k <n. In particular, Cy is closed for all 2 < k < n.

Proof. Consider the continuous function K : Gri(V) — R given by L — K(L).
We prove that if ¢ € R is a limit point of C}*, then ¢ € C*. Suppose (a;) C C}*
is a sequence with limit point a. Since C;* is bounded, a is finite. Choose m-
plane P spanned by the vectors vy,...,v,, € V. By definition, there is a k-plane
L; containing P such that K(L;) = a;. Construct the sequence (L;) C Grg(V).
Since Grg (V) is compact, a is a limit point of Ck, and K is continuous, there
is a subsequence (L;,) converging to L € Gry(V') such that (L) = a. Every Ly,
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contains vy, . .., Uy, so L also contains vy, . .., v,, and hence P. Since P is arbitrary,
a € C;'. Therefore, C;* is closed. In particular, letting m = 1, Cy, is closed. (]

This completes the topological classification of C}*, and by extension, Cj. Since
C;" is a connected, compact subset of R, C}* is precisely [a,b] for some a,b € R.
For example, if (0,1) C C}*, then necessarily [0,1] C C;*. An important next step
is to develop sufficient conditions to demonstrate certain € € R are not in C}.

5. DECOMPOSABILITY AND CURVATURE

Given a model space M = (V, (-, ), R), one could ask whether M decomposes as
the direct sum (denoted @) of two or more model spaces. If so, V, (-, ), and R must
factor into orthogonal components. In this section, we investigate the relationship
between decomposability and curvature, leveraging that Cy is connected. Note that
these results only concern k-cve, not (m, k)-cve. Our end goal is to be able to build
model spaces with desired curvature values using direct sum decompositions.

Definition 5.1. We say a model space M = (V,{-,-), R) is decomposable, writ-
ten M = Ml > M27 ZfV = Vl @ ‘/2; <'a > = <'7 '>1 2] <'7 '>2; R= Rl @ R27 and the
following hold for all vectors v1 € V1 and ve € Va:

(1) <7}1,’U2> = <’Ul,0>1 + <0,’l)2>2 = O,
(2) R(Ul,vg, ° ) = Rl(vl,O, ) ) + RQ(O,UQ, Y ) =0.

Condition (1) say v; is orthogonal to ve, or, equivalently, V; is orthogonal to V5.
The vectors in condition (2) are unbiased in input, meaning R = 0 even if v1 or vg is
in another slot [§]. Note that M; and Ms are themselves model spaces. We let 1Cy,
and 2Cg, respectively, denote the set of k-cve values of My and Mj. We also call
M decomposable if it breaks into three or more model spaces, i.e., M = @&J_;M;
and j > 3. We say M, is a component space and M is the composite space. Since
distinct V; are orthogonal, we can uniquely write any v € V as v = ajv1 +- - -+ a;v;
for a; € R and unit vectors v; € V;.

Recall that if M = (V,(:,-), R) is a model space, (-,-) is positive-definite, and
{e1,...,en} is an orthonormal basis for V, then 7 = Z” R;;j: is the scalar curva-
ture. Since (V') = 7/2, every model space is exactly n-cve(7/2) where n = dim(V).
This small observation has important implications for the k-cvc values of decompos-
able model spaces. With this background, we can now examine how decomposabilty
impacts Ci, beginning with k = 2.

Proposition 5.2. Suppose a model space M = (V,{-,-), R) decomposes as M =
My ® Ms. If there exists € € 1Co such that —e € 3Ca, then M is cvc(0).

Proof. Suppose M, My, and Ms are as above. Let {ej, ..., e,} be an orthonormal
basis for V. Suppose without loss of generality that v € V' is normalized. We need
a 2-plane containing v with sectional curvature zero. There are three cases: v € V7,
v € Vo, or v is a linear combination of vectors from V; and V5. If v € V3, take any
unit vector ug € Vo. Then x(v,uz) = 0. Similarly, if v € V5, take any unit vector
uy € Va. Then k(v,u2) = 0.

Now, suppose v = % for unit vectors vy € Vi, v € V5. Choose another unit
vector w € V so that w is a linear combination of vectors from V; and V5, but w
is not a scalar multiple of v. Write w = %\/;2 for unit vectors wy € Vi, wo € V5.
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Define the 2-plane 712 = span{v, w}. Since {v,w} is an orthonormal basis for 2,

k(m12) = R(v, w, w,v)
_R(v1+vg wy + wy Wy + wa ’U1—|—1}2)

= ZR(UI + Vg, wy + we, w1 + wa, vy + V)

= ZR(Ulawlvwlyvl) + §R(’Ulaw17w27v2) + ZR(Uz’wmwzwz),

which follows from Definition 2). Similarly, since R(v1, w1, w2, v2) has inputs

from V; and Vo, R(vy, w1, ws,ve) = 0. Hence,

1 1
(5.1) K(m2) = ZR(Ul,th,’Ul) + ZR(vz,wz,wz,vz)-

Since M is cve(e), there is a 2-plane 7 containing v such that x(m1) = e. Choose
wy orthogonal to vy such that span{vy, w1} = 7. Then

k(v1,w1) = R(v1, w1, w,v1) = €.

Similarly, since My is cve(—e), there is a 2-plane 7o containing ve such that x(ma) =
—e. Choose wq orthogonal to vy such that span{vs, ws} = m3. Then

K(v2, we) = R(ve, wa, we,v2) = —€.
Therefore, the two terms in Equation cancel, so k(m12) = 0. O

Note that we only prove M is 2-cvc(0). In general, M could have other 2-cvc
values. Also, we need that there is some € € 1Cy so that —e € 3Cy to guarantee
the two terms in Equation [5.1] cancel out. This proposition is a nice introduction
to our decomposability results about general k-cvc. Our first theorem shows how
k-cvc values can “lift” from a component space to the composite space. Given a
nonzero vector v, note that we write v = HUTH for the associated unit vector of v.

Theorem 5.3. If a model space M = (V,{-,-), R) decomposes as M = My & My
and My is k-cvc(e) for an integer 2 < k <n—1 and e € R, then M is (k+1)-cvc(e).

Proof. Suppose M = My & Ms, where M, M;, and Mj are as above. By defini-
tion, V =V, @ Va. Let {e1,...,e,} be an orthonormal basis for V and let v € V.
We can uniquely write v = awv; + bvy for scalars a,b and unit vectors v; € Vi,
v9 € V5. We consider three cases: v € Vi, v € V,, or v is a linear combination of
vectors in V; and V5.

Suppose a # 0 and b = 0, meaning v € Vj. Since M; is k-cvc(e), there is
a k-plane L C V; containing v such that K(L) = e. Set f; = 6. We can find
unit vectors fs,..., frx € Vi, pairwise orthogonal to f; and each other, so that
L = span{fi,...,fr}. Take any unit vector fy41 € Va, which by definition is
pairwise orthogonal to the vectors fi,..., fx. Consider the (k + 1)-plane L =
span{fi,..., fr+1}. Then, because IC(E) =,

k+1 k k

k
KLy = 3" w(fif) =3 6(fi f) + > 6(fir frs1) = €+ D 6lfi, fisn).
=1

j>i=1 j>i=1 i=1
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Since {f17 LR fk+1} is an orthonormal basis for L7 K(fia fk+1) = R(f’ia fk+17 fk+17 f’t)
fori=1,...,k But f; € V; for all i and fr+1 € Vo, so R(fi, fx+1, fx+1,fi) =0 by
Definition 3). Hence, each summand is zero, which shows

k

K(L) = €+ZR(fivfk+17fk+17fi) =€,

=1

so L is a (k + 1)-plane containing v such that K(L) = e. This construction works
for any nonzero vector in Vi, so M is (k + 1)-cve(e) in this case.

Next, suppose a = 0 and b # 0, meaning v € V5. Since M is k-cve(e), there
is a k-plane LC Vi1, with orthonormal basis {f1,..., fi}, such that IC(Z) =¢€. Set
fre1 = 0, and note that fi1 is pairwise orthogonal to the vectors fi,..., fr. Then
L =span{fi,..., frr1} is a (k+ 1)-plane containing v. So, by a similar method as
above, (L) = e. Hence, M is (k + 1)-cvc(e) in this case as well.

Now, suppose a # 0 # b. Clearly, v € span{vy, v} since v = avy + bvg. Set f; =
vy and fry1 = ve. Because M is k-cve(e), there is a k-plane Iy C V1, with orthonor-
mal basis {fi,..., fx}, so that IC(E) =e¢. While v ¢ £, fr11 is pairwise orthogonal
to the vectors fi,..., fr and v € span{fi, fx+1}, so £ = span{f1,..., fr+1} is a
(k+1)-plane containing v. Similarly as before, K(£) = €, so M is also (k+1)-cve(e)
in this case. Therefore, M is (k + 1)-cvc([e, d]) by Theorem O

The labeling of M; and M is arbitrary, so Theorem is equally valid if we
replace My with Ms. Now we generalize Theorem to include any finite direct
sum decomposition M = &I_; M, with j > 3.

Corollary 5.4. If a model space M = (V,{-,-), R) decomposes as M = @{:1./\/11-,
where some M, is k-cvc(e) for 2 < k < dim(V;) and € € R, then M is (k+1)-cvc(e).

Proof. We use a similar argument as Theorem Suppose M decomposes as
above. Let v € V, which we can uniquely write as v = a;v1 + - - - + a;v; for scalars
a; and unit vectors v; € V;. We consider three cases: v € V;, v € Vﬁ, orvisa
linear combination of vectors in V; and Vll.

First, suppose a; # 0 and a; = 0 for all ¢ > 2, meaning v € V;. By the
same argument as the first case of Theorem replacing Vo with V&, M is
(k 4+ 1)-cve(er) in this case. Next, if a3 = 0 and a; # 0 for some ¢ > 2, meaning
v € Vi+, make the same exchange in the second case of Theorem This proves
M is (k + 1)-cve(eq) in this case. Now, suppose a1 # 0 and a; # 0 for some
i > 2. Define the vector w = v — ajv1, and consider its normal vector w. Since
v =a1v; +w, v € span{vy, w} = span{vy,w}. Use the same argument as the third
case of Theorem replacing ve with . This shows M is (k + 1)-cve(er) in this
case t00, so M is (k + 1)-cve(er) in general. O

As an application of Theorem consider the case when dim(V;) =n —1 and
dim(V2) =1 (or vice versa). Since M is uniquely n-cve(7/2), where 7 is the scalar
curvature, 7/2 is the only possible (n — 1)-cve value of M;. We now present an
important corollary.

Corollary 5.5. Suppose M = My & Mso. Let 7; be the scalar curvature of M,
and set dim(V;) = n;. Then M is (ny + 1)-cve(m1/2) and (ng + 1)-cve(12/2).
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Proof. Suppose M decomposes into M7 and M. Clearly, M; and My are nq-
cve(m/2) and ng-cve(r/2), respectively. Then M is (ny+1)-cve(r/2) and (ng+1)-
cve(r2/2) by Theorem 5.3 O

Corollary [5.5] has a significant consequence: every decomposable model space
with a positive-definite inner product is k-cvc(e) for some integer k > 2 and e € R.
This is a valuable extension of the result that every three-dimensional model space
equipped with a positive-definite inner product is cve(e) for a unique value e [I§].
This result significantly increases the number of known k-cve model spaces.

Our next theorem uses a similar argument as Theorem [5.3] Notice the proof
of Theorem is independent of 9C, the k-cvc values of Ms. Hence, if My is
k-cve(6) for the same k as My, the range of k-cve values “lift” from the component
spaces to the composite space.

Theorem 5.6. Suppose a model space M = (V,{-,-), R) decomposes as M
My @& Mo, If My s k-cuc(e) and Ms is k-cve(d) for some integer 2 < k
min(dim(V4), dim(V2)) and €,0 € R, then M is (k + 1)-cvc([e, d]).

Proof. Suppose M = M;®Ms, where M, My, and M are as above. By Theorem
M is (k4 1)-cve(e) and (k + 1)-cve(d). Therefore, using the convention that
[e,0] = €if e =8, M is (k + 1)-cve([e, 8]) by Theorem [4.1] O

IA

This result illustrates an even stronger relationship between the (k + 1)-cve val-
ues of a decomposable model space and the k-cvc values of its component spaces.
Naturally, Theorem [5.6] generalizes to any finite direct sum decomposition.

Corollary 5.7. Suppose a model space M = (V,{-,-), R) decomposes as M =
@7_  M;, where each M; is k-cuc(e;) for some integer 2 < k < min{dim(V;)}?_,
and €; € R. Let €, and e, respectively, be the minimum and maximum of the set
{&:}]_1. Then M is (k + 1)-cvc([em, enm])-

Proof. Suppose M decomposes as above. Define €, = min{ei}{zl and e) =
max{ei}gzl. Applying Corollary to My, M is (k + 1)-cvc(er). Repeat this
argument separately for every M;, replacing Vi with V; and V;* with V;*. Then
M is (k+1)-cve(e;) for all i. In particular, M is (k+1)-cve(e,,) and (k+1)-cve(ens ),
so M is (k 4+ 1)-cve([em, eam]) by Theorem 4.1 O

As an application of Corollary consider when M = @le/\/li and dim(V;) = k
for all i and some fixed k. Then, letting 7, = min{r;}/_, and 75y = max{r;}?_,,
M is (k + 1)-cve([1m /2, 7ar/2]). Now, our next theorem provides further insight
into the connection between the k-cvc values of a decomposable model space and
its components in the special case of zero k-plane scalar curvature.

Theorem 5.8. Suppose a model space M = (V,{-,-), R) decomposes as M =
My & Ma. If My is i-coc(e) and My is j-cve(d) for integers i and j, where
2 <i,j <max(dim(Vy),dim(V2)), and €, € R, then M is (i + j)-cvc(e + 9).

Proof. Suppose M = M ® My, where M, M, and M, are as above. In particu-
lar, V.=V, @ Va. Let {e1,...,e,} be an orthonormal basis for V and let v € V. We
can uniquely write v = av; + bvy for scalars a, b and unit vectors vy € Vi, vs € V5.
Set k =17+ j. We consider three cases: v € V1, v € V5, or v is a linear combination
of vectors in V7 and V5.
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Suppose a # 0 and b = 0, meaning v € V. Since M is i-cve(e), there is
an i-plane I C V; containing v such that K(I) = e. Set f; = 0. We can

find unit vectors fa,..., f; € Vi, pairwise orthogonal to f; and each other, so
that I = span{fi,...,f;}. Since My is j-cvc(d), there is a j-plane J C V;
such that K(J) = 0. As before, we can find an orthonormal set of vectors in
Vo, say {fit1,-.., fr}, such that J = span{fiy1,..., fr}. By definition, the vec-
tors fi+1,..., fr are pairwise orthogonal to fi,..., f;. Consider the k-plane L =
span{ fi,..., fr}. We have
k i ki k
K(L)= > n6lffi)= D slfefi)+ 3 Y wlfafo+ D nlfsfi)
t>s=1 t>s=1 t>i+1 s=1 t>s=1i+1

Let us examine the three summations in the rightmost expression. The first sum-
mation is K(I), so this term is e. Next, because {f1,..., fr} is an orthonormal
basis for I, we know k(fs, ft) = R(fs, fe, fe, fs) fors=1,...iandt =i+1,... k.
But f; € V1 and f; € V5 for all s and ¢, so each R(fs, ft, ft, fs) = 0. Thus, the
second summation is also zero. The third summation is the expression for K(J),
and hence equals §. Since L is a k-plane containing v and (L) = e 4+ §, and this
construction works for any nonzero vector in Vj, M is k-cve(e + §) in this case.

Next, suppose ¢ = 0 and b # 0, meaning v € V5. Since M is i-cve(e), there is
an i-plane Z C Vi, with some orthonormal basis {fi,..., fi}, such that K(Z) = .
Set fiy1 = 0. Since My is j-cve(d), there is a j-plane J C V5 containing v, with
orthonormal basis {fit1,. .., [k}, such that K£(J) = §. Then £ =span{fi,..., fx}
is a k-plane containing v, and by a similar method as before, (L) = € 4+ §. Hence,
M is k-cve(e + §) in this case as well.

Now, suppose a # 0 # b. Clearly, v € span{vi,vs} since v = avy + bva. Set

fi = v1 and fi11 = vy. Because M;j is i-cve(e), there is an i-plane I’ C V;
containing vy, with orthonormal basis {f1,..., fi;}, such that K(I') = e. Similarly,
there is a j-plane J' C V5 containing vy, with orthonormal basis {fiy1,..., fx},

such that (J') = 6. Then £ = span{fi,..., fr} is a k-plane containing v, so
K(L) = €+ 0 by a similar method as before. Hence, M is k-cvc(e + 0) in this case
too. Since k =i+ j, M is (i + j)-cvc(e + 0). O

We can make a few observations. First, suppose neither M; nor My is p-cve(0)
for any p > 2. If M; is i-cve(e) and My is j-cve(—e) for integers 2 < 4,5 <
max(dim(V7),dim(V3)) and € € R, then M; & My would still be (i + j)-cve(0).
Second, let M = (V,{:,-), R) and define the model space —M = (V, (), —R).
That is, the ACT entries of —M are the negative of those of M. Then according
to the previous observation, if M is k-cvc(e) for any k and any €, then —M must
be k-cve(—e), so the direct sum M @ (—M) is k-cve(0).

As with Theorem we can easily generalize Theorem to include any finite
direct sum decomposition of a model space.

Corollary 5.9. Suppose a model space M = (V,{-,-), R) decomposes as M =
©i_1 Mi, where each M; is ki-cvc(e;) for some integer 2 < k; < max{dim(V;)}i_,
and €; € R. Define the scalars k =3 1_, ki and e = >_1_, ;. Then M is k-cuc(e).

Proof. This follows from j—1 applications of Theorem Suppose M = @{:lMi,
where each M; is k;-cve(e;). Let k= >7_, k; and e = >_7_, ¢;. Applying Theorem
to M and Ms proves My @ Ma is (k1 + ka)-cve(er +€3). Now, since kq + ko <
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dim(V3) + dim(V3), we can apply Theorem [5.8|to M; & My and Ms. This shows
M1 ® Mo ® Ms is (k1 + ko + ks)-cve(er + €2+ €3). Applying this process recursively
a total of j — 1 times (note j is finite), we conclude that M is k-cvc(e). O

Having established these general results, we are ready to consider some examples.

6. EXAMPLES

Now that we have topologically classified C, and C;* and investigated the cur-
vature values of decomposable model spaces, we can examine specific examples to
illustrate these results. Our examples concern (m, k)-plane constant vector curva-
ture (from Section and decomposability (from Section. Since k-plane constant
vector curvature is far more common than k-plane constant sectional curvature, we
restrict our attention to the former.

To show a model space has (m, k)-cvc(e), we choose an arbitrary m-plane P
and construct a k-plane with curvature e that contains P. Similarly, to show a
decomposable model space has k-cve(d), we choose an arbitrary vector v and find
a k-plane with curvature ¢ that contains v. We must construct the plane and the
vector so that the curvature value is independent of the specific components of P
and v. We now introduce a special type of ACT.

Definition 6.1. Let V' be a vector space. Given a symmetric, bilinear function
¢:V xV = R, a canonical ACT with respect to ¢ is an ACT of the form

R¢($, Y, 2, ’LU) = d)(ma w)¢(y7 Z) - QS(:E? Z)(b(y, ’LU)

Interestingly, the set of canonical ACTs spans A(V), the set of all algebraic
curvature tensors on V' [9]. We exclusively use canonical ACTSs in our two examples.

Now, recall that the kernel of a linear transformation is the set of vectors in the
domain that map to the zero vector in the range. Analogously, we can define the
kernel of an algebraic curvature tensor as the set of vectors that produce a zero
curvature value regardless of the other inputs.

Definition 6.2. The kernel of an algebraic curvature tensor R is the set
ker(R)={v eV : R(v,y,z,w) =0Vy,z,w e V}.

Note that vectors in the kernel are unbiased in input, meaning R = 0 even if
v is in the second, third, or fourth slot [8]. The size of the kernel relative to V' is
often a helpful indicator of a manifold’s curvature. In nearly all cases, the kernel of
a symmetric, bilinear function ¢ and that of its associated canonical ACT Ry are
closely linked. The proof of the following proposition appears in [10].

Proposition 6.3. If ¢ is a symmetric, bilinear function and rank(¢) > 2, then
ker(¢) ={v eV : ¢(v,w) =0 Vw eV} =ker(Ry).

The method we use in our first example, inspired by [4], is to decompose v into
vectors from the eigenspaces of ¢. Given a linear transformation A : V' — V| recall
that v € V'\ {0} is an eigenvector of A with eigenvalue X € R if Av = lv. If \; is an
eigenvalue, F; denotes the eigenspace spanned by the associated eigenvectors. For a
discussion of eigenspaces and related concepts, see [2]. Given a symmetric, bilinear
function ¢ defined on a vector with a non-degenerate inner product, it is well known
that there is a self-adjoint linear transformation A : V' — V characterized by the
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equation ¢(z,y) = (Ax,y). Therefore, ¢ and A have the same eigenvalues with the
same multiplicity. So, if f;, f; are orthonormal eigenvectors,

o(fis f3) = (Afis f3) = Nilfis [3)-
Since ¢ is diagonalized, (f;, f;) can only be nonzero if i = j. With this understand-
ing, we can introduce our next proposition, whose proof is in [4].

Proposition 6.4. Let M = (V,(-,-), R) be a model space. If f;, f; are orthogonal
unit vectors in the eigenspaces for A;, A;, respectively, then k(fi, f;) = X\i);j.

Proposition motivates us to use canonical ACTSs in our first example. Know-
ing only the eigenvalues of ¢ (which are the same as A), we can easily calculate
sectional curvature values, and hence k-plane scalar curvature values. From [5], we
also have a helpful bound on the sectional curvature values in terms of the products
of eigenvalues.

Proposition 6.5. Let ¢ be a symmetric, bilinear function, and let Ay, ..., A\, be
the eigenvalues of ¢, repeated according to multiplicity. Let m and M, respectively,
be the minimum and mazimum of the set {\;\; : ¢ # j}. The set of sectional
curvatures of Ry is precisely the interval [m, M].

We are ready to introduce our example on (m, k)-plane constant vector curvature.

Example 6.6. Let M = (V,(-,-), R) be a model space with {e;,...,eg} an or-
thonormal basis for V, (-,-) a positive-definite inner product on V, and R = Ry,
where ¢ is represented by the matrix

|13 03
o=l )
Here, I3 is the 3 x 3 identity matrix and Os is the 3 x 3 zero matrix.

We defined the matrix in Example so that ¢(e;, e;) is the ij*™" entry. Hence,
the eigenvalues of ¢ are \; = 1 and A2 = 0. The associated eigenspaces are
E, = span{ey, ez, e3} and Ey = span{ey, €5, €6}, so dim(E;) = dim(Es) = 3. Since
rank(¢) = 3 > 2, we know FE3 = ker(R) by Proposition Also, FE; and E5 are
orthogonal because {ej,...,eg} is an orthonormal basis for V. Therefore, we can
write any v € V' as v = av; + Pvs for a, 5 € R and unit vectors v1,v9 € V. Our
approach to the proof of the following proposition is inspired by [4].

Proposition 6.7. The model space M in Ezample[6.0 has the following properties:
(1) €3 < [0,1], €3 € [0,3], and C§ C [0,6],
(2) M is (2,4)-cve(1),

(3) M is (2,5)-cue([1, 3]).

(4) M is (m,6)-cuc(3) and only (m,6)-cve(3) for 1 <m < 5.

(1) ¢3 € [0,1], C3 € [0,1], and C3 C [0, 6].

Proof. Suppose M is (2, 3)-cvc(e) for some € € R. We narrow down possible values
for € by a careful choice of 2-plane. Set P = span{es,e5}. Let L be a 3-plane
containing P with orthonormal basis B = {f1, fa, f3}. Since L contains P, suppose
without loss of generality that f; = (e4 + e5)/v/2. Complete B with any two unit
vectors fo, f3 € V orthogonal to f; and each other. Since f; € ker(R),
3
K(L)= Y w(fi, f;) = £lf2, f3)-

§>i=1
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Set m = span{fa, f3}. By 0 < k(m) < 1, meaning 0 < (L) < 1. Therefore, if
M is (2,3)-cve(e), then € € [0,1], so C3 C [0, 1].

A similar argument shows C3 C [0,3]. Consider P’ = span{ey, es, eg} and let L
be a 4-plane with orthonormal basis {f{, f5, f4, f1}. Set fi = (e4+e5+eg)/v/3 and
proceed as before. Then

4

K(L)= " w(fl, ) = 65 f5) + (5, f2) + K(f3, £1)-

J>i=2

As before, the sectional curvatures are bounded by the products of eigenvalues, so
0 < K(L) < 3. Hence, C§ C [0,3]. By similar reasoning in the case of (4,5)-cve, we
obtain a summation with six nonzero terms, so C§ C [0, 6]. O

(2) M is (2,4)-cuc(1).

Proof. Let P be any 2-plane. Choose an orthonormal basis {z,y} for P. We must
find a 4-plane L containing P such that (L) = 1. Since y € xt, y is a linear
combination of vectors orthogonal to z. So, we can write * = ax; + bre and
y = cy1 + dys for a,b,c,d € R and pairwise orthogonal unit vectors z;,y; € E;.
Construct an orthonormal basis {f1, f2, f3, f4} for L, where

fi=z1, fa=m2, f3 =11, and f1 = 7.

If a =0, set f; = uy for some unit vector u; € ylL. If ¢ = 0, set f3 = u) for some
unit vector v} € xi. Similarly, if b = 0, set fo = uy for some unit vector us € y3-.
If d = 0, set f; = ub for some unit vector u) € 5. In any case, L contains P. Note
that fs, f1 € ker(R). So, by Proposition

4
K(L)= > k(fifj) = rf1, f2) =X\ =L
j>i=1
Since P is arbitrary, we conclude that M is (2,4)-cve(1). O

(3) M s (2,5)-cve([1, 3]).

Proof. Let P be any 2-plane. Choose an orthonormal basis {z,y} for P. We must
find a 5-plane L containing P such that (L) = 1. Write z and y as in part
(2). Since dim(FEs) = 3, there is a unit vector wy € Es orthogonal to x5 and ys.
Construct an orthonormal basis {f1, f2, f3, f4, f5} for L, where

fi=x1, fo=mx2, f3 =191, fa =1y, and f5 = ws.

If a = 0, set fi = wu; for some unit vector u; € yf If ¢ = 0, set f3 = uj for

some unit vector u} € xi. Similarly, if b = 0, set fo = uy for some unit vector

uy € y3 Nwy. If d = 0, set fy = ub for some unit vector uy € 3 Nwy. In any

case, L contains P. Note that f3, f4, ws € ker(R). So, by Proposition

4

K(L) =Y wlfi ;) =6(fi.f2) =X} = 1.

j>i=1

Since P is arbitrary, M is (2, 5)-cve(1).
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Next, we must find a 5-plane L containing P such that IC(L) = 3. Write x and y
as above. Since dim(E;) = 3, there is a unit vector wy; € F; orthogonal to z; and
y1. Construct an orthonormal basis { f1, f2, f3, f4, f5} for L, where

fi=x1, fo=m2, f3 =91, fa =1y, and f5 = w;.

Ifa =0, set f; = uy for some unit vector u; € y1 N wf If ¢ =0, set f3 = uj
for some umt vector uj € x1 Nwi. Similarly, if b = 0, set fo = UQ for some unit
vector ug € yy. If d =0, set fy = ujy for some unit vector u} € x5 . In any case, L
contains P. Note that f3, fy € ker(R). So, by Proposition

4
K(L)= > wlfis f;) = 6(f1, f2) + 6(f1, f5) + £(f1, f5) = 3A] = 3.
j>i=1
This shows M is (2,5)-cve(3). Then M is (2,5)-cve([1,3]) by Theorem O
(4) M is (m,6)-cve(3) and only (m,6)-cve(3) for 1 <m < 5.

Proof. Choose an integer 1 < m < 5 and consider any m-plane P. We know
6
KWV) = Z k(ei ej) = k(e1, e2) + K(er, e3) + k(ez, e3) = 3A; = 3.
j>i=1
Hence, M is 6-cve(3) and only 6-cve(3). Since every m-plane is trivially contained
in V, the claim follows. U

We now present our second example. Given a model space, we assume (-, -)
is symmetric and bilinear, so the ACT with respect to (-,-) is canonical with the
associated matrix I,,. Hence, M = (V,(-,-), R y) is csc(1). Letting R, = aRy. .y,
Proposition implies M, = (V, (-,-), Rq) is csc(a), and hence cve(a). Our next
example using this construction to illustrate our results concerning decomposability.

Example 6.8. Let M = (V,{(-,-), R) be a model space with {ej,...,es} an or-
thonormal basis for V, (-,-) a positive-definite inner product on V, and R =
Ry ® Ry ® R_5. Define three model spaces M; = (V;,(-,-)|v., R;) such that
dim(V;) =2 and M = Ms @ My D M _,.

When we group components of M using parentheses in the following proposition,
for example, M = (Mo ® M) ® M_o, we view My B My as a single model space.
Also note that ker(R) = Vj.

Proposition 6.9. The model space M in Ezample[6.§ has the following properties:
(1) M is 3-cve([—2,2]),
(2) M is 4-cve([—2,2]),
(3) M is 5-cve([—2,2]),
(4) M is 6-cvc(0).

(1) M is 3-cve([—2,2]).

Proof. Consider the decompositon M = Mo@® Mo®M_s. Since M is csc(2), Mo
is 2-cve(2). Similarly, Mg is 2-cve(0) and M _g is 2-cve(—2), so M is 3-cve([—2, 2])
by Corollary O

(2) M is 4-cve([—2,2]).



18 KEVIN TULLY

Proof. View M as M = (Ma @ Mg) ® M_s. We claim My & M, is 2-cve(0). To
see this, we take an arbitrary v € V and verify the three possible cases. First, if
v € Vo, take w € Vp. Then k(v,w) = R(v,w,w,v) = 0 since v is orthogonal to
w and w € ker(R). Second, if v € V, choose w € Va2 orthogonal to v. This is
possible since dim(Vy) = 2. Then k(v,w) = R(v,w,w,v) = 0 as before. Third,
suppose v = v + vg for vo € Vo and vg € V. Take w € Vjy orthogonal to v. Then
k(v,w) = R(va + vg, w,w, vy + vg) = 0 since w € ker(R). Also, M_3 is 2-cve(—2),
so M is 4-cve(—2) by Theorem

Now, view M as M = My & (Mo PH M_s). By a similar argument, replacing vy
with v_g and V5 with V_g, Mo ® M_5 is 2-cve(0). Since My is 2-cve(2), Theorem
tells us M is 4-cve(0). Then M is 4-cve([—2,2]) by Theorem O

(3) M is 5-cve([-2,2]).

Proof. Consider the decomposition M as M = (My & M_3) & M. Because Mo
is 2-cve(2) and M_jy is 2-cve(—2), Mo @& M_q is 3-cve([—2,2]) by Theorem
Since My is 2-cve(0), then, in particular, M is 5-cve(—2) and 5-cve(2) by Theorem
Using Theorem [4.1} we conclude that M is 5-cve([—2,2]). O

(4) M is 6-cve([—2,2]).

Proof. View M as M = Ms ® M_5 @ M. Since My is 2-cve(2), My is 2-cve(0),
and M_s is 2-cve(—2), M is 6-cve(0) by Corollary O

7. CONCLUSION

In this research, we study k-plane constant vector curvature in finite-dimensional
model spaces and generalize this definition to (m, k)-plane constant vector curva-
ture. In particular, we fully classify the topological characteristics of the sets Cy, and
C;*: both are connected, compact subsets of R, that is, real intervals of the form
[a,b]. We also consider the relationship between k-plane constant vector curvature
and decomposable model spaces. We demonstrate several connections between the
k-cve values of the component spaces and the (k + 1)-cve values of the composite
space. As an important corollary, we show every decomposable model space with a
positive-definite inner product is k-cvc(e) for some integer £ > 2 and € € R. We also
give the first specific example of (m, k)-cvc and give a separate example to illustrate
our theorems on decomposability. Our research allows us to easily construct model
spaces with prescribed curvature values from simpler model spaces.

8. OPEN QQUESTIONS

For every answered question, several new ones arise. Here are merely a few
possibilities for future research related to k-plane curvature, (m, k)-plane curvature,
and their connections to decomposable model spaces.

(1) Complete Calle’s work: if a model space M = (V, {-,-), R) is (n — 1)-csc(0),
does this imply R = 07 If not, provide a suitable counterexample. If the
theorem does not hold in all generality, what are some restrictions on M
(e.g. if M is weakly Einstein) that ensure R is trivial?
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(2) While our paper introduces (m, k)-plane constant vector curvature, we do
not investigate this property extensively. What results do and do not gen-
eralize from k-cvc? Are certain theorem only true when m > 2?7 A partic-
ularly intriguing, though difficult, case is (n — 2,n — 1)-cvc. For example,
(2,3)-cve in R? is a natural extension of cve (i.e. (1,2)-cve) in R3.

(3) In our work, we prove that M is at least, not exactly, k-cve([e, d]). Are there
general methods to determine if a model space does not have k-cve(vy) for
certain y? Generalize the arguments in [5] to find bounds on Cj,.

(4) Another approach to problem (3) is to search for converses (or partial con-
verses) of the theorems and corollaries in Section For example, if M
decomposes into M; and Mo, do 1C; and 2C; completely determine the
(k 4+ 1)-cve values of M?

Conjecture 8.1. Suppose a model space M = (V,{-,-), R) decomposes as
M = My My and choose an integer 2 < k < min(dim(V7), dim(V2)). Let
€m and €py, respectively, be the minimum and mazimum of the set 1CxU2Cy.
Then Ci41 is exactly [€m, €n].

A possible proof is to show [e,, €ps] and Ciy1 are subsets of one another.
The containment [€,,, €ps] C Cr41 is a direct consequence of Corollary
However, the reverse inclusion is more difficult.

(5) A model space M has extremal constant vector curvature, denoted ecvc(e),
if € is a bound (lower or upper) on the values in Cy. Analogously, M
has k-plane extremal constant vector curvature, written k-ecve(e), if € is a
bound (lower or upper) on the values in Ci. Much is known about extremal
constant vector curvature, yet no one has studied k-ecvc. What properties
generalize from 2-planes to k-planes? How does this relate to the previous
suggestion? For example, consider the following conjecture.

Conjecture 8.2. If a model space M = (V,{-,-),R) is k-ecvc(e) and k-
ecvc(0), then e = and M is k-csc(e).

(6) In Proposition we prove that if M = M;® My and there exists € € 1Cs
such that —e € 5Cq, then M is cve(0). Is it true the M is only 2-cve(0). Is
there a similar result for k-cvc?

(7) If we have a decomposable model space M = M; & My, where M is
k-cve(e) and My is k-cve(0), is M k-cve(y) for some v € R? While we
prove that M are (k+ 1)-cve([e, d]), our argument provides little insight on
the k-cve values of M.

(8) Calle proves in [4] that any model space M with dim(ker(R)) > k — 1 is
k-cve(0). Equivalently, if dim(ker(R)) > k — 1, then M is (1, k)-cve(0).
With this observation, we can try to extend Calle’s argument to general
(m, k)-plane curvature.

Conjecture 8.3. If M = (V,(-,-), R) is a model space with dim(ker(R)) >
k—1, then M is (m,k)-cvc(0) for all1 <m <k —1.

In a similar manner, one could investigate how the size of the kernel of a
decomposable model space impacts its curvature properties.

(9) If ¢ is a bilinear function on V', we say 1 is anti-symmetric if ¢ (z,y) =
—(y,x) for all z,y € V. In [4], Calle presents two examples of k-cvc model
spaces using R, canonical ACTs, where ¢ is a symmetric, bilinear function
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on V. What are some illustrative examples of k-cvc with an Ry curvature
tensor? What differences arise, if any, compared to the symmetric case?

(10) Suppose we have canonical ACTs Ry and Ry, where rank(¢), rank(¢) > 2
and ¢, are symmetric, bilinear functions. How do the results of Section
change if the model space M = (V,{(-,-), R) is “almost” decomposable,
that is, if M factors into My = (V, (-, ), R1) and My = (V, (-,-), R2), where
R = Ry + Ry? Let us consider a simple example. Since Ry is canonical, the
matrix corresponding to ¢ also represents R4. The same is true for ¢ and
Ry. If ¢ and v are diagonalized and there is no overlap between the entries,
i.e. ¢;; # 0 implies 9;; = 0 and vice versa, then R decomposes as Ry ® Ry;.
However, if there is overlap, e.g. ¢11 = ¥11 # 0, then R # R4 ® Ry, but
one could say M is “almost” decomposable. Investigate this new case and
compare to the results in Section

(11) As mentioned in Section |5, every three-dimensional model space equipped
with a positive-definite inner product is cvc(e) for a unique value e [I§].
(See [7] for a counterexample in the non-degenerate case.) By Corollary
we now know every decomposable model space is k-cvc(e) for some
integer k > 2 and € € R. So, are all model spaces k-cvc for some k£ > 3
and § € R? Is this true only in the positive-definite case? If so, provide
counterexamples.

(12) Investigate the k-cve values of quotient model spaces. Given a model space
M = (V,{-,-), R), we define the quotient of M by the kernel to be M =
(V,{-,),R), where V = V/ker(R) and 7*R = R. It requires more care
to ensure (-, -) is well-defined. What is the relationship between the k-cve
values of M and those of M, if any?

These are but a few of the possible directions for future research.

9. APPENDIX

We present an alternate, more detailed proof of Theorem Our approach is
adapted from the proof that SO(n) is path-connected [I7].

Theorem[d.1] (revisited). If M = (V,(,-), R) is a model space withn = dim(V) >
3, then C;* is connected for all m,k € Z such that 1 < m < k < n. In particular,
C is connected for all 2 < k <n.

Proof. Let M be a model space as above, and suppose M is (m, k)-cvc(e) and
(m, k)-cve(d) for scalars € < §. Take any m-plane P, and let Bp = {v1,...,vn} be
an orthonormal basis for P. By definition, there are k-planes Ly, L1 C V containing
P so that C(Lg) = € and K(L1) = 6. We want to show M is (m, k)-cve(le, d]).

We can find orthonormal bases for Ly and L1, respectively, say

By =Bp U {6m+1, c. ,ek} and By = Bp U {gm+1, .. ,Ek},
so that By spans Ly and By spans L. Extend By, B; to orthonormal bases for V:

VO = {Ula-“avmaem-‘rlv"'aekvfla"'7fj}7
Vl = {vl,...,vm,em+1,...,ek,fl,...,fj}.
We want a continuous deformation of orthonormal bases in which vy, ..., v,, always

remain basis vectors. Our method is to carefully spin the vectors in Vy until the
first k align with those of V1, which requires at most k rotations.
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Let A; € GL,(R), where 0 < ¢ < 1, be transition matrices. Here, GL,,(R) is the
general linear group of degree n. Let A; denote the transition matrix from Vy to
V1. We need a continuous path

a:[0,1] = SO(n)
t— A

such that a(0) = Ag = I,, and o(1) = Ay, where ¢, = Aey, fT = Af,, and v, = Av,
for all s = 1,...,m and all ¢. The first m rotations are trivial. For all s, define
as 1 [0,1] = SO(n) by as(t) = I,. Then a,(0)vs = vs and as(1)vs = vs.

Next, we find a path a,11 : [0,1] = SO(n) so that am,41(0)emt1 = emy1 and
mt1(1)emt1 = €nt1. Choose a new basis for V. Let u be a unit vector such
that €,11 € span{em41,u} and call U = span{e,,41,u}. Arbitrarily complete an
orthonormal basis for V, say B = Bp U {em+1, U, bmi3,...,bn}. Next, construct a
rotation of U that leaves vectors in U+ unaffected. Since e,,;1 and €,,4; are both
unit length, there is an angle 6 so that

L, O 0 0

~ 1 0 cos —sinf 0

Cmtl =0 sin® cosf 0 Emt1.
0 0 0 Iymoo

This matrix represent a counterclockwise rotation through 6 from e,, 11 to €41.
Therefore, a suitable path a1 is

I, 0 0 0

| 0 cos(6t) —sin(6t) 0

s (t) = 0 sin(ft) cos(6t) 0
0 0 0 [n—m—2

One can verify that a,41(t) € SO(n), am+1(0) = I, and apmy1(t)eme1 = Emtr-
The vectors in Bp are invariant under «,,; because each one is orthogonal to
m(€ms1) = €my1 and epq1. (This happens since Bp C U~, the complement of
the subspace where the rotation occurs.) We get a new orthonormal basis for V:

BP U {6m+1, am+1(l)em+2, vy Oé7n+1(1)6k, PN ,Otm+1(1)f1, N ,am+1(1)fj}.
Now, recursively apply this process. That is, find paths au,42,...,qr taking
orthonormal bases to orthonormal bases that rotate the first k vectors of V, until
they align with those of V. Since a;4+1(0) = «;(1) for ¢ = 1,...,k — 2, we can
concatenate these paths to obtain a single path « : [0,1] — SO(n) given by
Q= * Qg *x - O,

where a(0) = a;1(0) = Ag and oy = Ay. Set A; = «(t) for 0 < ¢t < 1. Since oy
leaves the vectors in Bp invariant, vy, ..., v,, are in the orthonormal basis of every
intermediate transition matrix A;. Letting L; be the plane spanned by the first k
vectors in Vy, this means L; contains P. We have

K:(A()Lo) = K:(’Ul, o s Umy Emt1y - e ey €k,) =€,
/C(AtLo) = ’C(AtUh ooy AU, At€m+1, sy Atek) = ’C(Lt),
K(A1Lo) = K(vi,. .., Um,s€met, ... ex) = K(L1) = 6.

Since the map L — K(L) is continuous, Gry (V') is connected [12], and the contin-
uous image of a connected set is connected, for all v € [e, ], there exists ¢ € [0, 1]
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such that L; contains P and K(L;) = 7 by the Intermediate Value Theorem. Hence,
M is (m, k)-cve([e, 6]). Since € and § are arbitrary, C;* is connected. In particular,
letting m = 1, C, is connected for all 2 < k < n. O
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