ALGEBRAIC REQUIREMENTS FOR K-CURVATURE
HOMOGENEOUS SPACES

7ZOE SMITH

ABSTRACT. We study the algebraic conditions that every one-model
realizable as a curvature homogeneous-1 space. We study dimension n = 3
with a Riemannian and Lorentzian metric. In the case of symmetric spaces,
we present families curvature tensors that could not correspond to a
curvature homogeneous-1 space.
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1. INTRODUCTION

The study of pseudo-Riemanninan and Riemannian manifolds causes us to ques-
tion the curvature of the manifold. Curature homogeneity is a condition in both
Riemanninan and pseudo-Riemannian geometry. We say that a manifold (M, g) is
curvature homogeneous if there is a linear isometry between any two p,q € M that
preserves the curvature tensor. This property can be extended up so that a man-
ifold is curvature homogeneous up to order k if for any two p,q € M there exists
a linear isometry ¢ : T,M — T,M such that ¢*(VR(q)) = V'R(p) for all i < h.
Singer[1] has shown that for a Riemanninan manifold there exists some number k
such if M is curvature homogeneous up to order k, then M is curvature homoge-
neous for all k£, a condition called locally homogeneous. This was generalized to
pseudo-Riemannian case by Cartan and Sternberg[2]. Kowalski and Priifer[3] have
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shown that there are algebraic conditions that must be satisfied for a Riemannian
manifold to be curvature homogeneous (k=0). Specifically they used these con-
ditions to develop curvature tensors in dimension n = 4 that could not belong
to curvature homogeneous spaces by not satisfying their algebraic conditions. In
this paper, we will build off the work of Kowalski and Priifer to develop algebraic
conditions that must be satisfied to be curvature homogeneous to the & = 1 level.
We do this for both the Riemannian and Lorentzian case in dimension n = 3. We
present curvature tensors and their covariant derivatives that could not belong to
any curvature homogeneous space up to the £ =1 level.

2. DEFINITIONS

It is useful to proceed with some definitions that will ease future discussion on
this topic.

Definition 2.1. [Algebraic Curvature Tensor| Let V be vector space. An alge-
braic curvature tensor (ACT) R is a type (0,4) tensor that satisfies the following
properties: If x,y, z, v are elements in V:

e R(z,y,z,v) = —R(y,x,z,0).

b R(Jj’ y? Z’ U) = R(Z7U7x’ y)'

e Bianchi Identity: R(x,y,z,v) + R(x,v,y,2) + R(z,z,v,y) = 0.
Definition 2.2. [Curvature Operator] The curvature operator, R, is a type (1,3)
that maps R(z,y) : V — V. It is defined so that

R(I7yvzaw) = g(R(‘T,y)Z,’U})
Higher orders of the curvature operator are defined so that
VZR(I', Y, 2, W; tla ) t’L) = g(le(.’I, Y; tla ) tl)za w) .

Remark 2.3. Note that the symmetries of the algebraic curvature tensor R are also
encoded in R. For example R is anti-symmetric under exchange of x and y, so that
R(.’t, y) - 7R(y7 1’)

Definition 2.4. [Connection] Let M be a manifold and V be the space of smooth
vector fields on M. A connection, defined on M is a map

ViVxV =YV
which follows the following properties:

o V(v1 4+ vo;ur +uz) = V(v1;u1) + V(v1;u2) + V(ve;ur) + V(ve;uz)
e V(vy, fu1) = fV(v1,u1) where f a scalar value.
e V(gvi,u1) = gV(v1,u1) + ui(g)vy where g a scalar function.

Definition 2.5. [Levi-Civita Connection] The Levi-Civita connection is the unique
connection that is metric compatible and torsion free. Specifically, we have Vg = 0
and VxY — Vy X = [X,Y] where X and Y are any two vector fields and [X,Y] is
the Lie bracket of X and Y.

We will use the Levi-Civita connection, V, to covariantly differentiate our cur-
vature tensor, R in the following manner:

VR(x1, 2,3, x4;u) = w(R(z1, 2, T3, 24)) — R(Vy21, 2, T3, T4)

—R(x1,Vyxo, x3,24) — R(21, 22, Vuxs,24) — R(x1, 22,23, Vyoya).
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Similarly we define V'R for i > 2. More details on this higher order differen-
tiation can be found in [4]. In addition, we will denote V as the the Levi-Civita
connection for the remainder of this paper.

Definition 2.6. [0-Model] A 0-Model is a model space given by a vector space V,
a non-degenerate inner-product g, and an algebraic curvature tensor R. We will
denote it as (V, g, R).

Definition 2.7. [1-Model] A 1-Model is a model space given by a vector space,
V', a non-degenerate inner-product g, algebraic curvature tensor R, and algebraic
covariant derivative VR. We will denote it as (V, g, R, VR).

Definition 2.8. Let S be a type (2,1) tensor, define
Sy - T(x1,eyxr) = =T (Szx1, @2, ey k) — oo — T(T1, o0y Szpe),
where T is a tensor type (0,k).

3. THEOREMS INHERITED FROM KOWALSKI AND PRUFER

As previously stated, this paper is heavily indebted to the work of Kowalski and
Priifer. In particular, the following theorem and corollary were adapted from their

paper:

Theorem 3.1. For any curvature homogeneous-k manifold (M, g) there exits an
open covering {Va}iacsy such that in each Vi there is an orthonormal moving
frame {E¢, .., E®} on which all components of R, V'R are constant for i < k.

Corollary 3.2. In each V, there exists a flat connection ve (with torsion) such
that (V¥)ig = (V¥)'R = 0 fori < k. Here V* is defined as the (unique) connection
for which the vector fields EY, ..., EX define an absolute parallelism. More explicitly:
%o ES = 0.
B8

The existence of an absolute parallelism on the connection V creates an opening
for us to develop conditions that connect the metric and algebraic curvature tensor
— which is where we are headed.

4. ALGEBRAIC CONDITION TO BE SATISFIED FOR CH; SPACE

Before we can develop the conditions that must be met to be included in a
curvature homogeneous up to k = 1 space (CH;), we state the commutation relation
for the covariant derivative as written by Gilkey[4].

Proposition 4.1. On a manifold (M,g), if x1,...,x4 are vectors and VR is the
covariant derivative of the algebraic curvature tensor R, then the following rela-
tionship must hold.

V2R(z1, 295 3, 74) — (VER) (21, T2; 24, 73) =
R(xa, x3)R(x1,x2) — R(x1, 22)R(24, 23) — R(R(24, x3)21, 22) — R(x1, R(24, 23)X2)

This proposition allows us to establish relationships between the covariant de-
rivative of algebraic curvature tensors. Now we can establish algebraic conditions
that a one model must satisfy to belong to a CH; space.
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Proposition 4.2. Let (M,g) be a CH; space. Then, in a neighborhood U, of
each point p € M, there exists a type (1,2) tensor field, S, such that the following
conditions must be met:
(4.3) S, g=0,
for all z € T,, M, m € Up,
(44) SXtY,Z(SX : R) (Ya Z7 U7 V) =0
for every X € T, M,m € U, where S denotes the cyclic sum, and
(4.5) (Sz, - VR)(21, 22, z,w;x3) — (Ses - VR) (21, 22, 2, w; 24) =

R(zs, x3, R(21, 22)2, w) — R(21, 22, R(24, 73)2, W)

—R(R($4, ,]33)1'1, T2, 2, ’l.U) - R(le, R(Jf4, I3)x27 2, ’lU)
for all x1, 22,23, 24,2, w € T, M, m € U,
Proof. Let {Ex, ..., En} be the orthonormal basis referenced in Corollary (3.2), and
let V be a flat connection on which {Ey, ..., E, } form an absolute parallelism. It is
sufficient to complete the proof on this basis. Define S, =V, — V.. Then proof of
Equation (4.3) and (4.4) follow from the paper written by Kowalski and Priifer|3]
because a space (M, g) is CHy if it is CHy. The proof of Equation (4.5) follows
quickly. If we can show that for a CH; space,
(4.6) Sk, - VR(E;, Ej, Ey, Ey,; En) = V?R(E;, E}, Ey,, Eg; Eq, E)
for 4,4, k, ¢, m,q < n then the proof of Equation (4.5) will follow from Proposition
(4.1). To prove Equation (4.6) consider that

VZR(Eiv E]a Ek7 E@? E’m7 Eq) =

Eq(VR(E“ Ej, Ek, Eg; Em))—VR(VEqu, Ej, Ek, Eg; Em)f...7VR(Ei, Ej, Ek, Eg; VEqu).
The assumption that our model space is CH; informs us that the entries of

VR(E;,E;, Ey, E; Ey,) are constant. The partial differentiation of these terms
will therefore vanish, eliminating the first term: E((VR(E;, E}, Ex, E¢; Ey,)). Our
definition of V as a flat connection on which we have an absolute parallelism ensures
that

@ . VR(E“ Ej, Ek, Eg; Em, Eq) = 0,

completing our proof. (I

5. DEVELOPING UNKNOWNS

Let (M, g) be a CH; space, and let {E1, ..., E), } be the orthonormal moving frame
that makes the curvature entries of R, VR and ¢ to be constant in a neighborhood
U of p € M. Throughout this paper, we will refer to the notation

R(E;, Ej, Ex, Er) = Riji.
Recall that our tensor Sx was defined to be
Sx =Vx — Vx.
Our flat connection V was chosen as the unique connection for which {E1,...., En}

defined an absolute parallelism in any coordinate chart. This means that \V/ el =0
for all 4, j < n. From this we can see that on the basis {E1, ..., Ey, },

(5.1) Ve E; =SgE;
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for i,5 < n. To proceed, we introduce the same notation used by Kowalski and
Priifer to write Sg, as a linear combination of the E’s. We define

(5.2) Sp,E; =Y SYE,
p=1

This notation is justified because the I, form a basis for each tangent space.
With a Riemannian metric, we can apply the notation of Equation (5.2) to
Equation (4.3). We see that:

0= Sg, -9(Ej, Ex) = —9(Sg, Ej, Ex) — g(Ej, Sg, E.)-

= —g( zn: S%E;n Ek) - Q(Ejﬂ zn: Ep)
p=1 p=1

Because g is bilinear, the only terms that will survive the orthonormal g are p = k
in the first term, and p = j in the second term. This implies that

(5.3) 0=SE+57,
for 4,4,k < n. Because of Equation (5.3), we can reduce our unknowns, the Sfj’s,
from n3 to n(%)

If we instead chose to work with a Lorentzian Metric, we would simply pick up

a negative sign in some cases. Let F; be the time-like vector of our signature (1,2)
metric so that

9(E By) = {%g j i Z’f jéolr1 =1
i, - J=
Then, the Lorentzian equivalent for Equation (5.3) becomes
Ski+S i jk#1
(5.4) 0=q8f+5, ifj=k=1
Sfi—8, ifj=1landk#1

for i, j, k < n. Equation (5.3) allows us to reduce the number of unknown Sfj’s from

n3 to n(%) Namely, we have independent Sfj’s for1<i<m1<j<k<n.

6. DEVELOPING SYSTEM OF EQUATIONS

We can now apply the notation defined in Equation (5.2) to the relationship
between S, VR and R in Equation (4.5). With a similar reasoning used in the
definition of the Sfj’s, we can define

R(Ei7Ej)Ek = H]-.jjkep.

,

With a Riemannian metric, we see that Hfjk = Rijri. To do this, notice that
9((R(E;, E;)Ey, Ey)) = R(E;, Ej, Ey, Ey). Simultaneously: g((R(E;, E;)Ey, Ey) =
Hfjk because ¢ is Riemannian and the Els are orthonormal.

With a Lorentzian metric, with a similar proof we see that:

Rk ifl#1
Hfjk = d . .
*Rijkl ifl=1
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In both the Riemanninanan and Lorentzian case, by employing the multi-linearity
of R and properties of the covariant derivative outlined in Definition (2.5), we see
that:

(6.1) SgiVRpjkl;m - ngVRipkl;m - SglVRijpl;m - SslVRijkp;m - ngVRijkl;p =

P P .. _ [P . — HP
Hiijqmpl_qukapl H ‘Rmkl H

qmi aqk

Ripri

where p is a summation index. Notice that Equation (6.1) is the same with the
exchange of the pairs (4, j), (k,{) and (m, ¢). Thus, we have a system of 27 equations
for dimension 3. Namely, corresponding to 1 < i < 57 < n, 1 <k <1 < n,
1 <m < g <n. The equations for n = 3 with a Riemannian metric are written in
full in Appendix A. The equations for n = 3 with a Lorentzian metric are included
in Appendix B.

7. APPLICATIONS

The system of equations developed and presented in Appendices A and B include
both VR and R. In the special case in which VR = 0, we are left with relationships
among the independent entries of R that must be satisfied by the 1-model to belong
to a CH; manifold. By definition when VR = 0 corresponds to a symmetric space.
A 1-model whose covariant derivative vanishes at each entry, and whose algebraic
curvature tensor fails to meet the conditions established by the equations outlined
in the previous sections cannot be the curvature tensor of a symmetric space,.

7.1. Symmetric Spaces 3D Riemanninan. The right hand side of the equations
in Appendix A correspond to the conditions set on R when the entries of V R vanish.
Klinger[5] showed that for a Riemannian metric there is a constant transformation
that takes us to a basis in which maximal entries of the algebraic curvature tensor
vanish. We can set

R1213 = R1223 = R1323 = 0.

This leaves us in dim M = 3 with three independent curvature entries: Ris01 = Z,
Ri331 = Y, and Ro332 = V. Kowalski and Priifer call this basis a ‘Chern’ basis.
With this Chern basis in hand, the necessary relationships between the entries of
the curvature tensor become simple. The equations become:

(7.1) Z(V-Y)=0,
(7.2) Y(Z-V)=0,
(7.3) V(Y —Z)=0.

From here it is evident that for Z, Y, and V to satisfy the these equations they
must fall into one of two cases:

(1) Z=Y =V, or

(2) at most one Z, Y or V is nonzero.

Any 1-model with the covariant derivative VR = 0 and with R not included in
these two cases in this Chern basis cannot be realized as symmetric space.
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7.2. Symmetric Spaces 3D Lorentzian. We can take a similar approach to the
system of equations from Appendix B. Unfortunately, in dimension n = 3, there is
no Chern basis that will cause certain entries of the curvature tensor to vanish. We
proceed with our six independent entries of R outlined in Appendix B:

Rigo1 = Z, Riz3 =Y,
Rio31 = X, Rz =W,
R2332 = V7 R1332 =U.

By setting the 15 independent entries of VR to zero, we have a system of equations
that must be satisfied by our curvature operator, R, in order for our 1-model to
be realized as a curvature homogeneous up to £ = 1 space. These relations are as
follows:

(7.4) WY —UX =0,
(7.5) UW -VX =0,
(7.6) UZ-WX =0,
(7.7) VZ-W?-X*+YZ=0,
(7.8) U?—VY4+X2-YZ=0.

While these five equations with six unknowns have a less straightforward solution
than that of the dimension n = 3 Riemannian case, with the aid of a computing
software we see there are five possible scenarios that would satisfy these equations:

H Entry Case 1l Case2 Case3 Case4 Caseb H

U= U 0 U 0 0
v= " 0 |4 v Z
W= W 0 0 W 0
X=X X 0 0 0
v= iU Y 0 0 —Z
2 2 2
A s A

Note that case 5 corresponds to constant sectional curvature. Any 1-model in which
the entries of VR vanish and the entries of R do not satisfy one these five cases
cannot be realized as a Lorentzian symmetric space.

8. CONCLUSIONS

We have established a set of algebraic conditions that must be satisfied for a
1-model to correspond to a curvature homogeneous up to h = 1 space. In the case
of symmetric space, We present solutions to the entries of the curvature tensor
whose 1-model could not correspond to a CH;y space. Future studies could expand
to higher orders curvature homogeneous spaces. It would also be meaningful to find
a l-model that satisfies the algebraic conditions specific to a CH; space outlined
in this paper, but do not meet the conditions for a CHy space given by Kowalski
and Priifer[3]. There are also applications of this method to homothety curvature
homogeneous spaces.
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APPENDIX A. DIMENSION 3 RIEMANNIAN EQUATIONS

In this appendix we present the system of equations for which the Sfj’s must
have a solution to in order for a 1-Model to have potential in being geometrically
realized as a CH; space with a Riemanninan metric in 3 dimensions. Because
these equations are quite long, the 6 independent curavture entries to the algebraic
curvature tensor were renamed in the following manner:

Rigon =2 Riz31 =Y
Rigz1 = X Rigzs =W
Razzp =V Rizz =U.

The 15 independent entries of VR were renamed as well:

VRiznn = A VRig311 = B VR0 =C
VRi3301 = D VRig2 = FE VRiz311 = F
VRig12 =G VRig322 = H VRasz22 = 1
VRy3322 = J VRy3313 = K VRig313 =L
VRigs323 = N V Ra3303 = P VRi3323 = Q.

Additionally, each Sfj has been renamed as Afj The system of equations in
matrix form is:

Nine rows of this matrix are obvious duplicates of each other, reducing our system
of 27 equations to 18. It can be shown using Mathematica that this matrix has
maximal rank.
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APPENDIX B. DIMENSION 3 LORENTZIAN EQUATIONS

r A 2H 3G B —20—(C—G) 2B 0 0
B-H 7 D E-2L c+a D41 A+F 0 0
C+G B+l J-N BAH A4+N—(=J—N) D 0 0
B—H J D E-21 c+a D41 A+F 0 0
o2 0 26— K 2D—(~D—L) K 2B 0 0
D—1—(~D-L) G H-Q F4Jd—(J+N) B+Q c 0 0
C+G E+1 J-N B4 H A4+N—(=J=N) D 0 0
D—i—(~D—L) -G H-Q —F4J—(J+N) B+Q —c 0 0
2.J—(J+N) —2H -r 2D+ 1 204P 0 0 0
0 A+42N E-2L 0 0 0 B —20—(C—G)
—-N B+Q G-K—(C-G) 0 0 0 C+G ~D+L
L C+P—(~C+G) H-Q 0 0 0 —B+H A+N—(—J—N)
-N B4Q G-K—(C—-G) 0 0 0 4G “D+4L
—2Q I 2L—(~D—L) 0 0 0 2D—(~D—L) K
K-P D1 J4N 0 0 0 —F+4J—(J+N) B+Q
L CHP—(-C+C) H-Q 0 0 0 —B+H A4N—(~J=N)
K-P DL J+N 0 0 0 —F4J—(J+N) B+Q
2Q —2N—(J4N) I 0 0 0 —2D+1 2047
0 0 0 0 A+2N E-2L —A —2H
0 0 0 N B+Q G-K—(0-G) —B+H —J
0 0 0 L CHP—(~C+G) H-Q —C-G B-1
0 0 0 -N B+Q G-K—(C-G) —B+H —J
0 0 0 —2Q P 20L—(—D—1L) —F42J 0
0 0 0 K-P D-1L J4+N —2D4I-L el
0 0 0 L CHP—(—C+G) H-Q —C—G E-I
0 0 0 K-P D-1L J+N —2D+1-1L G
| 0 0 0 2Q —2N—(J4+N) I —J4N 2H

9

2G-(C=G)
—E+L—(-D-L)
J4+N
—E+L—(-D-L)
—2G+K
~H+Q
J+N
~H+Q
P

In this appendix we present the system of equations for which the Afj ’s must have
a solution to in order for a 1-Model to have potential in being geometrically realized
as a CH; space with a Lorentzian metric in 3 dimensions. Because these equations
are quite long, the 6 independent curvature entries to the algebraic curvature tensor

were renamed in the following manner:

Ryoo1 =7 Rizz1 =Y

Riz31 = X Ryg30 =W

Rozza =V Rys30 =U.

The 15 independent entries of VR were renamed as well:

VRi211 = A VRi2311 = B VRi2321 =C
VRizzo1 =D VRiz =F VRigsnn = F
VRi2312 =G VRig3220 = H V Razzzz =1
VRizz00 = J VRigs13 = K VRisz13 =1L
VRiaz03 =N VRa33e3 = P VRi3323 = Q.

Additionally, each Sfj has been renamed as Afj
matrix form is:

The system of equations in

0
UX+WY
UW-VX
UX+WY
2 Z—2WX
VZ-W24X2-YZ
UW-VX
VZ-W24X2-YZ
—2UZ+2WX

20X -2WY
~UZ+WX
U2-VY-X2+YZ
=UZ+WX
0
~UW+VX
- Y-X24+YZ
—UW+VX

—2UX +2WY

Z
UZ-WX
~U24VY -VZ+W?
W —2VX
UX-WY
UZ-WX
UX-WY
0
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—A
—B-H
—-C-G
—B-H
—F-2J
—2D—-I1—-L
—-C-G
—2D—-1-L
—J+N
0
-N
-L
—-N
—2Q
—K-r
—-L

G
E+1
G
2H
—A+2N
-B+Q
—20+G+P
-B+Q
—-F
—D+L
—20+G+P
—D+L
J+3N

c-3¢
—D+B-2L
—J-N
—D+E-2L
26K
H-Q
—J-N
H-Q
P
B-2L
G-K—(C-G)
H-Q
G-K—(C—G)
2L—(~D-L)
J+N
H-Q
J+N

E
C+G
B+H
c+G
2D—(—D—1L)
F+J—(J+N)
B+H
F+J—(J+N)
2D+1
0
0
0
0
0
0
0
0
0
0
-N
—L
-N

ZOE SMITH

—20—(C—G) 2B
—D+L —A+F
—A4N—(—J—N) D
—D+L —A+F
K 2B
-B+Q -c
—A+N—(=J—N) D
-B+Q el
—204+ P 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
—A+2N E-2L
-B+Q G—K—(C-G)
—204+G+P H-Q
-B+Q G-K—(C-@)
—F 2L—(—-D—L)
—D+L J+N
—2C+G+P H—Q
—D+L J+N
J+3N 1

c+G
B+H
o+G
2D—(—D—L)
F+J—(J+N)
B+H
F+J—(J+N)
2D+1
A
B+H
o+G
B+H
Fi27
D+I1—(—D—L)
C+G
D+I—(—-D-L)
2J—(J+N)

—A4+N—(—J—N)

~D+L
K
-B+Q

—A+N—(—J=N)

—B+Q
—20+P
—2H

0
~UX+WY
UW-VX
~UX+WY
WZ—-2WX
VZ-W2-X24YZ
UW-VX
VZ-W2-X24YZ
WZ—2WX
WX -2WY
—UZ+WX
U2—VY+X2-YZ
~UZ+WX
0
~UW+VX
U?-VY+X2-YZ
—UW+VX
WX —2WY
—2UW+2VX
—U?+VY -VZ+W?
~UZ+WX
—U24VY —VZ4+W?
20W —2VX
~UX+WY
—UZ+WX
~UX+WY
0




