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Abstract

The algebraic symmetries of the Riemann curvature tensor are well-known, and can be replicated
on a finite-dimensional vector space as algebraic curvature tensors. In this paper we investigate the
symmetries of the Riemann curvature tensor using methods from combinatorics and finite group theory.
We motivate the use of representation theory to study and generalize these symmetries. In Section (3) we
study the role of idempotent elements of the group algebra of a finite group, and how they provide elegant
ways to project onto spaces of tensors having certain symmetries. We then shift attention to studying a
certain generalization of curvature tensor symmetries to higher rank tensors called the Kulkarni-Nomizu
algebra, which has the structure of a graded, commutative algebra. We generalize the construction of
the Riemann curvature tensor from the metric, to provide a homogeneous map on the Kulkarni-Nomizu
algebra which raises degree, and takes into account the interesting symmetries of these tensors. Finally,
we examine the Kulkarni-Nomizu bundle on a smooth manifold, and the possibility of connecting these
findings to a variant of de Rham cohomology on the Kulkarni-Nomizu bundle.

1 Geometric Background

One goal of this paper is to classify algebraic curvature tensors. These are the algebraic analogies to the
Riemann curvature tensor on a Riemannian manifold. The source used for all of the geometric background
provided here is Lee’s [6]. The Riemann curvature tensor is constructed on a manifold (M, g) with smooth
metric g, and is a (0,4)-tensor on each tangent space. Its explicit form is

Rm(X7Ya Za W) = g(vaYz - VyVxZ— v[.X,Y]Z7 W)7

Where V is an affine connection on (M, g).
Equivalently, we define a (1, 3)-tensor R by

R(X, Y)Z =VxVyZ -VyVxZ— v[X,Y]Z
and then write

Rm(X,Y, Z,W) = g(R(X,Y)Z,W).

Meanwhile, algebraic curvature tensors on a vector space V are tensors R € V®* that satisfy all of the
symmetries of the Riemann curvature tensor on a manifold.

The first symmetry of the tensorfield Rm is that

Rm(X,Y,Z,W)=—Rm(Y,X,Z,W).



This is simply because the term

VxVyZ ~VyVxZ —VixyZ

is alternating in X and Y, since the Lie bracket, [X,Y] = —[Y, X] is also alternating in X, Y, and the terms
involving Vx,Vy acquire a negative sign when we reverse the order of these variables. So our algebraic
curvature tensor R should also satisfy:

R(x,y,z,w) - fR(y,x,z,w).

This is the only symmetry of the tensor field Rm that doesn’t exploit extra facts about the Levi-Civita
connection. The properties of the Levi-Civita connection are what uniquely determine it with respect to the
metric g on M, and give us two additional symmetries.

Definition 1.1. A connection V on a manifold M is called torsion-free if for all vectorfields X,Y on M,
VxY - VyX =[X,Y].
Definition 1.2. A connection V on a manifold M with metric g is called g—compatible if
Vg=20
= Vxg(Y,Z)=g(VxY,Z) + g(Y,VxZ),
for all vector fields X,Y, Z.

Definition 1.3. With these definitions in mind, a Levi-Civita connection on (M, g) is a torsion-free,
g—compatible connection V.

In fact, the Fundamental Theorem of Pseudo-Riemannian Geometry says that for any inner product g on
M, there is a unique Levi-Civita connection with respect to g.

When V is g-compatible, we get the following symmetry of the Riemann curvature tensor:
Rm(Xax Z7 W) = 7Rm(X7Ya VV,Z),
so that Rm is alternating in Z and W.
When V is torsion-free, we get the following symmetry:
BRm(X,Y,Z, W)+ Rm(Y,Z,X,W)+ Rm(Z,X,Y,W) =0,

which we call the the Bianchi Identity in X, Y, and Z.

Note that both of these symmetries are actually equivalent to each of the respective conditions on V. The
proof of the Bianchi identity is not too hard to show once you know the Jacobi identity for the Lie bracket:

[X, [Y7Z]] + [Y, [Z7X]] + [Z7 [XvYH =0.

The full symmetries of the Riemann curvature tensor are thus all the symmetries generated by
Bm(X,Y,Z,W)=—-Rm(Y,X,Z, W)= —-Rm(X,Y,W, Z),
BRm(X,Y,Z, W)+ Rm(Y,Z,X,W)+ Rm(Z,X,Y,W) =0.

This includes a few other important symmetries:



Lemma 1.1. The Riemann curvature tensor has swap symmmetry:

Rm(X,Y,Z, W) =Rm(Z,W,X,Y)
This swap symmetry is actually a very useful symmetry of Rm and something we might want to salvage
even in the absence of the Bianchi identity, but more on that later. See [6] for a proof of this fact.
Lemma 1.2. The Riemann curvature tensor has Bianchi identity with respect to any three variables.
This removes some of the arbitrariness of the Bianchi identity, namely the fact that it involves the first three
variables.

An algebraic curvature tensor on a vector space V' is then any (0, 4)-tensor with all three of the important
symmetries of the Riemann curvature tensor:

R(xaywzaw) = —R(y,x,z,w) = —R(z,y,w,z),

R(wyy, z,w) + R(y7 Z7$,’LU) + R(z,x,y, w) =0.

Note that all the symmetries generated by these still apply. Namely, R has swap symmetry as well as Bianchi
symmetry with respect to any three variables.

2 Representation Theory

It is useful to develop elegant language for talking about symmetries, especially symmetries of tensors
and tensor fields. The language most mathematicians use to describe symmetry is group theory, and the
language we use to describe symmetries of vector spaces is representation theory. A good reference for
representation theory, from which much of this discussion is sourced, is Fulton and Harris’ [3].

Definition 2.1 (Group Representation). Let G be a group. A representation of G is a vector space V
together with a homomorphism

0:G— GL(V).

Equivalently, a representation of GG is an action of G on a vector space by linear automorphisms, i.e. and
action G ~ V| such that

g(v+w) = gv + gw,

g(cv) = cg(v), forallec € F,

where F is the underlying field, which we will assume throughout is R or C. We usually suppress the
homomorphism g and think of representations as actions. Even though a representation of G is really a pair
(V, 0), we often simply say p is the representation of GG, and the underlying vector space V is sometimes
called the representation space of g, but is also called a representation of GG itself. For abbreviation’s
sake, we sometimes refer to representations of G as “reps” of G or say that p or V is a “‘G—rep.”

Example 2.1 (Permutation Representations). Let G be any finite group and X any finite set with a G-
action, G ~ X. Let V = FX be the vector space spanned freely by X, so that V has a basis of the form
e, for x € X. Then V is called the permutation representation over X, and the G—rep structure is
defined by:



gy = €gz-

More generally, a permutation representation of G is a rep V such that G permutes a basis of V.
Permutation representations are important for constructing examples of representations of groups, but not

every representation arises this way (The alternating representation of the symmetric group, which we will
discuss later, is not of this form).

Example 2.2 (The Regular Representation). Any finite group G naturally acts on a finite set, namely,
G ~ G by right multiplication. The permutation representation associated to this action is called the
regular representation of G. Explicitly, this is F® with the rep structure given by

9geh = €g4.h-

The regular representation, although it seems even more specialized permutation representation, is actually
the most important representation of G in a few ways. Not only does it contain all the basic (irreducible)
representations of G, but it also carries the structure of a ring, or really an algebra over F. This algebra
describes every representation of G through its universal property. We will present these facts in a moment.

Example 2.3 (Permuting Tensors). Return to algebraic curvature tensors. These are tensors in V® defined
by a set of equations:

R(xu Y, 2, ’lU) = _R(yv xz,z, U)) = —R((E, Yy, w, 2)7

R($7 Y, z, U}) + R(y7 Z,T, ’LU) + R(Z7 x,Y, w) =0.
The space of these tensors is constructed out of a permutation representation as follows. Notice that each
equation involves permuting the variables x,y, z,w in some way, then adding signs or summing over per-

mutations. Permutations of these variables form a finite group, the symmetric group on four letters S4. In
general, the symmetric group on k letters Sy, acts on V®* in the same way: for o € Sy, define

(O'T)(’Ul, V2y eeny Uk) = T(’U(,(l)7 ’UU(Q), ceey Ua(k))-
Then V®* forms a representation of the symmetric group Sj. Note that the representation space of this rep

is not V, and Sj, might not act on V itself, but it does act on V®* in this manner. This is a permutation
rep of Sy: If eq,...,e, € V is a basis for V, then there is a basis for V®* consisting of elements of the form

€ir.ipy = €y D€, Q... Q€

where each i1, ...i; ranges from 1 to n. It is easy to see that Sy permutes these basis elements:

O0€iy iy = Ciyry.ig -

Another way to express this as a permutation rep is to consider the set X = [n] (%] consisting of functions I
from a set of k elements [k] to a set of n elements [n]:

]l = {1 :[1,2,....,k] — [1,2,...,n]},

I= (il,ig,...,ik) S [’I’L} .

Then Sy, acts on [n]*! by precomposition,



cl=1o0= (ia(l),ig(g),...,ia(k)),

and if V has dimension n, then the basis for V& consisting of e;,. ;, is indexed over the set [n] [k], and the

i
two representations V®* and F(nI™) agree.

Definition 2.2 (Subrepresentation). Let V' be a representation of a finite group G. A subrepresentation
of V is a vector subspace W C V which is carried into itself by the action of G. This means that for all
g€@G,

weW = gweW.
Notice that a subrep of V is actually a representation of G itself, with the G—rep structure being the one
inherited from V. We consider the rep W to be a “smaller” representation hiding inside the rep V.

Lemma 2.1 (Complete Reducibility). Let V' be a representation of G, and let W be any subrepresentation
of V. Then there is a unique complementary subrepresentation W' of V' such that W N W' = {0} and
W+ W' =V. Equwalently, V. =W @ W' splits as a direct sum of G—reps.

Proof. There are two standard proofs of this fact, both of which rely on the idea of G—averaging, and can
be found in [3] but are paraphrased here to emphasize some of the ideas used. The first proof uses this to
find a G—invariant inner product: this is an inner product (-,-) : V' x V' — R such that

(gv, gw) = (v, w)
For all v,w € V. To do this, first take any inner product (-,-) on V. Now consider its G—average, defined
by
G 1
(v,w)” = @ Z(gv,gw}.
geG

After checking this is indeed a positive definite inner product (whenever the original inner product is positive
definite), it is easy to show it is also G—invariant:

1 1
<hU, hw>G = @ Z(ghv,ghw) = @ Z <g/v7g/w> = <an>G>
geG 9'eG

since multiplying by A simply permutes terms in the sum and the total is unaffected. Now with respect to
any G—invariant inner product on V', and for W any subrep, take

W =Wt = {w € V|{(w',w) = 0Vw € W}

to be the orthogonal complement with respect to this inner product. Then V = W @ W’ as vector spaces,
and W' is a subrep of V: for all w’ € W/ and w € W,

(gu’,w) = (g7 gw’, g~ w) = (W', g7 w) =

because g~ 'w € W, and so guw’ € W'.

The other proof of this fact relies on a statement from ordinary linear algebra: If W is simply a subspace of
a vector space V', then there is a (non-unique) function P : V' — V called a projection onto W that satisfies
any one of the following equivalent properties:



The image of P is all of W and Po P = P.

P:V — W and if iy : W — V is the inclusion of W into V, then Poiy = 1y : W — W is the
identity function on W.

The image of P is W and the restriction of P to W is 1yy.

P(v) = v if and only if v € W, and if W’ is any complementary vector subspace, then P(W’) = {0}.

The important algebraic equation to notice here is that PoP = P. When we consider P € End(V) as a
matrix, we can rewrite this as P? = P. Elements of an algebra satisfying the equation e? = e are called
idempotent and play an important role in the theory.

Now with some P defined, consider 1 — IP. This element is also idempotent, and is a projection onto some
complementary subspace W/, V = W@ W’. Averaging 1 —IP over G, we obtain a G— equivariant projection
onto some subspace W”. Now we can check that this new subspace is also subrep, and is complementary to
w. O

There are two important things to notice in this proof:

e Sums of the form

1
@ Z gv, and

geG

e Idempotent (projection) operators.

In the next section, we elaborate on these averaging methods and their significance. First, a corollary.
Definition 2.3. An irreducible representation is one which has no proper nonzero subrepresentations.
Corollary 2.1.1. FEvery representation of G splits as a direct sum of irreducible subrepresentations.
Proof. Let V be a vector space of dimension n. If V' contains a nonzero proper subrep W, let W/ <V be the
complementary subrep. Then V. = W @ W’. Now since both W, W’ are nonzero and dim(V') = dim(W) +

dim(W’), we can apply induction on the dimension of the representation. The trivial one-dimensional
representation is already irreducible. O

3 The Group Algebra

We have seen that “averaging” over elements of G in some representation can prove useful. These averages
are always well-defined in characteristic zero: if V' is any representation of any finite group G, and v € V
any vector, the quantity

1
G 29
geG
always makes sense. In fact, expressions that look like
Y a9,
geG

for any coeflicients a, € IF, always make sense, without even appealing to elements of V', since these are just
linear combinations of endomorphisms of V', and have a well-defined action as an endomorphism of V. Now
return to



F¢ = {a: G — F}.
Adopting the basis {d, | g € G} defined by
dg(h) =0,h # g,
69(9) = 1)

we can say that any expression of the form

Z ag9

geG

is really a vector in the regular representation:

Z aglg.

geG

The multiplicative structure on FC is defined to agree with the multiplicative structure on G:

Gg0n(v) = dgn(v)

And it should extend by linearity to any elements of the regular representation:

> ayd, (Z bh§h> = [ D agbn | 6.

g€G heaG keG \gh=k
This agrees with the action of the regular representation on G—reps: For any a,b € F¢,

a(b(v)) = ab(v).

Definition 3.1. The regular representation, together with the multiplicative structure

> ayd, (Z bh6h> => | D aghn | 6,

geG heG keG \ gh=k

is called the group algebra of G, and is denoted F[G]

Lemma 3.1 (Universal Property). There is a natural correspondence between group homomorphisms
from G to the group of invertible linear transformations GL(V) and algebra homomorphisms from the
group algebra F[G] to the algebra of linear transformations End(V).

Proof. Any vector space V' with the structure of a G—rep can be extended linearly to a F[G]—module as
described:

D oagg | v=2_ ag),

geG geqG



and conversely any F[G]—module V' becomes a G—rep by restricting to the multiplicative subgroup {d,} :
define g(v) = d4(v). One can check that these operations are mutually inverse.

O

In fact, everything we can say about G—reps translates into a statement about F[G]—modules. For example,
subrepresentations are simply F[G]—submodules.

This statement is actually true replacing End(V') with any F-algebra A, and GL(V') with its group of units
A*. This more general result is the universal property of group rings. Thus there is a natural bijection (or
more fancily, equivalence of categories):

G—reps «— F[G]—modules.

We know that any G-rep decomposes as a direct sum of irreps. Thus if V is finite dimensional, there are
irreps Vi, ..., V,. and multiplicities dy, ..., d, such that

/= EB VoL
i=1

Here is how the group algebra decomposes.

Theorem 3.2. Fvery irreducible representation of G is a subrepresentation of the group algebra F[G]. If
V is an irreducible representation, then V appears in F[G] with multiplicity dim(V). This means that
there are only finitely many finite-dimensional irreps of G, and if Vi, ..., V, is a complete list of irreducible
representations of G, then

F[G] o~ @ ‘/Z@dim(Vi)

i=1
as G-reps.
This theorem says that any irrep of G is actually a submodule of F[G]. But the submodules of a ring
(considered as a module over itself) are precisely the ideals of that ring (where we must specify left or right
submodules to arrive at left or right ideals, respectively). Thus we arrive at the statement that any irrep of

G is a minimal ideal of F[G]. We must specify minimal ideals because the sum of two distinct irreps of G
is also an ideal in F[G], for example.

We can actually be more specific about the decomposition above. More than just finding how F[G] decom-
poses as a G-rep, we can describe its algebra structure in terms of the irreps of G.

Theorem 3.3. If V1, ..., V. is a complete list of irreducible representations of G, then there is an isomorphism
of algebras

F[G] = éEnd(Vi).

Proof. See [3]. O

This tells us about the ring structure of F[G].

Corollary 3.3.1. F[G] is a semisimple algebra.



This is a somewhat technical condition (either being a direct sum of simple algebras, or having a Jacobson
radical equal to zero), but it is important because it highlights the role of idempotents. The following
result describes this, and for now, it can function as a definition of a semisimple algebra.

Lemma 3.4. In any finite-dimensional semisimple algebra A, every left or right ideal is generated by an
idempotent eclement e € A :

[ = Ae, ortv=-¢eA, for right ideals.
This lemma is very important to our work. These idempotent generators of ideals are also idempotent
endomorphisms of any representation of the group. Thus they are projection operators, and since they

correspond to ideals, the spaces they project onto tell us interesting things about the representation. We
should remark now that ACT (V') is one of these spaces.

4 Algebraic Curvature Tensors

We should now apply some of the language of representation theory to the study of algebraic curvature
tensors. More generally, we will explore how the symmetries of tensors can be described through idempotents
in the group algebra.

Consider the equation
R(z,y,z,w) = —R(y,z, z,w).
The second term in this equation is in the orbit of the first term under the action of the symmetric group.

The permutation that takes one to the other is o = (1, 2) in cycle notation. Thus we can rewrite this equation
as

The second important symmetry of algebraic curvature tensors is swap symmetry:

R(x7 y7 Z? w) = R(Z’ w? 1’7 y)’

The permutation here is given by 7 = (1,3)(2,4) because we are sending  — z — z and y — w — y. We
can rewrite this equation as

TR=R.
To unify these somewhat different-looking symmetries, consider the sign of each permutation: o is a trans-

position (2—cycle) and thus has sign —1. Meanwhile 7 is the product of two transpositions so it has sign 1.
We can thus rewrite these equations as:

ocR = —R =sign(o)R,

TR = R = sign(7)R.

The trick now is to consider this as a different rep of Sy derived in a particular manner from V'®4. This is a
general construction that works with any representation of any symmetric group:



Definition 4.1 (Conjugate Representation). Let (W, ) be a representation of the symmetric group Sk.
Then the conjugate of (W, p) is another representation (W, g) with the same rep space W but with rep
structure given by

ow = sign(o)ow,

or equivalently,

o(o) = sign(o)o(o).

The conjugate representation “twists” the action of S by the sign homomorphism.

Returning to the equations defining the first two algebraic curvature tensor symmetries, we now write

0c-R=17R =R,

That is, these permutations preserve the tensor R, but in the conjugate representation. We can show that if
elements g, h preserve some vector v in a representation, then so does any expression involving g and h, and
so do the inverses of g and h. In particular, since all these expressions fix v, the entire subgroup generated
by these elements must also fix v.

Definition 4.2 (G—fixed subrep). Let V be any representation of any group G. The subspace consisting of
vectors fixed by every element of G is called the G—fized subspace and is a subrep of V. We use the notation

Ve ={veV|gv=vVgeqG}

The elements o and 7 defined above generate a subgroup D of S4. The statement that 0,7 fix R (in the
conjugate representation) is equivalent to R being D-fixed.

Remark 4.1. The subgroup D < S, is isomorphic to the dikedral group D4. One can check that o2 = 72 =

(o7)* = 1, s0 at the very least D is a factor of D4, and it is not hard to find more than four elements,
showing that it is the whole dihedral group. In fact, this is the largest subgroup of Sy which acts on ACT(V)
in the permutation representation. This result, and its generalization, will be shown in the section on the
Kulkarni-Nomizu algebra.

We describe the projection onto the space of vectors fixed by a group.

Lemma 4.1. Let V be any rep of any finite group G. Then

1
Ao T
Gl %2
is projection V.— V.
Proof. This fact is straightforward once we consider that:
e If v € V& then Avg(v) = v, because each term in the above sum is equal to v, and
e For any v € V, Avg(v) is in V¢, In particular,Avg is idempotent:
Avg(Ave(v)) = Avg(v),

Avé = Avg.

10



m]

So the two symmetries of R are equivalent to the statement that R is in the image of Avp, where D is the
subgroup generated by o, 7 as above. In fact, Avp is the projection of V®* onto the space of tensors with
alternating and swap symmetries. We can now rewrite both of these symmetries simultaneously as

Av D(R) = R.
The Bianchi identity is different from this kind of symmetry. Instead of the tensor R being fized by some
subgroup (which we’ve shown is equivalent to it being fixed by averaging over this subgroup), R is instead

annihiliated by averaging over some subgroup. The permutation involved in the Bianchi identity cyclically
permutes the first three variables, so it is given by h = (1,2, 3). Let

H=(h)={1, (1,2,3), (1,3,2)}

By the theory we’ve developed, Avy is idempotent. But if R is an algebraic curvature tensor, then instead
of being fixed by Avy, we have

Avg(R) =0,

so R is in the kernel of Avy. However, we can still rewrite this so that R is fixed by an idempotent.

Lemma 4.2. If P is an idempotent, so is 1 — P, where 1 denotes the identity. If P is projection of V' onto
W, then 1 — P is projection of V' onto some complementary subspace W'.

Proof. Let

W' = Ker P.

Then 1 — P restricted to W' is just 1 since P vanishes. Also, 1 — P restricted to W is zero since P = 1 on
W. The proof that 1 — P is idempotent is a simple calculation:

1-P)?=12-2P+P>=1-2P+P=1-P.
(m

Now the Bianchi identity is equivalent to R being fixed by the idempotent

1-— AVH.

In order to combine this with the other two symmetries of R, we could naively say that R is fixed by the
product of these two idempotents Avp and 1 —Avy. This would mean that Avpo(1—Avy) is the projection
of V®4 onto the space of algebraic curvature tensors. In order to verify that this works, we prove a lemma
regarding averaging operators over subgroups of a finite group G.

Lemma 4.3. Let G be a finite group and A be the group algebra. Let H, K be subgroups of G and Avyg, Avg €
A be the averages over H, K. Then Avyg commutes with Avy if and only if HK = KH are commuting
subgroups. This in turn is true if and only if HK = L is also a subgroup of G, and we have

AVH OAVK = AVK o AVH = AVL.

11



Proof. Write these averaging operators out explicitly and then compose them using linearity:

1 1
AvHoAvK:(WZh)o(MZk)

heH keK
1 (O hok)
= — o
| H|| K| ’
keK heH
1
AvgoAvyg = ——— (Y Ekh).
R 2 2

These two operators are equal if and only if each of the elements in each sum appears with the same
multiplicity in the other sum. But this would imply that

HK =KH

as sets, since each element of the form hk for h € H,k € K also appears in the form kh. Thus if the
two sums commute, then H, K are commuting subgroups, and so the product HK = L is also a subgroup,
equivalently. The converse is true if and only if each element hk appears with the same multiplicity in either
sum. However, from the general theory of finite groups, if H, K are commuting subgroups, then there are
precisely |H N K| ways to write any element g € HK as a product g = hk with h € H, k € K. Thus

1 1 _|HNK] _ 1 _
R 2= 2 M0 = ey 2 0Kl =Tt X 9= 29 =Av

heH kek gEHK gEHK geL

Where the last equality is true because

|HK| = [H||K|/|H N K]

For commuting subgroups H, K.

O
Corollary 4.3.1. The above lemma is true for signed averages as well:

AVH OA\;K = AVK OA;/H <— HK =KH.
Proof. This is true because sign is a homomorphism and it distributes over products in the group algebra.
It can also be derived by considering these averages as taking place over the conjugate representation of the
regular representation, and then using the lemma. O
Now returning to the space of algebraic curvature tensors, we can apply the preceding lemma and deduce

that Avp commutes with Avy, where D < S, is generated by antisymmetry (1,2) and swap symmetry
(1,3)(2,4), and H is generated by the 3—cycle (1,2, 3), because these two groups commute; in fact:

DH =S, = HD,

because D has order 8, H has order 3, and DN H is trivial, so their product DH is a subset with 24 elements,
which is the order of the symmetric group Sy, and thus must be the whole group S4. So the composition

Avpo(1— Avy) = Avp — Avs,

12



is idempotent, and is the projection of V®* onto the space ACT(V) of algebraic curvature tensors. This
comes from the following lemma:

Lemma 4.4. Suppose Py and Py are idempotent projection operators V.— V' which project onto subspaces
W1 and Wy respectively. Suppose also that Py and Py commute. Then Py o Py is also idempotent, and is the
projection onto W1 N Wa.

Proof. This composition is idempotent when these commute:

(PyoPy)o(PyoPy) =Pio(PeoPy)oPy =P o (P OIP)Q)O]P)Q:P%OP%:Pl o Ps.

Thus this composition defines some projection operator. Since the image of P; is W; and the image of Ps is
Ws, the image of P; o P, must be contained in Wy N Ws. Since Py fixes pointwise every element of Wy, and Py
fixes pointwise every element of Wy, their composition is the identity on Wi N Ws. By the characterization
of projection operators from earlier, this shows that P; o Py is the projection onto Wi N Ws.

m ]

Corollary 4.4.1. The element

Avpo (1 —Avy) = Avp — Avs,

Is indeed projection onto ACT (V).

5 Forcing Symmetries of Tensors

We have seen how the space ACT(V) is constructed from the two idempotent symmetry operators

AVD, 1-— AVH

by taking their product,

Avpo(l—Avyg)=(1—-Avg)oAvp = Avp — Avg,.

This is done because we want to consider the subspace of V®* which is fized by both of these idempotent
operators. Since these two operators happen to commute, we can say that the projection onto this space is
simply the product (in the group algebra) or composition (as endomorphisms of V%) of the projection onto
either space. The following subsection describes methods to find the space fixed by two or more idempotents
that may or may not commute.

Consider the group algebra F[Si]. Recall that this algebra is semisimple; this implies that every ideal is
generated by an idempotent, and that result is true for left or right ideals: any right ideal v C F[S}] is one of
the form v = eF[Sy] for some idempotent e € F[Sy], and any left ideal [ C F[S] is one of the form [ = F[Sj]e.
The converse is also true: any idempotent element e generates a right ideal eF[Sy] and a left ideal F[Sk]e
(really, any element generates such an ideal, but the important thing is that every ideal is principal, or
generated on the left or right by a single element, and we can choose that element to be idempotent). In
the language of projection operators, this says that given any semisimple algebra A, and any ideal I C A,
the projection P : A — I can be realized as an element of the algebra A, so that P(a) = ea or P(a) = ae
(depending on whether the ideal is left or right) for some element of the algebra e € A. The fact that e is
idempotent corresponds to the fact that P is a projection operator (which are really just idempotents in an
endomorphism ring).
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However, these idempotent generators are not unique! As we will see in a moment, there are certain finite
subsets of idempotents which can describe all ideals by taking multiplicity-free linear combinations of these
idempotents, so that any ideal is generated by a sum of some collection of these; but not every idempotent
can be described in this form.

What is the purpose of all this? Consider again the space of algebraic curvature tensors as a subspace
ACT(V) C V¥4, Recall that this subspace has the projection operator

e:= A;/'D o (]]. — AK;H) = A\;D — A\;S4 S F[S4]

As a linear map V®* — V®4 ¢ is a projection operator; as an element of the group algebra, e is idempotent.
This means it corresponds to some right ideal

I = eF[S4] = {ea | a € F[S4]}.

We constructed ACT (V') earlier as the space of elements fized by this idempotent, because those are precisely
the elements invariant under the symmetries we described. However, because this is an idempotent, this is
equivalent to the space of elements in the image of this idempotent:

VO ={ev | € VL

But since F[S4] is a unital algebra, meaning it contains an identity element 1, this is equivalent in turn to
the image of V®* under the whole ideal I,

IV = {i(v) |i eI, ve V®}

= eF[S4]V®* = {ea(v) | a € F[Sy], v € V),

because the image of all of V®* under all of F[S,] is still all of V&4, since the element 1(v) = v is in this
subspace for every v € V&4,

We have constructed the idempotent e as the product of two commuting idempotents. The image of this
product is the intersection of the images of these two idempotents; that is, the image of e is precisely all
the tensors fixed both by Avp as well as 1 — Avy. In order to find the intersection of the fixed sets of
noncommuting idempotents, we must develop some more theory.

Let A = F[Sk]. Really, any finite group works in place of Sk, and for most purposes, any finite-dimensional
semisimple algebra works in place of A, but we will only prove the results when A is the group algebra of a
finite group. For now, we will work only with left ideals, including possibly two-sided ideals (which are both
left and right ideals), and call them “ideals” with the understanding that they are left ideals. Everything
that we might say about left ideals can also be paraphrased about right ideals. This is because of the
anti-involutive map z* which extends linearly from the map

(59 — 5971 .

This turns F[G] into a *-algebra. This means that the operation z* satisfies
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as well as being linear. Thus * interchanges left and right ideals bijectively,

(Ae)* = e* A

and is self-inverse. The ambiguity involved in exclusively discussing left ideals is resolved by this operator.
Now we develop some terminology and results about idempotents.

Two idempotents e, e are commuting if ejes = eqeq. It is easy to see that if this is the case, then their
product eje; is also idempotent. In fact, if the commuting idempotents e, es correspond to ideals I, I3
respectively, then the idempotent ejes corresponds to the ideal 17 N Is.

As a special case, two idempotents are orthogonal if eje; = ese; = 0, so that they are commuting and have
product equal to zero. If this is the case, then their sum e; + e5 is also idempotent, and corresponds to the
sum of ideals

I1+12:{i1+i2|’i1611, ’iQGIQ},

And in fact, this sum is direct:

1Nl = {O}

Because ejes = 0 is the generator of this ideal.

An idempotent e is primitive if it cannot be written as

€:€1+62a

for two monzero, orthogonal idempotents ej,es. Let I C A be the ideal generated by e. Because the sum of
orthogonal idempotents gives the direct sum of the ideals they generate, this means that the ideal I cannot
be written

I=1 &I,

for two nonzero ideals I;,Io C I. Suppose there were a nonzero proper ideal I’ C I. Because I is a
representation of the group algebra, we can apply complete reducibility and say that there is a complementary
subrepresentation I"” C I, such that I’ ® I = I. But this would imply that e is not primitive, which is a
contradiction. Thus the ideal I contains no proper nonzero ideals, and is called a minimal ideal. So primitive
idempotents correspond to minimal ideals.

Finally, a set {eq, ..., e,,} of idempotents is called a complete if each idempotent is primitive, every pair of
idempotents is orthogonal, and every ideal is generated by a linear combination of its elements, where all
the coefficients are 1 or 0.

Proposition 5.1. Let {eq,...,en} be a set of primite, pairwise orthogonal idempotents. Then it is complete
if, and only if,

e1t+es+...+e, =1,
where 1 € F[Sy] is the identity.
Proof. The algebra A = F[Sg] is an ideal of itself, and is generated by the idempotent 1. But as a represen-

tation, it splits into a direct sum of irreducible subrepresentations,
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A=Pr
Where the I; are all irreducible subrepresentations. Subrepresentations of the group algebra are equivalently
submodules, which are equivalently ideals of the group algebra. Thus the group algebra A is the direct sum of
its minimal ideals. These are generated by primitive idempotents e;, I; = Ae;. These primitive idempotents

are pairwise orthogonal, e;e; = eje; = 0, because the ideals satisfy I; N I; = 0. Finally, because the sum of
orthogonal idempotents generates the direct sum of their ideals, we must have

e1t+er+..+e, =1,

since

A=L® L& .. Iy

O

A complete set of orthogonal, primitive idempotents {eq, ..., e,,} will be called an idemsystem.

Let {e1,...,em} be an idemsystem. Let I C A be an ideal. Then I is generated by some element of the form
e(I)=er, +... +er,

Where we decompose I as a direct sum of mininal subideals

I=0&.61

And then find the corresponding generators in our idemsystem, so that

11=A61, ...,Ik:Aek.

Thus there is a correspondence

{subsets of the idemsystem e;, es, ..., e, } <— {ideals in the algebra A}

given by the composition

S e(S) = Z €s)

es€S

e(S) = I(S) = Ae(S) = €P Ae..

es €S

Lemma 5.1. This map s a bijection. Furthermore, the intersection of subsets maps to the intersection of
ideals, the union of subsets maps to the sum of ideals, and the complement of subsets maps to the orthogonal
complement of ideals (which exist thanks to complete reducibility).

Proof. The fact that this is a bijection has already been proved: we can decompose any ideal I uniquely into
a direct sum of minimal ideals I; and then find the generators e; for these ideals in the idemsystem, which
gives a subset of {ej, ..., e, }. The inverse to this map sends a subset S of {e1, ..., e;} to the ideal I(S)
generated by e(S5).
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Now we show that the intersection SNT maps to the intersection I(S)NI(T). We know that for any two ideals
I, J generated by commuting idempotents e, ey, an idempotent generator for I NJ is given by ere; = ejey.
Thus it suffices to show that

e(S)e(T) =e(T)e(S) =e(SNT).

The fact that the elements e(S),e(T) commute is clear: all linear combinations of {ej, ..., e;,} commute,
because the elements ey, ..., e, are orthogonal and thus commute. Now writing e(S), e(T) explicitly,

e(S)e(T) = (Y_e)(Y_e))

€S JjET

= E €i€j,

i€S, jET

but the product e;e; vanishes unless ¢ = j, so that this sum is equal to

E €€

i€S, ieT
2
= E e; = E e, =e(SNT),
i€esSnT i€esnT

where the middle equality holds because e; = e? are idempotent.

Now we prove that the complement of a subset maps to the orthogonal complement of its corresponding
ideal. Let S be a subset of {e1, ..., e}, and let I be the ideal it generates. It suffices to show this on the
level of idempotents, i.e.,

e(S°) =1 —e(9),
Because if I' is the unique ideal of A complementary to I, then
A=TIeI*,

And A is generated by 1, I is generated by e(S), and the sum of orthogonal idempotents generates the direct
sum of their ideals, so that I+ is generated by 1 — e(S). The equation

e(S°) =1 —e(S)

is easy to derive from the completeness equation,

l=e14+e+ ... +e,

- Z €i = (Z e;) + (Z e;) = e(S) + e(S°).

i=1, .., m i€s jés

Finally, it remains to show the correspondence between unions of subsets and sums of ideals. It is not true
in general that
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e(SUT) =e(S) + e(T),

Because this holds if and only if S and T are disjoint: Any element ¢ € S NT appears with multiplicity 1 in
e(SUT) and with multiplicity 2 in e(S) 4 e(T). However, the following holds for any two subsets:

e(SUT) =e(S)+e(T) —e(S)e(T),

Because

e(S)=e(S\T)+e(SNT),
e(T)=e(T\S)+e(SNT),
e(S) +e(T) =e(S\T) +e(T\S) +2e(SNT),

e(8) + e(T) — e(SNT) = e(S\T) + e(T\S) + (S N T) = e((S\T) U(T\S) U (SNT)) = e(SUT),

Where the last and second-to-last equalities in the last line follow by decomposing S U T into the three
disjoint subsets S\T, T\\S, and S N T. Because the last three terms are orthogonal,

Ae(SUT) = Ae(S\T) @ Ae(T\S) @ Ae(SNT)

=(P e no(P n

s€S\T teT\S i€SNT

(P e(P )+ P ne(P n

SES\T i€esSnT i€eSNT teT\ S

=@+ @n =15 +1(1),

s€ES teT
as desired.
O
Corollary 5.1.1. The set of all multiplicity-free combinations of an idemsystem {e1, ..., e} is a Boolean
algebra under the operations
aNb=ab,

aVb=a+b—ab,

a‘=1-a.
This is isomorphic to the algebra of subsets of {e1, ..., emn} under intersection, union and complement,

and this in turn is isomorphic to the algebra of ideals of A under taking intersection, sums, and orthogonal
complements.
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We can also introduce partial orders on each of these sets. The partial ordering on the algebra of subsets
of a finite set is simply

S<T «<— SCT.

The partial ordering on the algebra of ideals of A is the same,

I<J <—<ICJ

The third partial ordering is on the set of all idempotents, not just the ones generated as multiplicity-free
sums of an idemsystem. We say

e1 < ez

if there is another idempotent e’ such that e;e/ = e€’e; =0 and e; = €1 + €.

Lemma 5.2. The following are equivalent:

1. e1 <ey

2. e1eg = ege1 = €1

3. e1 and e commute and es — ey is idempotent.

4. There is an idemsystem { f1, ..., fm} such that e; = e(S) and es = e(T) for subsets S, T C {f1, ...y fn}

such that S C T.

Proof. First notice that the orthogonal idempotent €’ is unique, since it must equal e; — e;.

We show (1) implies (2). Since e; and €’ are orthogonal, they commute, and so e; commutes with es = €’ +¢;.
Then by orthogonality,

erea =ei(e +e1) =ere +e? =ey.
Now we show (2) implies (3). Obviously if (2) holds then e; and e; commute. Now we compute
(e2—e1)? =e2 —2e1ea+ef =€y —2e1 +e1 =€y — e

so that es — e is idempotent. Now we show (3) implies (2). Since eq, e2 commute,

(ea — 61)2 = e% — 2e1e9 + e% = ey —2e1e9 + €1 =€y — €1,
since this element is idempotent, and this is true if and only if

—26162 = —261.
Now we show (2) implies (1). Let
e =ey—ey.

It suffices to check that €’ is orthogonal to e; because it obviously holds that e; = e;+¢’, and €’ is idempotent
since (2) is equivalent to (3). But
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/ 2
ere =ei(ea—e1) =ejea—ef =e; —e; =0,

so these idempotents are orthogonal.

The proof of (4) is as follows. First notice that e < 1 for any idempotent because of the characterization
(2). Thus we decompose orthogonally

1=-e3+e3,e3=1—es.

Now decompose orthogonally

eg =e; +¢€.

If the idempotents eq, €/, e3 are primitive, then they are also orthogonal and complete and form an idemsys-
tem. If not, keep decomposing them orthogonally until we can write each as a sum of orthogonal primitive
idempotents. Then this new set of orthogonal primitive idempotents is complete since e; + ¢’ +e3 = 1, and
we are done. O

We can actually adjust this partial ordering as follows. Instead of considering e; and e on the level of the
group algebra, consider them on the level of ideals. Then define e; < ey whenever the ideal I = Ae; is
contained in the ideal I, = Ae,.

Lemma 5.3. Suppose ey §' eo. Then e; < es if and only if ey commutes with es.

Proof. es is the projection onto some subspace, e; is the projection onto some smaller subspace. If these two
projection operators commute, then ejes is the projection onto their intersection, which is just the projection
onto the image of e; since this is contained in the image of e;. But this means that ejes = ese; = e; and
then part (2) of the above lemma shows that e; < e5. The converse is straightforward. O

The convenient thing about this new ordering is that it is more general than the old ordering, and encodes
everything on the level of ideals in terms of idempotent generators.

The purpose of doing all this is as follows. Consider the action of Sy on V®*. We would like to study subspaces
that generalize ACT(V) in their construction. More specifically, say we have idempotents ey, ..., e, in the
group algebra F[S;]. Then what is the subspace of V®* fized by all of these idempotents? And what is the
projection of V®* onto this space?

In the special case when all these idempotents commute, the projection operator is simply

€ = €1€3...€p.

When these idempotents do not commute, however, we must take care in constructing the projection operator
out of these.

For any two elements a,b in a partially ordered set, define a least upper bound to be any element ¢ with
a < cand b < ¢, such that for any other d > a, b, we have d > c¢. Similarly define a greatest lower bound
to be an element ¢ with ¢ < a and ¢ < b, such that for any other d < a, b, we have d < c¢. In general, greatest
lower bounds and least upper bounds need not exist, nor be unique.

In our particular Boolean algebra, however, these elements do exist. Consider this on the level of ideals of
the group algebra. A lower bound of I,J is an ideal K such that K C I, K C J. Thus K C I N J. Since
INJCI,INJ CI,and I NJ is an ideal, we conclude that I N J is a greatest lower bound of I and J, and
is in fact unique. Similarly, the least upper bound of I and J is the ideal I + J. On the level of the subset
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algebra of a finite set (really, of a set consisting of an idemsystem), the greatest lower bound of S and T is
the subset S N T, while the least upper bound is the subset S UT.

In the Boolean algebra of multiplicity-free combinations of elements of an idemsystem, the least upper bound
and greatest lower bound operation correspond to intersections and unions, which can be written in terms
of the algebraic structure as ejes for the greatest lower bound and e; + es — ejes for the least upper bound,
by our correspondence from earlier.

However, greatest lower bounds and least upper bounds also exist for any two idempotents, but are not in
general unique. Let e and f be idempotents, and suppose these generate ideals I and J. Then a greatest
lower bound of e and f is an idempotent generating I N J, and a least upper bound is an idempotent
generating I 4+ J. Notice that in the case where e, f are commuting, these idempotents can be chosen as ef
and e + f — ef respectively, but this process still works when e, f do not commute.

Now finally we can return to the question of “forcing” tensors to have symmetries. The definition of greatest
lower bounds and least upper bounds can be generalized to make sense for an arbitrary finite number of
elements of the poset: the greatest element which they all cover, or the least element which covers all of them,
respectively. In our setup, we are given several idempotents eq,...,e, and we want to find the projection
operator from V®* onto the subspace fixed by all of these. Notice that when all the e; commute, their
greatest lower bound is given by their product

€ = €1€2...€p,

and this projects onto the subspace fixed by all of these idempotents. When the e; fail to commute, let

L; = Bl'A

be the ideals generated by these, and let

be their intersection, and then let

for some idempotent generator e. The the idempotent element e is the projection of V®* onto the subspace
fixed by all of eq, ..., e,.

Now we derive some results specifically about averaging over subgroups, using the language of the group
algebra and idempotents that we have developed. We have seen an important results from earlier that will
be stated again here now:

Lemma. Let G be a finite group and A be the group algebra. Let H, K be subgroups of G and Avyg,Avg € A
be the averages over H,K. Then Avy commutes with Avgk if and only if HK = KH are commuting
subgroups. This in turn is true if and only if HK = L is also a subgroup of G, and we have

AVH OAVK = AVK o AVH = AVL.

When G is the symmetric group, this result also holds when we replace all of the averages by conjugate
(signed) averages.

We use this lemma to state and prove a result about the partial ordering of idempotents.
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Corollary 5.3.1. Let H, K be subgroups of some finite group G and let A = F[G| be the group algebra. Let
Avy,Avi € A be the averages over H K. Then Avyg < Avg if, and only if, K < H as subgroups. Thus
the map

Av : {subgroups of G} — A,

H’—)AVH

Is an order-reversing inclusion.

The same result hold when replacing all averages by conjugate averages, when G is a symmetric group. The
proof is simple.

Proof. As we have seen from earlier, two idempotents ey, es satisfy e; < ey if and only if

€1€2 — €2€1 = €71.

The two idempotents Avy, Avg commute if and only if HK = KH = L is a subgroup of G. When this is
true,

AVH OAVK = AVK 9] AVH = AVL.

Thus Avyg < Avgk if and only if HK = KH = H. But this is equivalent to K C H, as desired. The proof
with signed averages is identical.

O

Example 5.1. Consider again the space of algebraic curvature tensors. This has idempotent generator

A\_/D o (]l - A\_IH) - A\_ID - A\;S4.

We can see easily that this idempotent is “built” out of two other idempotents, namely,

AVD, AVS4.

Now D < S, is a subgroup of Sy, and so our general theory tells us that

Avg, < Avp,

and this is exactly why the element

A_VD — AA_VS4

is also idempotent. The image of V®* under Avp is precisely the space

Sym?(A2(V)).

These are all the (0,4)—tensors on V that satisfy
R('T7 Y, =, w) = _R(ya €Tz, ’LU),
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R(x,% Z, ’LU) = _R(]I, Yy, w, Z)a

R(x? y7 Z? w) = R(Z’ w? 1’7 y)'

However, this space also contains the space of all alternating tensors. These in addition satisfy

R(I7y725w) = *R(SC,Z,U},y),

or more generally,

R(Z5(1), To(2), To(3)s To(a)) = sign(o) R(x1, T2, T3, T4).

Then because

AY(V) C Sym®(A%(V),
there must be an idempotent projection operator e : Sym?(A%(V)) — A*(V). We already know that the
idempotent projecting onto Sym?(A2(V)) is Avp, while the idempotent projecting onto A*(V) is Avg,. The

gap between the two groups D < Sy is precisely the complementary subgroup H = ((1,2,3)) generated
by cyclic permutations of the first three variables, because

HD=DH =25,

< AA_VHA_VD = A:VDA_VH = A_VS47

and so e = Avy is the projection of Sym?(A2(V)) onto A*(V). Because of the general theory, we know there
must be a complementary subspace of Sym?(A2(V)). This can be realized as either

e A subspace W of Sym?(A?(V)) such that W + A*(V) = Sym?(A%(V)) satisfying additional properties
(W is a subrepresentation of the group GL(V)),

e The kernel of Avy in Sym2 (A2(V)),

e The image of the complementary idempotent 1 — Avy in Sym?(A%(V)).

From the third characterization, the projection onto this space must be the idempotent

KVD — AVS4.

From the first characterization, we derive the following result:

Theorem 5.4. Sym?(A%(V)) splits as the direct sum of GL(V)-reps:

Sym?(A%(V)) = ACT(V) + A4 (V).
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6 Kulkarni-Nomizu Products and the Algebra KN(V)

We now might want to ask how to generalize the symmetries of the Riemann curvature tensor, or really,
how to generalize the space of algebraic curvature tensors. One approach that has been studied thoroughly
is to characterize the covariant derivatives VIRm. The symmetries of the first covariant derivative are well-
known: VR satisfies all the symmetries of R in the first 4 variables, plus the (differential) Bianchi identity
in the last three variables:

VR(%ZI/»Zaw% U) = —VR(y7.’E, Z,W; u) = VR(,’L‘7y,w, Z;’LL) = VR(Z’ w>x7y;u)a
VR(z,y,z,w;iu) + VR(y, 2, x,w;u) + VR(2, 2, y, w;u) =0,

VR(z,y,z,w;u) + VR(z,y, w,u; 2) + VR(z,y,u, z;w) = 0.

This actually implies that the space VR over V forms an irreducible GL(V) subrepresentation of V&5,
which in the language of [2] is called a symmetry class and can be described using more language from the
representation theory of symmetric groups.

However, this approach presents obstacles when we get to the second covariant derivative V2R(z,y, z, w; u, v).
This tensor still has all the symmetries of VR in the first 5 variables. But symmetries of V2R in the last
two variables involve the tensor R. This is due to the Ricci identities:

V2R(x,y, 2, w;u,v) — VQR(.Z‘, Y, z,w;v,u) = R(R(u,v)z,y, z,w) + R(z, R(u,v)y, z, w)
+R(z,y, R(u,v)z,w) + R(z,y, 2, R(u, v)w).

These symmetries might not be intractible, but there are certainly not any visible symmetries to exploit
here; that is, any symmetries coming from the Ricci identities are hard to deduce from this, and it appears
that the current literature does not have much to say on whether there are algebraic symmetries of V2R
which do not involve R itself.

We now consider an alternative approach to generalizing the symmetries of algebraic curvature tensors.

The swap symmetry of the Riemann curvature tensor is an important feature that we might want to recover
in the absence of Bianchi symmetry. The geometric reasons for this symmetry come from how we construct
an algebraic curvature tensor out of canonical algebraic curvature tensors. These are tensors of the form

R¢(J¢, Y, =, w) = ¢($, Z)¢(y7 ’LU) - ¢($7 w)¢(y7 Z)>

where ¢ € Sym?(V) is a symmetric tensor. There is a theorem due to Gilkey that every algebraic curvature
tensor can be realized as a sum of these canonical tensors, that is, these span the space ACT(V), see [4].
This operation taking ¢ to R4 can be extended to a product of two symmetric tensors, which is called the
Kulkarni-Nomizu product, and is written with a circle-wedge symbol:

(¢ @ Qﬁ)(l’a Y, z, w) = (]5(33‘, ZW(% w) - (]5(33‘, wW(Z/, Z) + ¢(y7 w)w(aj’ Z) - ¢(y7 ZW(% U})

Notice that ¢ @ ¢ is antisymmetric in x,y and in z,w, and also has swap symmetry in (z,y) +— (2, w),
which we can tell from its symmetries. Thus ¢ ® 1 € Sym?(A2(V)).

Another important fact is that the space of algebraic curvature tensors is equivalently generated by all
Kulkarni-Nomizu products of symmetric tensors, not just KN-products of a tensor with itself. This is a
general fact about commutative algebras: the subspace spanned by all elements of the form z? is equal to
the subspace spanned by all elements of the form z - y, because the elements
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1
vy = (@49~ @ —y))
are all in the linear span of the set of squares. Because each R4 has Bianchi symmetry, and these are precisely
the squares of elements, each KN-product has Bianchi symmetry as well. So the subspace of Sym?(A2(V))

spanned by the KN-products of symmetric tensors is precisely the space ACT(V) consisting of algebraic
curvature tensors:

Sym? (V) ® Sym*(V)) = ACT(V) C Sym*(A*(V)).
The Kulkarni-Nomizu product is even more general than this. It extends to a product taking ¢ € Sym?(A*(V))

and 9 € Sym?(AY(V)) to ¢ ® 1 € Sym?* (A (V)) as follows. When both ¢ and 1 can be written as sym-
metric products of alternating tensors, this product takes the form

(@-B) D (v-0)=(any) (BAJ),
where - denotes the symmetric product, and A is the exterior product; and the general product is defined
by extending this bilinearly (see [1] for this description of the KN-product, and [5] for Kulkarni’s original

construction, which makes it clear that this product is well-defined and removes some of the ambiguity in
taking the wedge product in the order written). Notice that this turns the direct sum

KN(V) = @ Sym?(AK(V)

into a graded algebra, called the Kulkarni-Nomizu algebra over V, where the term graded means that the
algebra is a direct sum of the factors

KN*(V) = sym*(A*(V))
and that the multiplication takes the graded factors of degree k and ¢ into the factor of degree k + £:
@ : KNF(V) @ KNY(V) — Sym?(A*+ (V).
The result that each product ¢ @ ¥ has Bianchi symmetry implies that the subspace
KN! ® KN! ¢ KN?

is contained properly, so not all elements of the higher graded factors are generated by products from lower
graded factors (in particular, Sym?(A%(V)) contains A*(V), which is orthogonal to ACT(V) and is the
subspace fized by the Bianchi average, instead of killed by it).

Now we describe this algebra rep-theoretically. Consider the group of permutations generating the symme-
tries of KN*(V) = Sym?(A*(V)). If R € KN*(V) is a (0, 2k)—tensor in the Kulkarni-Nomizu factor of degree
k, and 0,7 € Si are any two permutations, then these symmetries can be written as

R(@1, 2, 00 T3 21, 22, o2) = SIEN(O) R o(1)s Ty 215 e 28) = STV R(T1, ooy T3 Zr(1)s s 221

R(x1, oy 5 215 ooy 2k) = R(21, ooy 2k X1, vy Tho)-
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The permutations fixing R (in some representation of the symmetric group Sax) can be written as a (signed)
permutation of the x;, followed by a (signed) permutation of the z;, then possibly followed by the permuation
that takes x; — z; for all 4. Call this last permutation a:

afz;) = 2,

a(z) = x1.

The group generated by the first two kind of permutations is Si x Sk, since R is invariant under permutations
of the x; alone and the z; alone. The whole group is a semidirect product (S x.S)»Sa, where the permutation
a described above acts on a pair of permutations o, 7 via

OZ(J, T) = (Tﬂ J)'

Call this the Kulkarni-Nomizu group and write it as KN < Sy;. Although it will not be used in the
remainder of this paper, we now provide two alternative realizations of the Kulkarni-Nomizu group.

Lemma 6.1. The Kulkarni-Nomizu group is the wreath product of Sy with Sa over Sy ~ [2].

Proof. This follows directly from the definition of the wreathe product, since in the specified semidirect
product (Sg x Si) x Sa, the group Sy acts by taking the pair (o1, 02) to the pair (04(1), 0a(2))-

O

Lemma 6.2. The Kulkarni-Nomizu group is the graph automorphism group Aut(Ky i) of the complete
bipartate graph Ky i on the set of vertices [k] x [k].

Remark 6.1. Notice how this generalizes the group D when k = 2. The complete bipartate graph on [2] x [2]
is just a square, and the group of graph automorphisms of a square is Dy.

Proof. When k # m, the automorphism group of Ky ,, = K([k] x [m]) is just the direct product Sy X S,
since we can permute any vertices in [k] and any vertices in [m] and preserve the graph structure, but we
cannot send a vertex in [k] to a vertex in [m] or vice versa, because the vertices in [k] have degree m (they
all are connected to every element of [m]) while the vertices in [m] have degree k and k& # m. So the
automorphism group of Kj, ;, should at least contain the subgroup Sy x Sj.

However, when k = m there is an additional automorphism of the complete bipartate graph Ky, , = K ([k] x
[k]"), where we use the notation [k]' = {1’,2,...,k'} to distinguish from elements of [k] = {1,2,...,k}. This
is the automorphism

Which interchanges the two subsets of vertices.

m]
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7 The Map D

In this section, we move from finite-dimensional vector spaces to vector bundles on manifolds. We will use
the Kulkarni-Nomizu algebra of the last section extensively. On a geometric level, the spaces

KNF(M) := Sym®(A"(T M)) = Sym*(Q%(M)),

Defined over the cotangent space at every point, form a vector bundle over M, which we simply denote
KN*(M). The direct sum

KN(M) = @D KN*(M)

Is also a vector bundle, which we call the Kulkarni-Nomizu bundle or KN-bundle over M. This carries
the structure of an associative, commutative unital graded algebra, defined by taking the Kulkarni-Nomizu
product at every point. The KN-bundle with this structure will be called the Kulkarni-Nomizu algebra
of M or simply the KN-algebra of M.

We will construct a degree-raising map on the KN-bundle of M which carries geometric significance. In
order to motivate this construction, consider how we construct Rm out of R and g on the manifold level:

Rm(X,Y,Z,W) = g(R(X,Y)Z,W).

The tensor field Rm then is alternating in X, Y because R(X,Y") has this property. The other two symmetries
(the Bianchi identity and swap symmetry) follow from geometric properties of V (zero torsion and compatible
with ¢). But this is not enough for us: We would like for Rm to have full Kulkarni-Nomizu symmetry,
regardless of the torsion-free connection V and its compatibility with the symmetric tensor g. Using the
theory of averaging, Rm is alternating in Z, W if and only if

Rm<X7Y7ZaW): (Rm(X7Y527W)_Rm(X7KWZ))7

1
2

so if we instead define the curvature tensor as

Ri(X,Y, 2,10) = 3 (4(R(X, Y) Z,W) ~ g(R(X, Y)W, 2))

Then Rm is automatically alternating in Z, W as well, and this agrees with the usual definition of Rm in
the special case that V is g—compatible. Similarly, Rm is symmetric in (X,Y) <— (Z, W) if and only if

Rm(X,Y,Z,W) = =(Rm(X,Y, Z,W) + Rm(Z,W,X.,Y).

1
2
Now combining these two symmetries, we arrive at the new definition

Rm(X7 Y7 Z7 W) = i(g(R(Xv Y)Z7 W) - g(R(X, Y)W7 Z) +9(R(Z> W)X7 Y) - g(R(Z, W)Y,X)),

Where the first two terms force Rm to be antisymmetric in Z, W, and the second two terms force Rm to be
symmetric in (X,Y) «— (Z,W).

This is a more useful definition of Rm for a number of reasons. First we should notice that this agrees with
the usual definition of Rm when V is Levi-Civita with respect to ¢g. But this definition highlights all of the
important symmetries of Rm - in fact, even when V is neither torsion-free nor g—compatible, Rm still lives
in Sym?(Q2(M)), because we have forced this to be true.
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In fact, even when g is not a metric, but an arbitrary symmetric tensor, we still have Rm € Sym?(Q?(M)). In
other words, fixing an affine connection V and corresponding curvature operator R, then for any symmetric
bilinear form g € Sym?(M), we can define

(Pg)(X,Y, Z, W) = Rm(X,Y, Z, W)

= i(g(R(X, YV)Z,W) = g(R(X, Y)W, Z) + g(R(Z, W)X, Y) — g(R(Z, W)Y, X)),

Then D is a well-defined map

D : Sym?(T*M) — Sym?(Q*(M)),

Taking the degree 1 elements of the KN-algebra to the degree 2 elements of the KN-algebra. In the special
case where ¢ is a metric, and V is its Levi-Civita connection, we have

Rm = Dg.
We would like to generalize this construction so that we can perform the same kind of operation on algebraic

curvature tensors and produce 6—tensors in Sym?(Q3(M)). That is, we would like to construct a map that
takes tensors in the degree k graded factor of the KN-algebra, to tensors in the degree k + 1 factor, or a map

D : Sym?*(QF(M)) — Sym?(QFF1(M)).

This map D should somehow involve replacing one variable of a tensor R with R(A, B)C, since this gives
the right rank; and then forcing symmetries using idempotents.

The general construction will follow quickly once we figure out the case k = 2,

D : Sym?(Q3(M)) — Sym?(Q*(M)).

Let R € Sym?(Q2(M)) so that R satisfies

R(A,B,C,D) = —R(B,A,C,D) = —R(A, B,D,C) = R(C, D, A, B).

Notice that any two variables we put in the last two positions must be alternating because of the sym-
metries of R, and any two variables we put into R(—,—) must also be antisymmetric. Now DR is a
6—tensor (DR)(X,Y,U, Z,W,V) which is alternating in X,Y,U, alternating in Z, W, V', and symmetric in
(X,Y,U) «+— (Z,W,V). We want to construct this new tensor out of terms of the form

Where we replace dashes with variables. Since the arguments of R must be alternating, they must both be
in X,Y,U or both in Z, W, V, and similarly for the last two arguments of R. Start by defining

DR(X,Y,U,Z,W,V) = R(R(X,Y)U, Z,W, V).

While this appears to be the most logical choice of ordering variables, this is not the correct way to proceed.
The reason is that once we apply full alternating symmetries in X,Y,U we get a sum of the form

R(R(X,Y)U, Z,W,V) + R(R(U, X)Y, Z,W,V) + R(R(Y, U)X, Z,W, V)
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Then applying symmetries of R, this is

2(R(R(X, YU, Z,W,V)+ R(R(U,X)Y, Z,W,V)+ R(R(Y, U)X, Z,W,V))

= 2R(R(X,Y)U + R(U,X)Y + R(Y,U)X, Z,W,V)

= 2R(0,2,W,V) =0,

because R(X,Y)U satisfies the Bianchi identity. So instead we start by defining

DR(X,Y,U, Z,W,V) = R(R(X,Y)V,U, Z,W).

Now we simply force full KN-symmetries. This means we permute all of X,Y, U and apply signs, then
permute all of Z, W,V and apply signs, then permute (X,Y,U) +— (Z, W, V), and finally add these together.
This gives a sum with 18 terms: first apply alternating symmetry in Z, W, V:

R(R(Xv Y)Vv Ua Zv W) - R(R(Xv Y)Zv Ua ‘/a W) - R(R(X7 Y)I/V, U7 Za V)

Now combine this with alternating symmetry in X,Y, Z:

This produces a tensor in Q3(M) ® Q3(M). Finally, we swap the triple of variables (X,Y,U) «+— (Z, W, V)
in each of these terms:

Why are there 18 terms? The reason is that the Kulkarni-Nomizu group has order 2(k!)? which for k = 3 is
equal to 72. Averaging over the full KN-group should produce a sum with 72 terms. However, only 1 in 4 of
these terms is explicitly written, because there are already symmetries in the tensor R(R(X,Y)V,U, Z, W),
which is alternating in X,Y and in Z, W. These symmetries generate a group of order 4, the symmetry
group of R, which is a subgroup of the KN-group, and

72/4 = 18,

which explains the number of terms.

This generalizes to higher degrees k as follows. Let R € Sym?(Q¥(M)). Then
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DR(T1, T2, ey Thy Tt 15 215 22, vy Zhy Zht1) € Symz(QkH(M))

Is constructed by first replacing the first variable of R with R(x1,xg+1)2k+1, then applying full KN-
symmetries:

DR(I‘L oy Ly Tl 15 21y +ov5 Rky Zk-‘rl) = ’CNR(R(.T17$]€+1)Z]€+1, T2y eeey Ty By oeny Zk)?

Where KA denotes the projection onto Sym?(QF+1(M)).

8 Cohomology, Areas for Further Study

One very special feature of the Kulkarni-Nomizu bundle is that it has a natural structure of a cochain
complex. There is a coboundary map

Sd : Sym?(QF(M)) — Sym?(Q~F1(M))

Defined by taking the symmetric square of the Cartan differential (also known as the exterior derivative),
which is the unique map

d: QM) — Q(M)

satisfying the following four properties:
e d is homogeneous of degree 1. This means that for each k, d takes

d: Q" (M) — QFFL(M).

e d agrees with the differential of smooth functions, where we consider functions f € C*(M,R) as
0—forms, and their differentials df € T*M as covectorfields or 1—forms. In other words,

for any smooth f € C*°(M) and vector field X on M.
e d is a coboundary, so that
d(d(e)) =0
For any differential form a.
e d is an anti-derivation, that is, if « € Q%(M) is a k—form and 8 € Q(M) is any differential form, then

d(a A B) =d(a) A B+ (=1)*a Ad(p).

(For more on the de Rham differential including proofs of these properties and explicit construction, see [7].)

The map Sd is constructed from d via universal properties. In particular, for any linear transformation
T : V. — W of vector spaces, there are induced linear transformations S*T : Sym*(V) — Sym* (W)
defined by
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SkT(vlvg...vk) = T(’Ul)T(’UQ)...T(Uk).

Thus Sd is, explicitly,

This makes it clear from the first property of d that Sd is homogeneous of degree 1 on the KN-algebra of
M, and from the third property of d, it is clear that

Sdo Sd =0,

That is to say, Sd is a coboundary on the KN-algebra of M.

Notice that Sd is not a derivation on the KN-algebra of M. However, we can compute the coboundary of a
KN-product to get a relation between the coboundaries of the factors. Let a, 3 € QF(M), and 7,6 € Q¢(M).
Then

Sd[(a-B) @ (v- )] = Sd[(any) - (BAI)]
=d(any)-d(BA6)

= (d(a) Ay + (=D*andy) - (A(B) A S+ (~1)* B Ad(5))

= (d(@) A7) - ([d(B) A 6) + (a Ad(v)) - (BAA(8)) + (~1)*[(d(a) Av) - (BAA(S)) + (@A d(y)) - (d(B) A S)]

And the first two terms in this sum can be written as KN-products. They are equal to

(d(a) -d(B) ® (v-6) + (- ) O (d(7) - d(8))

= Sd(a-B) O (v-9) + (a-B) ® Sd(v - 9).

This is exactly what we would expect to get if Sd were a derivation. But the two terms

(d(a) A7) - (BAA()) + (aAd(y)) - (d(B) A )

Are not expressible as KN-products in an obvious way. This is because d(«) is of degree (k + 1) while 3 is
of degree k, and ~y is of degree ¢ while d(¢) is of degree £ + 1.

The cohomology of the chain complex KN(M) with the coboundary Sd may yield interesting results. This
cohomology theory has not yet been investigated by the author. The relationship to de Rham cohomology
has not been investigated either, nor has the relationship to curvature. We conjecture that the map D play
an important role in all of this. In particular, we conjecture either that the tensors g,Dg = R, DR, DDR, ...
play an interesting role in describing cohomology classes as we let g vary over metrics on M; or that the
map D is itself a coboundary or derivation, which may yield an interesting alternative cohomology theory.
The algebraic and rep-theoretic symmetries of various cohomology classes, as well as the pure KN-products,
should also play an interesting role.

31



9 Acknowledgments

I would like to gratefully acknowledge the funding support of California State Univerity at San Bernardino
and the National Science Foundation under grant 2050894. I would also like to thank the CSUSB REU
organizers Dr. Corey Dunn and Dr. Rolland Trapp, especially my mentor Dr. Dunn, as well as the rest of
the participants of the 2021 REU Program.

10 References

References

[1] Besse, A. (1987) Einstein Manifolds. Berlin: Springer-Verlag.

[2] Fielder, B. (2003) On the Symmetry Classes of the First Covariant Derivatives of Tensor Fields. Semi-
naire Lotharingien de Combinatoire, 49 (2003) Article B49f.

[3] Fulton, W.; Harris, J. (2004). Representation Theory. New York: Springer.

[4] Gilkey, P. B. (2007). The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds. London:
Imperial College Press.

[5] Kulkarni, R. S. On the Bianchi Identities. Mathematische Annalen 199 (1972): 175-204.
[6] Lee, J.M. (2018) Introduction to Riemannian Manifolds, Second Edition. Cham: Springer.

[7] Warner, F. W. (1983). Foundations of Differentiable Manifolds and Lie Groups. New York: Springer-
Verlag.

32



