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Abstract

In this paper we examine Algebraic Curvature Tensors and Model Spaces over dimension 3 whose
structure groups contain rotation actions. In particular, the rotation actions we analyze are the circular
action S! and the hyperbolic boost transformation. We also examine structure groups that contain
elements of finite order k # 2. Since every structure group is a Lie group, we use the structure of its Lie
algebra to obtain information about the structure group.

1 Introduction

We first start by providing some definitions. Let V' be a real finite dimensional vector space.

DEFINITION 1.1. Let z,y,z,w € V and let R € ®*V*. We say R is an Algebraic Curvature Tensor (or ACT)
if it has the following properties:

R(x7y72>w) = _R(y7$7zaw) = —R(x,y,w,z) = R(z7w,x,y)7 and
R(l’,y, va) + R(SL’7’U),y, Z) + R(CE,Z,’LU, y) =0.

We let A(V) denote the set of all ACTs over V where dim V' = n.
Next, let A € GL(n,R). We define the precomposition of A with R, denoted A*R, as
A*R(z,y, z,w) = R(Ax, Ay, Az, Aw).

In general, it is not the case that A*R(x,y, z,w) = R(z,y, z,w). Although when equality does hold, the set
of such A € GL(n,R) form a group under composition.

DEFINITION 1.2. We define the structure group of R, denoted G, as the group

Gr={A e GL(n,R) | A"R(z,y,2,w) = R(z,y,z,w) forall z,y,z,weV}.

Structure groups are important since given R € A(V), its structure group Gp is precisely the group of
transformations of V' that fix R. Previous work on structure groups include Obeidin’s work in the case that
dim V' = 3, in which he classifies all possible Gg for R € A(V) |Obel2].

Now suppose V is equiped with an inner product (-,-). When V has an inner product, we say the triple
M = (V,(-,-), R) is a model space. For A € GL(n,R), we can also precompose A with the inner product,
defined as

Az, y) = (Az, Ay).

As before, it is not always the case that A*(x,y) = (x,y), but when such equality holds in addition to
A*R = R, the set of such matrices form a group under composition.



DEFINITION 1.3. Let 9 = (V, (-,-), R) be a model space. We define the structure group of 9, denoted Gop,
as the group

Gom ={A € GL(n,R) | A"R=R and A*(z,y) = (x,y) for all z,y € V}.
In both cases of G and Gy, the structure group is actually a Lie Group.

DEFINITION 1.4. A Lie Group G is a group that is also a real smooth manifold such that the two maps
G x G — G given by

g-hw ghand g gt

are smooth. [Sep06]

Given a structure group, it is helpful to uncover some information about the structure group. Since every
structure group is a Lie group, which is also a manifold, we can calculate the dimension of the Lie group. In
order to do so, we can calulate the dimension of the Lie Algebra associated to the structure group.

DEFINITION 1.5. For a Lie group G, its associated Lie Algebra g is the tangent space of G at the identity of
G.

One method to find the dimension of a Lie group G is to consider some path g(t) through the identity
I € G such that g(t) € G for all ¢ in some interval J and g(p) = I for some p € J. Without loss of generality,
suppose ¢g(0) = I. Then one can evaluate ¢'(p) for some p € J, which is the tangent space of G at point
g(p) € G . So for some path g(t) such that g(0) = I, the tangent space at the identity is the space given
by ¢’(0), or in other words, the Lie algebra g of G. We are then able to find basis vectors for g, in which
case the number of basis vectors is also the dimension of g and hence the dimension of the group G. For
notational purposes, we will let gr and gon denote the Lie algebra of G and Gay, respectively.

We now give an outline of this paper. In Section 2, we work over V of dimension 3 and find all R € A(V)
that are preserved by the rotation action S! by using the method above. As a result of this, we show that for
any G containing an element of finite order & > 2, R is preserved by S! as well. In Section 3, we work over
V of dimension 3 again and find all R € A(V) that are preserved by a hyperbolic boost using the method
above as well. In Section 4, we consider model spaces 9t over dimension 3 that are preserved by S' and a
hyperbolic boost. At the end of each section, we provide a summary of the results found in that section.
We then conclude with open questions that can lead to future work. Lastly, we state acknowledgements and
refrences cited in this paper.

2 Structure groups containing an S' action

We first describe all ACTs over dimension 3. Let V be a 3-dimensional vector space with basis Sy =
{e1,e2,e3} and let A(V) be as in Definition 1.1. Tt is known that A(V) is a 6-dimensional vector space
where each component is determined by the output of each possible combination of inputs of basis vectors
up to the symmytries in Definition 1.1. For notation, we let

Rijie = R(ei, ej, ex,er)
for 1 <i,j,k, £ <3. For R € A(V) with dim V = 3, the six components of R are

Ri221, R1331, R2332, R1231, R2132, R3123.

For convinence, we define each of the six curvature entries as follows:

Ry = Ry2o1,
Ry = Riaau,
R3 = Ra3az,
Ry = Rja31,
Rs = Roi32,
R¢ = R3123.



We will refer to these entries as above throughout the rest of this paper. We also provide one more definition
before our analysis.

DEFINITION 2.1. Let S?(V*) denote the set of all bilinear forms on V. Given ¢ € S?(V*), we define

R¢($’ Y, 2, w) = ¢(xa w)¢(y7 Z) - ¢(Z‘, Z)¢(y’ w)

Since ¢ is bilinear, ¢ is determined entirely by the entries of the basis vectors for V into ¢. If By = {e1,...,en}
is a basis for V', we let ¢;; = ¢(e;, ;) and let
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denote the array of entries of ¢ for all possible combinations of basis vectors for V| up to symmetry of ¢.

2.1 A classification of all ACTs in dimension 3 preserved by S'

We will derive all possible ACTs over dimension 3 whose structure groups contain an S action. Let R € A(V)
be an ACT over V of dimension 3 with basis Sy = {e1, €2, €3} and suppose the structure group of R contains
S'. Without loss of generality, suppose this S! action acts on the plane spanned by e; and es. Such an
action can be represented by the following matrix

A 0 0
Agr=|0 cosf —sind
0 sinf cos@

)

where A € R — {0} is fixed and 6 € [0,27). By definition, we must have Aj \R; = R; for all i = 1,...,6.
Also, since we are assuming the structure group contains S', we must have Ap \Ri = R; for all 0 € [0, 27).
By the calulations of Beneish [Ben13], we arrive at the following equalities for Aj \ R;:

Ry = Ay \Ry = A2 cos2 R, + A2 sin? ORy + 202 cos Osin O Ry

Ry = A;’)\RQ = X2sin? ORy + M cos® Ry — 2)2 cos fsin OR,

Ry = Ay \R3 = (sin? 6 4 cos® 0)*R3

Ry = Ay \Ry = —A2cosOsinOR; + N2 cosfsin Ry + A2 (cos2 0 — sin® 0)Ry
Rs = Aj \R5 = AcosOR5 — \sinORg

Re = Ay \Rg = AsinOR;5 + A cos O Rg.
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CrLam 2.2. We claim Ry = Ry is free, R3 is free, and Ry = R5 = Rg = 0.

Proof. Since (sin? @ + cos? #)? = 12 = 1, we have that the (3) holds for all #. There are two possible cases,
depending on if A € R — {—1,0,1} or if A = £1. Note that A # 0 since if A = 0, Ay » would be degenerate.

1. Case A € R — {-1,0,1}: Suppose A € R — {—1,0,1}. Since Equations (1)—(6) must hold for all
0 € [0,27), they all must hold for § = 0. If § = 0, we get the equations

Ry = M2Ry,
Ry = A\’R,,
R3 = R3,

Ry = MRy,
Rs = AR5,
Rs = A\Rs.

Since A # +1, we must have that Ry = Ry = Ry = R5 = Rg = 0.



2. Case A\ = +1: Next, we look at if A = +1. For (5) and (6), if A = —1 and 6 = 0, we get

Rs = —Rj
Rs = —Rg,
so it must be the case that R = Rg = 0. Next, suppose A = 1, We can multiply (5) and (6) by cos@
and sin @ respectively. We then get
cos OR5 = cos? OR5 — cos 0 sin O Rg

sin @Rg = sin? OR5 + cos  sin O Rg.
If we add these two equations, we get cos@R5 + sin Rg = R5. So it must be the case that
cosORs5 + sinfRg = cos O R5 — sin AR,

or equivalently,
2sin@Rg = 0.

Since this equality must hold for all § € [0,27), it must hold when sinf # 0 and hence Rg = 0.
Substituting this into (5), we see that
R5 = cosORs,

which must also hold for all # and hence when cosf # 1. So, we must have that R = 0 as well. In
either case of A = +1, we get R5 = Rg = 0.

Next, for (1),(2) and (4), in either case of A = 1 or A = —1, the equations end up being equivalent. Also,
these equations must hold for all 8 € [0,27). In particular, they must hold for all 6 € [0, 27) — {0, 7 }.
For the sake of our calculations, suppose 6 & {0, 7}. If we subtract (2) from (1), we get

Ry — Ry = (cos? 0 — sin® )Ry — (cos® § — sin® @) Ry + 4 cos Osin ORy = (cos 20)(Ry — Ry) + 2sin 20R,.
If we solve for Ry — Ro, we get
(1 —cos20)(R; — Ry) = 2sin 20 Ry,
S0
2sin 260
(1 — cos 20)
Since 6 ¢ {0, 7}, cos20 # 1 and hence (1 — cos 260) # 0. If we simplify (4), we see

R — Ry = 4

1
Ry = <—2 sin 29) (R1 — R2) + cos 20 Ry.

2 sin 26

Then by plugging in Ry — Ry = m]ﬂ, we get
1 2 sin 26
=(—=sin20 ) (| ———— 20Ry.
Ry ( 2sm )((1—(:0529))R4+COS Ry

This simplifies to

. 2
sin“ 0
= _— 2
Ry ( 1—cos20) R4 + cos20Ry,

or equivalently,

1 — cos? 20 (1 — cos20)(1 + cos 20)

Ry=—R 20Ry = — R 20R,.
4 1 — cos 20 4+ cos 4 1 — cos 26 4+ cos 4

Then simplifying more gives us

Ry=—(1+cos20)Ry + cos20Ry = —Ry — cos20Ry + cos20Ry = —Rj,.



Since Ry = —Ry, we must have Ry = 0. Now, (1) and (2) become
Ry = cos? ORy + sin® ORs

and
Ry = sin? ORy + cos? OR,

respectively. Then
Ry — Ry = (cos? 0 — sin?0)(Ry — Ry) = (cos20)(Ry — Ry).
Again since cos20 # 1 for 0 ¢ {0, 7}, we get that Ry — Re = 0 and hence Ry = Rs.

In all cases of A € R — {0}, we have Ry = Ra, Rj3 is free, and Ry = R5 = Rg = 0, so we can label each
curvature component at Ry = Ry = «, R3 = 8, and Ry = R5 = Rg = 0 for some o, € R. Thus, the
subspace of A(V) whose elements are preserved by S! is the set of curvature tensors whose components are
of the following form:

for some «, 5 € R. O

Throughout the rest of the paper, let S C A(V) be the subspace spanned by ACTs of the form above.
For some ACT R € S, we have just shown that the structure group Gg of R contains S! as at least a
subgroup of Gg, but Gr can contain more elements than just those of S!. We now examine the different
possible cases for R and Gg, depending on all possible choices of «, 5 € R.

CALCULATION 2.3. For some R € A(V) such that Ry = R5 = Rg = 0, we will calculate A*R = R for some
arbitrary A € G below.

Firstly, let
Tr1 Ty X7
A= |ax x5 x3]| € Gpg.
r3 Tg I9
Then, we must have A*R; = R; for i = 1,...,6. This gives us the equations

Ri = A"Ry = (175 — 2274) " R1 + (126 — 2374)° R2 + (w276 — $3$5)2R3

( )? )?
Ry = A"Ry = (z128 — $2I7)2R1 + (z119 — 363367)2R2 + (xowe — 963968)2R3
Rs = A"Rs = (vazs — 1’5$7)2Rl + (xawo — $6$7)2R2 + (x50 — 136$8)2R3
Ry = ARy = (2175 — T2x4) (175 — 27 ) R1 + (2126 — T3xa) (109 — T377) R2 + (T2T6 — T35) (279 — T378) R3
Rs = A*Rs = —(z175 — T2m4) (Tvazs — T577) R1 — (w176 — w374) (a9 — T677)R2 — (276 — T375)(T579 — T6T8) R3
R = A"Rs = (z1@8 — 22@7)(zaws — x527)R1 + (w129 — x327)(2amo — wex7)R2 + (w229 — x378) (@529 — T6Ts) R3.

Since we have a multilinear system of equations of R; in terms of variables x;, we can take the partial

derivative of each z; to obtain the Jacobian matrix (g?j ) We provide one example of this by differentiating

Ry with respect to 7 implicitly. Note that since each R; € R is a constant, the derivative of every R; with

respect to any variable is 0. To avoid confusion, the R; in gfll on the left hand side is a function of multiple

x;, while the Ry multiplied by many x; on the right hand side is the constant R;. Observe that

OR,

0= —=
(91’1

= 21‘5(1313?5 — $2$4)R1.

We repeat this process by taking the partial derivative of every R; with respect to each x; implicitly, giving

us (gf; ) Next, we can use this Jacobian matrix to find the dimension of Gg. Since G is a Lie group, we



can find its dimension by finding the dimension of the Lie algebra gr of Gr. So, let t € J be an interval
containing 0 and let
z1(t)  wa(t) @2(t)
A(t) = | z2(t) ws(t) ws(t)
z3(t) we(t) wo(t)

such that A(0) = I3, the identity 3 x 3 matrix. In other words, we now have a continuous path A(t) in Gg
such that A(t) € Gg for all t € J and A(0) = I5. We can modify (gi?) by substituting every z; coefficient

in (gf’;) with z;(t) as a function of ¢. If we use the fact that Ry = Rs = Rg = 0 and evaluate each z;(t) at

t =0, we get following modified Jacobian matrix (gfj >| :
t=0

2Ry 0 0 0 2R O O 0 O
2R, 0 0 0 0 0 0 0 2R,
R, o o 0o 0 2Rz 0O 0 0 2R
(0%‘)“:0_ 0 0 0 0 0 R 0 R 0
0 0 Rz 0 0 O R 0 0
0 R 0 R, 0 O 0 0 O

Finally, we can use the chain rule by multiplying the modified Jacobian matrix (ggj)‘ b (%)‘
t=0 t=0

to take the derivative of each R; with respect to ¢ and evaluating at ¢ = 0. For notational purposes, let
r; = 2%,(0). Then, we see

2R, 0 0 0 2R, 0O 0O 0 0 gt 2R, () + =) 0
2R, 0 0 0 0 0 0 0 2Ry : 2Ry () + ) 0

(o) 0 0 0 0 2R3 0 0 0 2R3 | _ | 2Rs@h tap) [ _ [0 &)
ot /) [t=0 0 0 0 0 0 Ry, 0O R 0 : Roxly + Rz 0
0 0 Rs3 O 0 0 Ry 0 0 : Rgxg + R1$/7 0
0 R 0 R, 0 O 0 0 0 :c'g Rs7 + Ro)y 0

This concludes Calculation 2.3. [ If we substitute Ry = Ry = a and Rz = [ into the equations above, we

get the following equations:
/ /

2a(z) + zf)
2a(ah + o)
25 (w5 + )
azg + axg
Bak + axt
Bxhy + ax)

We will now look at the four possible cases: « = 0and 8 = 0, « = 0and 8 # 0, « # 0 and § = 0,
a#0and 5 #0.

1. Case « = B = 0: Let R € S as above be such that a = § = 0. Then all of the equations in (a)
hold for all choices of x; and hence each z; is free for all j = 1,...,9. Hence, dimGr = 9 and so
Gr = GL(3,R). In this case, R = 0, the zero curvature tensor.

(a)

O OO O oo

2. Case a =0 and § # 0: Let R € S such that & =0 and 8 # 0. Then the equations in (a) become

0
0
26(at + zf)
0
B
B}

(=l evllevlien e B ]



So we see that x5 = —xg, 20 = 3 = 0 and 1, x4, xg, T7, Tg, Tg are free. Hence, dim G = 6 and a basis
Bgr for gr is

100 /01 0y /000 /001 /000 /O 0 0
Ban=1410 0 0of,l0o 0 o],[o 0 o], {00 of,lo0 1], [0 -1 0
000 \ooof \o1o/ \ooo \ooo \o o1

Observe that Ryi221 = Ri331 = 0, so e € ker R. Since R has non-trivial kernel, we can decompose R as
R=Ri®Ryand V as V =V, & Va, where V) = span{e;} and Vo = span{es, e3} and each R; € A(V}).
[DFP11]

. Case o # 0 and = 0: Let R € S such that a # 0 and 8 = 0. Then the equations in (a) become

2a(z} +a})
2a(x + )
0
/ /
Qg + Qxg
ozt
ozl

OO O O OO

Thus, we can see that x5 = 19 = —x1, g = —xg, x4 = 7 = 0 and x5, z3 are free. So we have 4 free
variables x1, 2, 3, zg which give rise to a basis 8y, of gr given by:

1 0 0 000\ /000 /0 0 0
Ban=1310 =1 0 ],[1 0o 0], {00 of,[0o 0 1
0o 0o -1/ \o o0 0 100/ \o -1 0

In this case, we have that R = Ry, + Ry, where ¢, ¢ € S%2(V*)
1 0 0 1 0 0
p1=10 a 0] andgpo={0 0 O
0 0 O 0 0 «

. Case a # 0 and 8 # 0: Let R € S such that a # 0 and 8 # 0. Then our equations in (a) become

2ce(x) + k)
2a(z) + )
26(xh + o}
axg + axg
Bl + axt
Bah + axl

O OO o oo

If we solve for each variable, we see that x1 = x5 = 9 = 0, xg = —og, T2 = —%x4, and 3 = —Sx7.
Thus we have three free variables, given by x4, x7, xs. These then give us three basis vectors for basis
Bgr of gr, given by:

0 1 0 0 01\ /0 0 0
Ben=3 -2 0 0],[0 00, {0 0o 1
o 00/ \-2 00/ \o -1 0

B
In this case, we have that R = sgn(3)R, for some ¢ € S?(V*) given by

sgn(B)a/VIBl 00
6= 0 I
0 0 18]

where sgn(/3) denotes the sign function of 3. It is known that Gr, = G, and in particular, G4 = O(p, q)
where (p, q) is the signature of ¢ [DFP11]. We let p represent the number of negative entries in ¢ and
let ¢ represent the number of positive entries of ¢. So, since ¢az, P33 > 0, we have Gr = O(1,2) or
Gr = O(3) depending on the signature of ¢.



This is now a complete classification of all R € A(V) over dimV = 3 that are preserved by S'. To
summarize, the possible dimensions of G are 9, 6, 4, and 3. In the case that dim Gr = 9, we have that
Gr = GL(3,R). In the case that dim Gr = 3, we have that Gr = O(3) or Gr = (1,2).

2.2 Elements of GG of finite order in dimension 3

Let R € A(V) where dimV = 3 and suppose A € G has finite order £ > 2. We focus on elements of
order k > 2 since elements of GL(n,R) of order 2 arise from reflections or products of reflections [Koo03].
In the case that dim V' = 3, Williams has already detailed some structure groups whose elements have order
2 [Will9]. In Koo’s paper, Koo describles all elements of GL(n,R) of finite order. According to Koo, if A
has finite order k > 2, then it must be of the form

5 0 0
A=|(0 cosf —sinf |,
0 sinf cos6

where ¢ = 41, 0 = Q“T” for some a,b € Z with b > 2, and k = b or k = lem{2, b}, depending on if e =1 or
€ = —1, respectively. We suppose b > 2, so we have that § # m. Since A is of the same form as Ay 1 from
Section 2.1, one might realize there are similarities between elements of finite order k > 2 and elements of
St. This leads us to the following theorem.

THEOREM 2.4. Let R be an ACT over dimension 3 such that there exists A € Gr of order k > 2. Then S!
is a subgroup of Gg.

Proof. Let R € A(V) such that dimV = 3 and suppose G contains an element of finite order k > 2. Let
A € Gr be such an elements. Then by Koo, A is of the form

5 0 0
A=|(0 cosf —sinb |,
0 sinf cos6

where 6 = 27 ¢ for some a,b € Z, b > 2, and € = %1 [Koo03|. Also, the order k of Ais k = b or k = lem{2, b},
depending on if e = 1 or € = —1, respectively. Since A € Gg, we must have A*R; = R; for all i. If we
expand A*R; = R;, we get the following system of equations:

Ry = A*Ry = cos? OR; + sin? ORs + 2 cos0sin AR, (7)
Ry = A*Ry = sin? @R, + cos? @Ry — 2cos O sin AR, (8)
R3 = A*R3 = (sin® 0 4 cos? 0)’Rs (9)
Ry = A*Ry = —cosfsinR; + cos 0 sin Ry + (cos® 6 — sin® ) Ry (10)
Rs = A*R5 = ecosR5 — esin O Rg (11)
Rg = A*Rg = esinfR5 + e cos O Rg. (12)

We can see that Equation (9) always holds. We can follow the calculations in Case 2 of Claim 2.2 identically
since cos 26 # 1 because 0 ¢ {0,7}. Thus, we conclude that Ry = Rg, Rj3 is free, and Ry = R5; = Rg = 0.
Thus, R € S and hence S! must preserve R as well.

O

Theorem 2.4 tells us that in the case dim V' = 3, if there exists A € Gy of finite order k > 2 that preserves
R, then S! must also preserve R.

3 Hyperbolic Boost in dimension 3

We now focus our attention to the Hyperbolic Boost action in dimension 3. This action can be described by
the matrix

A 0 0
Bgx=|0 coshf® —sinhf |,
0 —sinh® cosh®



where A € R — {0} is fixed and 6 € R. Suppose there exists R € A(V) over dimV = 3 such that By € Gg
for all € R. Then we must have Bj  R; = R; for all i, which gives us the following equations:

Ry = Bj Ry = A2 cosh? OR; + A2 sinh? 0Rs — 2)2 cosh @ sinh O R, (13)
Ry = Bj \Ry = \?sinh® Ry + A% cosh® ORy — 2A? cosh  sinh O Ry (14)
Ry = Bj \Rs = (sinh® 0 — cosh” 0)*Rs (15)
Ry = Bj \Ry = —X\? cosh0sinh O R, — A\ cosh @'sinh 0 Ry + A\*(cosh® 6 + sinh® 0) Ry (16)
R5 = By \Rs5 = Acosh0R5 + Asinh 0Rg (17)
Re = By \R¢ = Asinh O R5 + A cosh 0 R. (18)

Cram 3.1. We claim that Ry = —Rs is free, R3 is free, and Ry = Rs = Rg = 0.

Proof. As in Claim 2.2, there are two cases depending on if A € R — {—1,0,1} and if A = +1. Note that
these Equations (13)—(18) must hold for all § € R. Observe that equation (15) holds for all § € R since
cosh®§ — sinh® @ = 1 for all 6 € R.

1. Case A € R — {—1,0,1}: Suppose A € R — {—1,0,1}. Then Equations (13)—(18) must hold for all
0 € R. If § =0, we have

R, = \°R;
Ry = A°Ry
Rs = Rs
Ry = \’Ry
Rs = \Rs
R = ARg.

Since A € R — {—1,0, 1}, we must have Ry = Ry = Ry = R5 = Rg = 0 and Rj is free.
2. Case A = %1: Suppose A = £1. If A = —1, then evaluating (17) and (18) at § = 0 gives us
Rs = —R;
Rs = —Rg.
Hence, we must have Rs = Rg = 0. Next suppose A = 1. Then (17) and (18) become

Rs = cosh OR5 + sinh O Rg
Rg = sinh O R5 + cosh 0 Rg.

If we multiply R5 and Rg by cosh @ and — sinh 6 respectively, we see
cosh Rs = cosh? ORs + cosh f sinh O Rg
—sinh#Rg = — sinh? #R5 — cosh 6 sinh 6 R.

If we add these two equations, we get Rs = (cosh2 0 — sinh? 0)R5 = coshOR5 — sinh ORg. But since
Rs5 = cosh OR5 + sinh O Rg, we have

cosh OR5 + sinh O Rg = cosh 0 Rs — sinh 0 Rg,

or in other words,
2sinh O Rg = 0.

Since this equation must hold for all § € R, if § # 0, then sinhf # 0 so we must have Rg = 0.
Substituting Rg = 0 into (17), we have R5 = cosh@Rs5. Again, this equation must hold for all § € R,
so if § # 0, then cosh§ # 1 and hence R5 = 0.



Next we will examine Equations (13),(14), and (16). Notice that if A = —1 or if A = 1, the equations
are identical. Also since these equations must hold for all § € R, they must hold for when 6 # 0 as
well, so for the sake of our calculations, suppose 6 # 0. If we add (13) and (14), we see that

Ri+ Ry = (cosh2 6 + sinh? 0)(R1 + Ry) — 4cosh fsinh ORy = cosh 260( Ry + Rs) — 2sinh 20 Ry.

Hence,
(1 — cosh20)(Ry + R2) = —2sinh 20R,.

Since 6 # 0, 1 — cosh 26 # 0 and so

—2sinh 20

Ri+Ry= —F—Ry.
L+ 1 —cosh26

We can simplify (16) as

Ry = —cosh#sinh R, — cosh @sinh ORy + (cosh? § + sinh? ) Ry
= —coshfsinh O(R; + Rs) + cosh 20Ry

1
=-3 sinh 20(R; + Rs) + cosh 20Ry. (1)

If we substitute Ry + Ry = #‘;ﬁgglﬁ into (f), we see

—2sinh 26 1.
R, = <1—coshZ€R4> (2 sinh 29) Ry + cosh20Ry

sinh? 26
= h2
1 — cosh 260 Ra + cosh 20 R,
cosh? 260 — 1
=— h?2
1 — cosh 26 R+ cosh 20K,
= —(1 4 cosh20)R4 + cosh 20 Ry

= —R4 —cosh20R4 + cosh20Ry = —Rjy.

Hence, Ry = —R4 and so Ry = 0. We can plug in Ry = 0 into Ry + Rz = cosh 20(R; + Ry) —2sinh 20 Ry
to see that

R1 + R2 = cosh 29(R1 + Rg)
If 8 # 0, then cosh20 # 1 and so we must have Ry + Ry = 0, or in other words, Ry = —R5. So if
A = %1, we have that Ry = —R», R3 is free, and R4 = R5; = Rg = 0.

In all possible cases of A € R — {0}, we have that Ry = —Ra, R3 is free, and Ry = Rs; = Rg = 0.
Thus, the subspace of A(V') whose elements are preserved by a hyperbolic boost is the set of curvature
tensors whose components are of the following form:

Ry =—-Ro
Rj3 is free
Ry = Rs = Rg =0.

O

Let T C A(V) be the subspace spanned by ACTs of the form above. By Claim 3.1, we have shown that
any R € T is preserved by a hyperbolic boost, so Ag € G for all # € R. As we did in Section 2.1, for each
possible R € T depending on Ry, R3 € R, we will examine the Lie algebra structure of Gg. Notice that
in Calculation 2.2, we calculated A*R; = R; where Ry = R5 = Rg = 0 for some arbitrary A € Gr. We
disregarded R; = Ry until the calculation was over, so we may use the results from Calculation 2.2.
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So, let R € T and let A € Gg. Also, let A(t) be a path in Gg through I3 such that A(0) = I3. We must
have that A(t)*R; = R; for all t. Then if we take the derivative of each side with respect to ¢ and evaluate
at t = 0, recall that (&) says that

2Ry (z) + %)

2Ry (7 + )

(%)\ho - igRggzg J mé')
= 2T + Rizg

Rgl‘é + Rlx’7

Rgl‘/g + RQZ‘&

OO OO OO

Now we can substitute Ry = —R5 into these equations to see that

2Ry (z) + %)
—2Ry (2} + 25)
—RLT% + Rlxg
Rg.’lié + Rl.’L‘/7
R333’2 — R1.I‘£1

O O O O OO

For convenience, we label Ry = v and Rs = 7. This gives us

2y(x) + %)
—2(x) + x)
27 (x5 + )
v(—xg + x5)
Ty + yay
TITYH — YTy

coocooo
~~
>
S~—"

We now examine all possible cases of v, 7 € R.

1. Case vy = 7 = 0: Let R € T as above such that v+ = 7 = 0. Then the equations in (#) hold for all
choices of z; and hence each x; is free for all j =1,...,9. Thus, dimGr = 9 and so Gr = GL(3,R).
In this case, R = 0, the zero curvature tensor.

2. Case y=0and 7 # 0: Let R € T such that v =0 and 7 # 0. Then the equations in (#) become

0 0
0 0
27 (xf + ) 0
0 10
TXY 0
T, 0
So we see that x5 = —xg, ro = v3 = 0 and x1, x4, Tg, T7, g, Tg are free. Thus, dim Gr = 6 and a basis
Bgr for gg is
1 0 0 01 0 0 0 O 0 0 1 0 0 O 0O 0 0
Bor = oo o0,{0 0 0}J,{0 0 0}J,{0 O O),f0O O 1],10 =1 O
0 0 O 0 0 O 01 0 0 0 O 0 0 O 0 0 1

In this case, since 0 = v = Rj991 = Ri331, we have that e; € ker R. Since R has non-trivial kernel, we
can decompose R as R= Ry ® Ry and V as V =V} @ V,, where V; = span{e; } and Vo = span{es, e3}
and each R; € A(V;).
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3. Case vy #0 and 7 = 0: Let R € T such that v # 0 and 7 = 0. Then the equations in (#) become

2v(x) + x5) 0
—2y(@) +a) | [0
0 10
V(=26 + 5) 0
vk 0
v 0
We can see that x1 = —x5 = —x9, g = x5, and x4 = 7 = 0. Thus, z1, 2,3, s are free and so
dim Gr = 4. Then we have a basis 8y, of gr given by:
1 0 0 0 0 O 0 0 0 0 0 O
Begrn=410 -1 0 ],{1 0 0)],{0 O O],{0 O 1
0 0 -1 0 0O 1 00 0 1 0

In this case, we have R = Ry, + Ry, where ¢, ¢ € S*(V*) and

1 0 0 1 0 0
p1=[0 v 0) andgo=(0 0 0O
00 0 00 —v

4. Case v # 0 and 7 # 0: Let R € T such that v # 0 and 7 # 0. Then the equations in (#) become

2y(x) + %)
—2(z) + x)
27 (g + )
v(—x6 + x5)
TIh + Yy
TITY — YTy

(==l el el an B e B en)

If we solve for each z;, we see that z1 = x5 = x9 = 0, 6 = T3, T3 = gy, and x9 = Lx4. Thus, we
T T

have three free variables given by x4, z7, 3. These then give us three basis vectors for basis g, of gr,

given by:

01 0 0 0 1\ /0 0 0
Ben=1412 0 0], 0 0 0], (001
0 00/ \-2 010

In this case, we have that R = sgn(—7)Rg, where ¢ € S?(V*) is given by

sgn(—7)y/y/Ir] 0 0
¢= 0 VIFl o
0 0 =Vl

So, we must have that dimGr = 3. Moreover, Gg = O(1,2) or Gr = O(2,1), depending on the
signature of ¢.

We have now classified all R € A(V) in dimension 3 that are preserved by a hyperbolic boost. The possible
dimensions of Gg are 9,6,4, and 3. In the case that dim G = 9, we have that Gg = GL(3,R). In the case
that dim Gr = 3, we have either Gg = O(1,2) or Gg = O(2,1).

4 Model Spaces 91 in dimension 3 preserved by Rotation Actions

We now focus our attention to model spaces 9% of dimension 3. One notable feature about model spaces is
that the vector space V is equipped with an inner product (-,-). Since an inner product is symmetric and
bilinear, all of the information regarding an inner product can be deduced from applying the inner product
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to all combinations of basis vectors. In this section, we work over V' of dimension 3, so let 8y = {ej, ez, €3}
be a basis for V. We will also let H denote the (-,-) such that H;; = (e;,e;). Up to the symmetries of H,
there are six possible combinations of basis vectors to input into H, given by Hi1, Hoo, Hss, Hi2, H13, Hos.
We also enumerate these as

Hy = Hi,
Hy = Hja,
Hj3 = Hjs,
Hy = Hyo,
Hs = His,
Hg = Hog.

We will refer to the possible entries of H as above throughout the rest of the section.

4.1 Model Spaces 9 preserved by S!

We will derive all possible model spaces 90t over dimension 3 whose structure groups contain S'. We first
start with a preliminary result.

PROPOSITION 4.1. Define

€ 0 0
S, = 0 cosf —sinf| | 0€[0,2m) and e = £1
0 sinf cosf

Then S, is a group under multiplication of matrices.

Proof. Observe that I3 € SL, since I3 is a matrix in S}, where # = 0 and ¢ = 1. Thus, S, has an identity
element. Since S!; C GL(3,R) and it is known that multiplication of matrices in GL(3, R) is associative, we
have that multiplication in S.; is also associative. Lastly, we must check for inverses. Let

€ 0 0
X=|0 cosz —sinz| eSi;.
0 sinx cosx

Then consider the matrix
5 0 0

Y =10 cos(2mr —x) —sin(2r —x)
0 sin(2r —z) cos(2m — x)

Observe that Y € S, since if z € (0,27), 2 — x € [0,27) as well. If z = 0, then replace 27 — z with 0, as
the following calculations are equivalent. Then we can see that

€ 0 0 € 0 0
XY =0 cosz —sinx| [0 cos(2r—2x) —sin(2r —x)
0 sinx cosz 0 sin(2mr —x) cos(2m — x)
1 0 0
=0 cos(x+2r—2x) —sin(x+2r—x) | = Is.
0 sin(z+27r—2z) cos(x + 27 —x)
Hence, every X € S1; has an inverse element X ! € S1, as well. Thus, S1, is a group. O

Let Ag » represent the S! action as given in Section 2.1 and let M = (V, (-,-), R) = (V, H, R) be a model
space in dimension 3 such that S' preserves 9. In order for S' to preserve M, S! must preserve both R and
H. In Section 2.1, we classified all R € A(V) in dimension 3 that are preserved by S'. We use these results
as well as new calculations of A;’ yH; to determine which possible 9t are preserved by S'. Since S! preserves
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O by our supposition, we must have A7 \H; = H, for all i = 1,...,6. If we compute A7 \H; = H;, we get
the following equations:

Hy = Aj \Hy = N H; (19)
Hy = Aj \Hy = cos® OHy + sin? 0 H3 + 2 cos 0 sin 0 Hg (20)
H3 = A} \H3 = sin? 0Hy + cos® 0 Hs — 2 cos 0 sin 0 Hg (21)
Hy = Aj \Hy = AcosOH, + Asin 0 Hs (22)
Hs = Aj \Hs = —Asin0Hy + Acos0Hs (23)
Hg = Aj \Hg = — cos 0 sin 0Hy + cos 0 sin 0 Hz + (cos” 6 — sin® ) H, (24)

all of which must hold for all § € [0,27) and fixed A € R — {0}.

CLamM 4.2. Solving the equations above, we see Hy is free and monzero, Ho = Hj3 are free and nonzero,
H, = Hs = Hg =0, and we must have A = £1.

Proof. To begin, we encode the data of H into the following array:

Hyy Hip Hips H, H, H;
[Hlij = |Hi2 Ha Has| = |Hs Hy Hgl,
Hy3 Hyz Hsz Hs Hg Hj

where the ij entry of [H];; represents H;;. We will fill in the entries of [H] as we continue.

Notice that Equations (19)—(24) look nearly identical to Equations (1)—(6) in Section 2.1, which we have
already solved. We will not repeat the calculations done in Claim 2.2; we instead focus on how they are
identical up to a substitution and choice of A for Equations (1)—(6).

We first examine Equations (22) and (23). If we replace Hy with Rg and Hs with Rs, we see that (22)
and (23) respectively become

Rg = AcosORg + AsinfORs = AsinfRs + A cosORg
Rs = —AsinfRg + AcosORs = AcosORs — Asin 6 Rg.

Note that we did not actually equate Hy = Rg and Hs = R5, we simply just symbolically substituted Rg, R5
in for Hy, Hs, respectively. In Claim 2.2, we showed that Rs; = Rg = 0 for all cases of A € R — {0}. Using
this knowledge and realizing that Equations (22) and (23) are identical to (6) and (5) respectively up to the
substitution we made, we can conclude that Hy = H; = 0. We update these values in [H] to see

H 0 0
[H=|0 H, Hg
0 Hg Hs

Next, if we symbolically substitute Ho with Ry, Hs with R,, and Hg with R4, observe that Equations
(20),(21),(24) are identical to Equations (1),(2),(4) in the case that A = £1 in Equations (1),(2),(4). In the
case that A = £1 for Equations (1),(2),(4), we concluded that R4 = 0 and R = R3. Hence, by substituting
H, with Ry, H3 with R,, and Hg with R4, we see that Hg = 0 and Hs = Hs. Using this knowledge, we can
update the entries of [H]:

H 0 0
H=|0 H, 0
0 0 H;

We hold off on substituting Hs = Hj in [H] for now for the sake of a later calculation. Note that since H is
an inner product, it must be nondegenerate. In other words, if H is nondegenerate, then H (v, w) = 0 for all
w € V if and only if v = 0. If H, = Hs = 0, then H would be degenerate since we would have H(ey,w)=0
for all w € V, which cannot true since ey # 0 is a basis vector for V.

Finally, we examine Equation (19). Observe that if A # +1, then we conclude from Equation (19) that
H; = 0. This would imply that H(e;,w) = 0 for all w € V. This cannot be the case since e; is a basis vector
for V. Hence, we must have A = +1, which means that Equation (19) holds for any choice of Hj. O
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So, if ST preserves M, we have found that the inner product H of 9t must be of the form above. We now
examine Gop as we did in Calculation 2.2 by looking at the Lie algebra structure of goy.

CALCULATION 4.3. For some model space 91 such that R € S and H is of the form given by Claim 4.2, we
will calculate A*H; = H; for some arbitrary A € Gon. We do not need to compute A*R; = R; since this
calculation was already done in Calculation 2.3.

Firstly, let
Ty T4 Ty
A= |20 x5 z5| € Gog.
T3 Te T9

Since A € Gon, we must have A*H; = H; for all i = 1,...,6. When we compute A*H; = H;, we arrive at
the following equations:

Hy = A*H, = 23H, + 25H, + 23 H3
Hy = A*Hy = x3H, + 23 Hy + 23 H3
Hs = A*H3 = 22H, + x2Hy + x2H;
Hy, = A"H, = x1x4H1 + xox5Ho + 23206 H3
Hys = A*Hs = xv127Hy + 1223 Hy + w379 H3
Hg = A*Hg = wqx7Hy + x503 Hy + 1679 H3.

Since Gy is a Lie group, we can find its dimension by finding the dimension of its Lie algebra Ggn. So, let

xl(t) LL’4(t> LL'7(t)

At) = | z2(t) a5(t) =

z3(t)  we(t)

such that A(0) = Is. As we did in Calculation 2.2, we can take the the the partial derivative of each H;
with respect to x; to get the Jacobian matrix (gfj) We then consider each z; in (gfj) as a function of ¢
as described by the path A(t) in Gan such that A(0) = Is. We can then evaluate each z; at t = 0 and use

the fact that Hy = Hs = Hg = 0 to obtain the following modified Jacobian matrix (gf;)\ :
t=0

8

20, 0 0 0O O 0 O O 0O
0 0 0 0 2H, 0 0 0 0
OH, 0o o0 0 0O 0 0 0 0 2H;
(396:')” o | O H 0O H 0 0 0 0 0
0 0 H; 0 0 0 H 0 0
0 0 0 O 0 H3y 0 Hy 0

ot
the derivative of each H; with respect to t and evaluating at ¢ = 0. Since H; is a real valued, constant, its
derivative is 0. We will again let 2, = 2”(0). Then we have

Now we can use the chain rule by multiplying the modified Jacobian matrix <?,f; )I b (8”3-7 )‘ to take
t=0 t=0

2H, 0 0 O O 0 0 0 0 1 2H, ) 0

0 0 0 0 2H, 0 0 0 0 : 2H,; 0

oH, 0 0 0 0 0 0 0 0 2H; _ 2H3}, o
(d%' )|t o | 0O H O H 0 0 0 0 0 Hoxh + Hixy | — |0
0 0 H; O 0 0 H 0 0 : HgIé + Hl.’L‘I7 0

0 0 0 0 0 Hy 0 Hy 0 x'/g Hsxy + Hyxl 0
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This concludes Calculation 4.3. [J
For the case of S', we may now substitute Hy = H3 into () to get

2H1.13/1

2H2.1E/5

2H2$é
HQ(L'/Q + Hll'ﬁl
Hg.’)?é + H1$/7
nglﬁ + HQJ?/S

OO OO OO

So in order for S to preserve 9, we must have that the Equations (b) and (a) in Section 2.1 hold. Observe
that since Hy, Ho, H3 are all nonzero, we must have that 1 = x5 = 29 = 0. Also, we must have that
Lo = —g—;m, T3 = —%m, and xg = —xg. So, there are 3 free variables x4, x7, g at the very most and
hence dim Gon < 3. As we did in Section 2.1, we will examine all possible Ggy that are preserved by S! by

examining all possibilities of Ry = Ry = «a, R3 = 8 € R.

1. Case a = 0 and 8 = 0: For model space M = (V, H, R) preserved by Ap 11, let R € S such that
a =0 and 8 = 0. Then all of the equations in (a) always hold. We again must have that R is the
zero curvature tensor. By the previous paragraph, since x4, x7, xg are free, dim Ggy = 3. The different
possibilities of Gop are Gop = O(3), Gop = O(2,1), Gon = O(1,2), or Gop = O(0, 3), depending on the
signature of H.

2. Case a =0 and S # 0: For model space M = (V, H, R) preserved by Ag 11, let R € S such that o =0
and 8 # 0. In Section 2.1, it was shown that the relationships among the variables for R in this case

are x5 = —9,x2 = x3 = 0, and 1, 4, T, T7, Tg, Ty are free. But since S' preserves H as well, we have

T1 =25 =29 =0, x50 = —%m, T3 = —%xn and xg = —xg. Since x5 = x3 = 0, we must also have
. 2 2 . . .

that x4 = x7 = 0. Also, since we have the relationship that z¢ = —xg, we only have one free variable

in this case, which is xg. Thus, dim Gor = 1 and a basis 34,, for go is

0O 0 O
699}{ = 0 0 1
0 -1 0

Thus, dim Goy = 1 and Goy = SL; as in Proposition 4.1.

3. Case a # 0,8 = 0: For model space M = (V, H, R) preserved by Ag 11, let R € S such that a # 0 and
B = 0. In Section 2.1, it was shown that the relationships among the variables for R in this case are

Ts =x9g = —I1, Tg = —xg, T4 = 7 = 0 and 9, x3 are free. But since z1 = x5 = x9 = 0,29 = f%u,
and z3 = —%x% we must have 1 = x5 = zg = 0 as well as o = x3 = 0. Hence, we only have one

free variable xg. Thus, dim Gon = 1 and a basis B, for gon is

0 0 0
Bem =3 (0 0 1
0 -1 0

Again, dim Goy = 1 and Goy = S, as in Proposition 4.1.

4. Case a # 0 and § # 0: For model space M = (V, H, R) preserved by Ag 11, let R € S such that a # 0
and 8 # 0. In Section 2.1, it was shown that the relationships among the variables for R in this case

are v1 = x5 =x9 =0, 1g = —Tg, To = —%u, and r3 = —%m7. But, 25 = —%3347 T3 = —%aw by our

assumption that S! preserves H. Hence, we have that —%u = —Z—;m and —%aw = —%xm or in other
H _ « —(HL _ ¢ — i if (Ho _ «

words, (Hz [3> Ty = (H2 6) x7 = 0. There are two cases here, depending on if (H2 B) #0 or

if (He 2 =

if (H2 B) 0.
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(a) Case (i —2) £0: If (L — 2) +£ 0, then we must have 24 = 27 = 0. In this case, there is

Ho ﬁ Hs ﬁ
only one free variable xg. Therefore, dim Gop = 1 and a basis 8y, for gox is
0 0 0
Boam = 0 0 1
0 -1 0

Again, we have dim Goy = 1 and Goy = S1;.

(b) Case (i — 9) = 0: Suppose (i — 9) = 0. Observe that x4 and x7 are free, as well as zg.

Ho ﬁ Ho ﬁ
Next, since I% - % = 0, we must have % = %, or in other words, H; = %HQ. We claim that

R is actually £Rp, depending on the sign of 5. To see this, let the array [H| be

sgn(ﬂ)a/m 0 0
0 Bl 0
0 0 18]

and let R = sgn(8)Ry. The form of Ry is that given by Definition 2.1, where H € S?(V*). So,

1) =

mqmwﬂm:m@Gmm~%|@=

mﬂMWﬂm—m@Gmm~%|@—

Ry = sgn(8)Ha - Hy = sgn(8) (VI8 ) = sen(8)|5] = 6

as desired. Since there are three free variables x4, x7, x3, dim Goy = 3 and a basis By, for gon is

0 10 0 01\ /0 0 0
Ben=12 (-9 0 0], [0 0 0], [0 0o 1
o 00/ \-2 00/ \o -1 0

B

Thus, dim Gop = 3 and Goy = O(1,2) or Goy = O(3), depending on the signature of H.

This classifies Gy of 9 pereserved by S!; and hence S! in the case that a # 0 and 3 # 0 for R € S.

~

This is now a complete classification of 9 in dimension 3 such that S1; and hence S! preserves 9. We have
found all possible dimensions of Ggy, corresponding to 1 and 3. In the case that dim Goy = 1, we have that
Gon = SL;. In the case that dim Goy = 3, we have either Goy = O(3) or Gon = O(1,2).

4.2 Model Spaces 91 preserved by a hyperbolic boost
Now we will study 9t that are preserved by a hyperbolic boost. We start with a preliminary result.
PROPOSITION 4.4. Define

€ 0 0
HB := 0 coshf —sinhf| | 0eR ande==+1
0 —sinhf coshd

Then HB s a group under multiplication of matrices.

Proof. Observe that I3 € HB since I3 is a matrix in HB where # = 0 and ¢ = 1. Thus, HB has an identity
element. Since HB C GL(3,R) and it is known that multiplication of matrices in GL(3,R) is associative, we
have that multiplication in HB is also associative. Lastly, we must check for inverses. Let

€ 0 0
X=10 —coshz —sinhxz| € HB.
0 —sinhxz coshx
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Then consider the matrix
0 0

€
Y=(0 cosh(—z) —sinh(—x)
0 —sinh(—z) cosh(—x)

Observe that Y € HB since if x € R, —x € R as well. Then we can see that

€ 0 0 € 0 0 1 0 0
XY =0 coshz —sinhz 0 cosh(—z) —sinh(—z)| =10 cosh(x—2) —sinh(z—2z)| =Is.
0 —sinhz coshz 0 —sinh(—z) cosh(—z) 0 —sinh(x —z) cosh(z —x)

Hence, every X € HB has an inverse element X ~! € HB as well. Thus, HB is a group. O

Let By, be the same as that of Section 3. As in Section 4.1, we will calculate By H; = H; for all ¢ and
determine what each H; must be. So, suppose 91 is preserved by a hyperbolic boost, or in other words,
Bj \Ri = R; and By \H; = H; for all i. In Section 3, we have found all R € A(V) that are preserved by
a Hyperbolic boost, so we focus our attention to By \H; = H;. If we compute By \H; = H;, we get the
following equations:

Hy = By \Hy = N’H; (25)
Hy = B} \Hy = cosh® 0 Hj + sinh® 0 Hs — 2 cosh 6 sinh 0 Hg (26)
Hs = Bj \Hs = sinh® Hj + cosh® 0 Hs — 2 cosh 6 sinh § Hg (27)
Hy = Bj \Hy = AcoshHy — Asinh 0Hj (28)
Hs = By yHs = —Asinh 0 Hy + A cosh 0 Hj (29)
Hg = By \Hg = — cosh 0 sinh 0 H; — cosh 0 sinh 0 Hy + (cosh2 0 + sinh? 0)Hg. (30)

Cram 4.5. We claim that Hy is free and nonzero, Hy, = —Hs are both nonzero, and Hy = Hs = Hg = 0.
In addition, we must have A = +1.

Proof. We first examine Equations (28) and (29). Observe that if we add these two equations, we get
Hy + Hs = Mcosh @ — sinh 0)(Hy + Hs) = e™%(H, + Hs).

In other words, we have (Ae™? —1)(Hy+ Hs) = 0. If A < 0, (Ae7? —1) # 0 for all # € R so we must have that
Hy+ Hs = 0. If A > 0, when 6 = log()\), we have that (\e™® —1) = (1 — 1) = 0. But since e : R — R,
is injective, when 6 # log()\), (Ae™? — 1) # 0. But the equality (Ae™® — 1)(Hy + Hs) = 0 must hold for all
6 € R, so we must have Hy + Hs = 0. In all cases of A € R — {0}, we have shown that it must be the case
that Hy + Hs = 0, or in other words, Hy = —H;5. We can substitute Hy = —Hj into (28) to see

Hy = A(cosh 6 + sinh §) Hy = \e’ Hy.

In other words, we must have (Ae? —1)Hy = 0. If A < 0, then Ae? — 1 < 0 and so we must have that Hy = 0.
If A > 0, since €’ is injective, whenever 6 # —log()\), we have that Ae? — 1 # 0. But (\e? — 1)Hy = 0 must
hold for all # € R so it must be the case that H4y = 0. Since Hy = —Hs, we see that Hs = 0 as well.

Now we move on to examining Equations (26),(27), and (30). As we did in Claim 4.2, we will not
directly solve these equations but rather point out that Equations (26),(27),(30) are identical to Equations
(13),(14),(16) respectively, when A = £1 in Equations (13),(14),(16). We will identify H, with Ry, Hs with
Ry, and Hg with R4. In the case that A = £1 in Equations (13),(14),(16), we have shown that Ry = —Ry
and Ry = 0. Using this with the identification Hy with Ry, H3 with Ry, and Hg with R4, we conclude
H; = —Hjz and Hg = 0. As in Claim 4.2, we encode this information into the array [H] to see that

H 0 0
H]=|0 H, 0
0 0 Hs

Since H is an inner product, it must be nondegenerate. Observe that by equation (25) says that H; = A\2Hj.
If A # £1, we must have that H; = 0 which cannot be true since if H; = 0, H would not be nondegenerate.
Thus, we have that A = £1. O
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NOTE 4.6. In Claim 4.5, we showed that if By  preserves an inner product H, we must have A = £1. Hence,
By » € HB as in Proposition 4.4.

We now have described what what form an inner product H of 9 must be in. As before, we use the fact
that Gy is a Lie group to list the possible dimensions of Goy that are preserved by a hyperbolic boost. So,
let 9T be a model space preserved by a hyperbolic boost and consider a path A(t) through I3 in Gy such
that A(0) = I5. We then repeat the process as done Calculation 2.2. Observe that at the end of Calculation
2.2, (¢) holds for any path A(t) through any Gaon such that Hy = Hs = Hg = 0. Since that is the case here,
we will reuse these results. Recall that (&) says that

2H1£L'I1

2H2xir)

2H3$§
HQI/Q + Hll‘:l
Hgl’é + H1$/7

OO OO oo

If we substitute Ho = —Hj3, we see that

2H1I’1

2H2(£::)

—2H2$€)
HQ.Q?IQ + H1.’L‘ﬁ1
—ngg + H1$/7
—Hoxg + Hoxg

0
0
0
0
0
0

Thus, we must have that x1 = x5 = 19 =0, x93 = —%$47 T3 = %x7, and xg = Tsg, SO T4, x7,xs are free. As
we did in Section 4.1, we examine all possible Goy that are preserved by a hyperbolic boost by examining all
possibilities of curvature entries of R Ry = —Rs = 7, R3 = 7 € R in addition to all possible inner product
entries of H.

1. Case v = 7 = 0: For model space M = (V, H, R) preserved by By 11, let R € T such that vy =7 = 0.
Then the equations in (#) always hold for any choice of z; and R is the zero curvature tensor. By the
previous paragraph, x4, z7, zs are free, so dim Goy = 3 and Gop = O(2,1) or Gon = O(1,2), depending
on the signature of H.

2. Case v =0 and 7 # 0: For model space 9 = (V, H, R) preserved by By 11, let R € T such that v =0
and 7 # 0. By Case 2 in Section 3, we have that x5 = —x9, 9 = z3 = 0 and x1, 24, g, T7, s, Tg are
free. But by the equations in (©), we have x1 = x5 = x9g = 0, z2 = _hgl Ty, T3 = g—;wn and zg = x3.
So, we must have 1 = x5 = 19 = 0, 5 = v3 = 4 = x7 = 0, and zg = xg, which means that there is

one free variable zg. This gives us a basis fg,, for gox, given by

0 00
B =< [0 0 1
010
Thus, dim Gop = 1 and Ggp = HB as in Proposition 4.4.
3. Case v # 0 and 7 = 0: For model space M = (V, H, R) preserved by By 11, let R € T such that v # 0

and 7 = 0. By Case 3 in Section 3, we have that 1 = —x5 = —x9, T = 23, and z4 = x7 = 0. But
we must also have that 1 = x5 = 29 =0, 25 = %“7 and z3 = %367 since By +1 preserves 9. So

in total, we can see that 1 = x5 =29 =0, 22 = 23 = x4 = z7 = 0, and x¢ = xg. Hence, we have one
free variable zg. This gives us a basis 34, for gor, given by

0 0 0
Bam =41 |0 0 1

010
SO, dlmGgm:1aIlngm:HB

19



4. Case v # 0 and 7 # 0: For model space MM = (V, H, R) preserved by By 11, let R € T such that v # 0

and 7 # 0. Then we must have 2y = x5 = 29 = 0, 26 = 73, 23 = — 227, and 22 = Lxy. Since By 11
also preserves 2, we must also have x5 = —%u and x3 = g—;aw. We then can see that }m = —%m
and —Ztx7 = g—;x7 , or in other words,

v H v, H
-4+ — = -4+ == =0.
(T+H2)x4 (T+H2>m7

We then have two cases, depending on if (% + %) # 0 or if (} + %) =0.

(a) Case (% + g—;) # 0: Suppose (% + g—;) # 0. Then we must have x4 = 7 = 0 which implies
that xo = x3 = 0. In this case, we only have one free variable xg. Therefore, dim Goy = 1 and a

basis Bg,, for gon is

/Bgzm =

o O O
= o O
o = O

Again, we have that dim Ggy = 1 and Goy = HB.
(b) Case (% + %) = 0: Suppose (% + g—;) = 0. We claim that R = sgn(—7)Rpy. To see this, let
the array [H]| be

sgn(=7)y/+/Ir] 0 0
[H] = 0 7] 0
0 0 |7

and let R = sgn(8)Ry. Then we see that

Ry = sgn(—7)Hy - Hy = sgn(-7) (Sgn(T) L \W> =7

Vil

Ry = sgn(~7)Hy - Hy = sgn(~7) (= /I7] ) = = sgn(-7)lr| = 7

Ry = sgu(=r)Hy - Hy = sgn(~7) <sgn<—f>~ .- |T|>=—m

In this case, we have three free variables x4, 27, 75, so dim G9n = 3 and we have a basis f,, for

gsm given by
0 1 0 0 01 0 0 O
Bgr = 1 00),10 0O0],[0 0 1
0 00 -1 00 0 -1 0

T

In this case, since R = R, for some ¢ € S?(V*), we have that GRr, = Gg. So, we must have
Gr=0(1,2) or Ggr = (2,1), depending on the signature of ¢.

This classifies Ggn of 2N pereserved by a hyperbolic boost in the case that v # 0 and 7 # 0 for R € T

In conclusion, we have provided a complete classification of the possible dimensions of Gy for some model
space 901 that is preserved by a hyperbolic boost. There are two possible dimensions of Gey: dim Goy = 3
and dim Gopy = 1. In the case that dim Ggn = 1, it is shown that Ggn = HB as defined in Proposition 4.4. In
one particular case of dim Gop = 3, we have that Gop = O(2,1) or Gan = O(1,2).

5 Future Work

We provide some open questions for future work related to this paper.

20



6

. We have shown that there are some curvature tensors R = +Ry, + Ry, for ¢1,¢s € S*(V*) with a

4 dimensional structure group. Such an R cannot be expressed as a single Ry4. Is there a method of
determining if a given R is of the form R = Ry, 4+ Ry, by looking at the dimension of Gr?

. This paper focused on rotation actions in dimension 3. What would change (or stay the same) about

these methods if we studied rotation actions in dimension n > 37

. One can think about the set of unit quaternions in R* and realize this set as subset of SL(4,R). Is

it possible that the set of unit quaternions is a structure group of some ACT R or model space 91 in
dimension 4? The quaternion group Qg = {1, —1,, —14, j, —j, k, —k} is a subset of the unit quaternions
where each +i,+7j, +k have order 4. In this paper we have shown that in dimension 3, if an element
of a structure group has finite order, it must contain all rotations S'. Does this result hold for higher
dimensions and hence Qg cannot be a structure group?

. Suppose G is some structure group. Since this structure group G is a Lie group, it is also a manifold.

It is known that we can calculate the curvature of a given Lie group. Let R be an ACT of G. What
is Gr? In other words, what is the structure group of an ACT R that measures the curvature of a
structure group G?
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