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Abstract

We construct two new families of pseudo-Riemannian manifolds which
are curvature homegeneous of type (1,3). The first family given has sig-
nature (2k,2k + 1) and is curvature homogeneous of type (1,3) but not
curvature homogeneous. The second family given has signature (1,2) and
is curvature homogeneous of type (1, 3) of all orders but not locally homo-
geneous, showing there is no finite Singer number for this type of curvature
homogeneity.

1 Introduction

Let (M, g) be a pseudo-Riemannian manifold, and V be its Levi-Civita connec-
tion. We begin with some preliminaries and definitions.

1.1 Curvature Homogeneous Manifolds

Let X denote the ring of smooth vector fields on M. Let T'M denote the tangent
bundle of M, and T*M its dual. The Riemann curvature tensor R of type (1,3),
that is, R € TM ® (T*M)3 is then given by

R(X,Y)Z =VxVyZ —-VyVxZ— V[X’y]Z, (1)

where X,Y, Z € X. The Riemann curvature tensor R is a tensor of type (0, 4),
that is, R € ®*(T*M), and is given by

R(X,Y,Z,W) = g(R(X,Y)Z,W). 2)

Let p € M, and T,,M denote the tangent space of M at p. Singer [8] defines
a pseudo-Riemannian manifold to be curvature homogeneous (CH) if for any
points p,q € M, there exists a linear isometry F' : T,M — T,M such that
the pullback F* satisfies F'*g, = ¢, and F*Ry = R,. Let V'R denote the
r-th covariant derivative of R. A pseudo-Riemannian manifold is curvature
homogeneous up to order n (CH,,) if there exists a linear isometry F' which also
satisfies F*V"R, = V"R, for all r < n.



Singer proved the following theorem in the Riemannian setting, which mo-
tivated the study of curvature homogeneity [8].

Theorem 1.1. Let M be an m-dimensional manifold. There exists an integer
kp so that if M is curvature homogeneous of order k,,, M is locally homoge-
neous.

Later, Podesta and Spiro proved an analogous theorem for the pseudo-
Riemannian case [7].

Theorem 1.2. Let (M, g) be a pseudo-Riemannian manifold of signature (p,q).
There exists an integer ky 4 so that if (M, g) is curvature homogeneous of order
kpg, (M,g) is locally homogeneous.

A generalization of this is given by Kowalski and Vanzurova in [5] and [6]. A
pseudo-Riemannian manifold is curvature homogeneous of type (1,3) (CH(1,3))
if for any pair p,q € M, there exists a linear homothety ¢ : T, M — T, M such
that the pullback ¢* satisfies ¢* R, = R,. We say that the manifold is curvature
homogeneous of type (1,3) of order n (CH,, (1, 3)) if for every r < n there exists
a linear homothety ¢, whose pullback satisfies ¢>V"R, = V" R,,.

There has been quite a bit of work done on curvature homogeneous manifolds
of higher signatures. The cases most closely related to this paper include the
ones which are of balanced signature researched by Dunn, Gilkey, and Nikcevié
in [3] and [2], as well as those which are nearly balanced researched by Dunn
in [1]. CH(1,3) manifolds have been researched only in the Riemannian case by
Kowalski and Vanzurovd in [5] and [6]. We will make use of the following results
in [6]:

Theorem 1.3. Let (M, g) be a pseudo-Riemannian manifold of dimension m,
and suppose that for every 0 < r < n there exists and with an orthonormal
moving frame {E1,...Ey,} on M, such that for fited p € M and any q € M,
V'R(E;,E;,Ex,Ei; Es, ..., Es )|qg = ©,.(¢)V'R(E;, Ej, By, Eti; Esy ..., Es ) p
where O, is a smooth positive function. Then (M, g) is CH,(1,3).

1.2 Model Spaces

Let V be a finite dimensional real vector space. A bilinear symmetric function
0 :V — R is an inner product on V if for every non-zero vector v, there exists
some vector w such that o(v,w) # 0.

We say a multilinear function R : V* — R is an algebraic curvature tensor

if
R(Iayasz) = *R(y,I,Z,UJ) = R(Z,w,x,y),
R(%%Z'yw) + R(Z,J?,y,ﬂ]) + R(y,z,x,w) =0.

We call the collection (V, o, R) a model space. The collection (V, R) is called
a weak model space. For example, for any p € M, (T, M, gl|p, R|,) is a model



space, where g|, and R|, denotes the metric and curvature at p, respectively,
and (T,M, R|,) is a weak model space.

Consider two model spaces (V, o, R) and (W, v,S). These model spaces are
isomorphic if there exists an isomorphism of vector spaces H : V. — W which
satisfies

o(z,y) =v(H(z), H(y)),
R(x7yasz) = S(H(x)vH(y)7H(Z)7H(w))

Two weak model spaces (V, R) (W, S) are isomorphic if there exists an isomor-
phism of vector spaces G : V — W which satisfies

R(xa Y, %, ’LU) = S(G(I), G(y)7 G(Z)a G(w))

Let ¢ be a symmetric bilinear form on V. R, is an algebraic curvature
tensor given by

RLP(I7 Y,z UJ) = @(‘Tﬂ w)w(yv Z) - (P(I, Z)QD(y, w)

If there exists such a symmetric bilinear ¢ so that R = £R,, we say R is a
canonical algebraic curvature tensor. The following theorem may be found in
[4].

Theorem 1.4. Let ¢ be a symmetric bilinear form with rank greater than or
equal to 3. If R, = R,, ¢ = *o.

It is evident that a space is curvature homogeneous if and only if the model
spaces at every pair of points are isomorphic. This motivates another kind
of curvature homogeneity. A pseudo-Riemannian manifold is weakly curvature
homogeneous if the weak model space at every pair of points are isomorphic.

1.3 Weyl Scalar Invariants

Let {x1,...,2zm} belocal coordinates on a pseudo-Riemannian manifold (M, g).

Adopt the Einstein convention of summing over repeated indices, and denote
Vajl e 'Vaj'r' R(axil ’ 893'i2 )8””13 = R;?izizjlmjraxu'

We may construct scalar invariants by contracting all indices with other curva-

ture entries or with the metric tensors g;; and g*’. A scalar invariant formed in

this method is a Weyl scalar invariant. They were defined by Weyl in [9].

For our purposes, we will be most interested in the scalar curvature 7, the
norm of the Ricci tensor |p|?, and the norm of the curvature tensor |R|?. These
scalars are defined by

T
T = g Ry,

2 ivg1 isja Pk !
lp|* = g7 9" Ry, 5 Riiyiy s
|R|2 _ gi1j1 gi2jzgi3jsgi4j4Rl:4 RI4

i142137 "j1J2J3"



1.4 Geodesics

A curve v : [a,b] C R — M is a geodesic at tg if V%?T’Zh:to = 0. We say ~
is a geodesic if it is a geodesic at all t € [a,b]. If every geodesic in a pseudo-
Riemannian manifold extends for infinite time, we say the manifold is complete.

1.5 The Manifold My

Let My, = (R**1 g; 1), where R*+1 has coordinates given by
(o, @1, .., T2k, Y1, - - - Y2k ), and the metric g¢,» has non-zero entries:

gf,h(axoaazo) = €2f(11)7
gfyh(al‘m—l’a%‘zi) = 2}1(3)0), 1 S Z S k,
gf,h(a$57ays) =1, 1 <s <2k,

where f and h are smooth functions. We prove the following theorem in Section
2.

Theorem 1.5. Let b’ and h" be non-vanishing.
(a) 7, |p|?, and |R|* all vanish on My ,.
(b) My is CH(1,3) if and only if f"" = —2f".
(¢c) My, is CH if and only if h” # 1'.
(d) If My, is CH(1,3), then it is not complete if f' is non-vanishing.

1.6 The Manifold M;

Let My = (R3,gys), where R? has coordinates given by (z¢,z1,y1), and the
metric g5 has non-zero entries:

gf(amg,aro) ezf(wl)v
gf(aﬂfwayl) = 17

where f is smooth. We prove the following theorem in Section 3.
Theorem 1.6. Suppose (f')% # —f".

(a) 7, |p?, and |R|* all vanish on M.

(b) My is CH(1,3) of all orders.

(¢c) My is weakly CHy if and only if (f')* + f" is constant.



2 The Geometry of My,

Lemma 2.1. For My,

(a) The non-zero Christoffel symbols are given by:

v610 Oy = _f/e2fay1a

Vo, 0uy = f'On, + 10y, 1<i<k
Vazo Oy = h/aym‘—u
Vo, ooy = W 0yy, 2<I<k,
1%
Vax2171a$2'i = _6278@).

(b) Up to the usual Zs symmetries, the non-zero entries of R are given by:

Raoor = —e* ((f)* + 1),

R(2i—1)00(20) = —h",

Rieio@i-1) = —f'N,

Rii—vo@) = —f'1,

(h')? ,
Ri-neieiei-1n = 25 1<j<k,
(h/)2

Rei-nei-nene) = (L= 0i)"—55

where all indices denote subscripts of a Oy, .

Proof. The proof is evident, using the Christoffel symbols of the second kind,
characterized by

szk = g(van axj ) ark ))
and may be calculated by

2051 = 8xi9(8:cjaaxk) + axj (O, 0ny) — 6xkg(8xi’axj)' (3)

From here, we may simply use equations (1) and (2) to calculate the curvature.
O

There are two moving frames (1, 82 which will be particularly useful. Let
ﬂl = {XOaXh s 7}/1; s a%k}) where

O,

el

X2’L‘71 = A2i71(a$2i—1 - hay%)’
X2i = A2i (83321 - haymfl)?

1

YS = Xayu

Xo =



where )15 is_a smoth7 non—_vanishing function on My . Let
52 = {Xo,Xl, ce 7Y1; ce ,Yrgk}, where

XO = X07

- 1
Xs = 7(Xs + Ys)a

-5

Ys = E(Xa - 1/s)

Note that (5 is an orthonormal frame. In the frame (5, the curvature entries
are given by:

Rugor = ~2L(F + 1), (@)

R2i—1)00(26) = *w%, (5)
Ri@io@i-1) = —)\1)\;\;;\% fe/?/7 (6)
Ri,2a-1)0c21) = )\1)\221\/;\25{;?’, 1#£1, (7)
R(2i-1)(2j)(2i)(2j—1) = )\2i_1)\2i22j_1)\2j (Z;J)ez, (8)
R(2i-1)(2j-1)(20)(25) = /\Qi_l/\%izj_l/\% (1- 5”)(%2, (9)

where each subscript may be the subscript of either a X or Y.

2.1 A few Weyl Scalar Invariants on My

Proof of Theorem 1.5 (a). We note that it is simpler to calculate the listed in-
variants in the orthonormal frame, as then we need only consider terms which
have gss or g°°. Then one must take care to calculate the entries of the (1, 3)
tensor. This may be done quite readily from the entries of the (0, 4) tensor,
as the metric is reduced to an orthonormal one. It is then immediate that T,
|p|?, and |R|? vanish, as any curvature entry which uses an X will be cancelled
out by the entry with a corresponding Y in that spot, as g(Xs, Xs) = 1 and
9(Ys,Y,) = —1. To demonstrate this, we will look specifically at 7.



Using our orthonormal frame, 7 is given by:

7= 9”0 Rrser

8,7

= g(Xo, Xo)R1o01(9(X1, X1) + g(Y1, 1))

+ 9(Xo, Xo)Ro110(9(X1, X1) + g(¥1,Y1))

+ Z R(2i)(2i—1)(2i—1)(2i)g(X21',—17 X2i—1)(9(X2ia XQi) + g(Y% Yzz))
i<k

+ ZR(2i)(2i—1)(21’—1)(21’)9(}721'71a Yai—1)(9(Xoi, Xoi) + g(Yai, Ya;))
i<k

+ ZR(Qifl)(21’)(22’)(21'71)9()?21’; X2i)(9(Xai—1, Xa2i—1) + 9(Yai—1, Y2i-1))
i<k

+ Z R(2i-1)(20)20)2i—1)9 (Yai, Y2i) (9(Xai—1, Xoi—1) + 9(Yai—1, Yai—1))
i<k

Note that every entry has a term g(X,, Xs) + ¢(¥5,Ys), which is equal to 0.
Therefore, the scalar curvature vanishes, and one may use a similar set up to
show p? and |R|? also vanish. O

2.2 Curvature Homogeneity on My

Proof of Theorem 1.5 (b). Case I: f' # 0. We operate in the orthonormal frame
B2. Suppose that each of these entries is non-zero, and that all are equal to some
function a. Note that because Equation (8) holds even if i = j, Equation (9) in
conjunction with Equation (8) give us that

A2i—1A2; = Agj_1Agj

for all 7, j. Then without loss of generality, we may proceed using only A; and
A2. Dividing the square of Equation (5) by Equation (8) gives us

() a0

Note that because h’',h” # 0, a is both well-defined and positive. Dividing
Equation (6) by Equation (8) yields

L 7\/§f/h/e2f
TN

which implies
V2f'el
T
However, we may also attain A2 by dividing Equation (4) by Equation (6). After
simplification, we obtain

Ay =

_ V2N )

A2 f'H




Both expressions must be valid, so we get that f satisfies
7" ==2(f)2,

Now that we have A2, we may use it in conjuction with Equations (5) and (10)

to find
Von'e!
AM=—.
h/f/
For all other \;, they need only satisfy
2h//
A2ic1de; = ———
2i—1A2 W2

to make all non-vanishing curvature entries equal to +a at every point.
For some fixed p € My j,, we may define a function ¢, by

) = 20

We have then that
Rijri(q0) = ¢p(@)Rijui(p)
for all ¢ € M. As ¢, is smooth and positive and we are on an orthonormal

frame, we have Mjy ) is CH(1,3) by Theorem 1.3.
Case II: f' = 0. If f' =0, we have non-zero curvature entries given in 33 by

Agi—1A2; W'

R2i-1)00(2i) = T 9 ap (11)
A2i—1h2idaj—1Ae5 (R)?
Ri2i-1)(29)(20) (25— 1) = T (12)
Aoi—1X2idaj—1 2, (W)?
R2i1)2j-1)(@i)(2)) = —— 214 2o (1= 6i5)" 55 (13)

Assume all non-zero entries are equal to some function a. We may use a
similar trick from the first part to get that

/\1)\2 = /\21'—1/\2i-

We divide the square of Equation (11) by Equation (12) and get once again,

mszgﬂe

Now we have that all non-zero entries are this function, provided

2h"
A2i—1A2; = e
We see that as we are still on the orthonormal frame 5, we may define ¢ in an

identical manner so M, is CH(1,3).
O



Consider the symmetric bilinear form ¢, on 7, M, which has non-zero entries
given the following on the basis ;.

)
¢p(Xo, X1) = €(f),
¢p(X07Y0) = e(f),
Pp(Xoi—1, Xoi) =1,
bp(X2i—1,Yo) = 1,
¢p(Yaio1,Y2) =1,

where e(f) = 0 if f/ = 0, and is otherwise 1. After a few calculations, it is
verified that the canonical algebraic curvature tensor —R is the Riemann
Va(p)ép

curvature tensor at p.

Proof of Theorem 1.5 (¢). If we have a scalar invariant of the 0-model which
varies from point to point, the space will not be curvature homogeneous. Con-
sider the trace of the form y/a(p)¢,. This is not invariant to the space, as the
curvature tensor is also defined by —+v/a(p)¢,. But by Theorem 1.4, these are
the only canonical algebraic curvature tensors possible. Therefore, a quantity
invariant to both forms is invariant to the space. The square of the trace is such
a quantity.

We calculate the trace by looking at the self-adjoint operator /a(p)®, as-
sociated to y/a(p)¢, in the orthonormal basis 8. This is given by:

~1 e«f) 0 0 0 0 0 €«f) 0 0 0
«f) 0 1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 1 0 0 0
0 0o 0 0 1 o 0 0 0 0 1
0 0 0 1 0 0 0 0 0 1 0
0 0O 0 0 0 0 1 0 0 0 0
va 0 0O 0 0 0 1 0 0 0 0 0
—(f) 0 -1 0 0 0 0 0 -1 0 0
0 -1 0 0 0 0 0 -1 0 0 0
0 o 0 0 -1 o 0 0 0 0 -1
0 0 0 -1 0 0 0 0 0 -1 0
0 0 0 0 0 -1 0 0 0
0 0O 0 0 0 -1 0 0 0 0 0

It is easy to see then that the trace of +1/a(p)®, = F+/a(p). This invariant is
then equal to a(p), which is constant for all p if and only if b’ = ¢oh”, where ¢
is a constant. Conversely, if a(p) is constant for all p, then R;;xi(q) = Rijri(p),
so (M, g) is CH. O

OO O OO
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2.3 Incompleteness of My
Proof of Theorem 1.5 (d). If My ), is CH(1,3) and f’ # 0, then f is given by

1
f= 3 log(2z1 + ¢1) + ¢q,

where ¢; and ¢y are arbitrary constants. My, is defined only for z; > —%cl.
Consider the curve v(t) = (0, —4cy (1 — 2¢),0,...,0). Differentiating, we get

dy _

dt - cla:vla

and it follows from Lemma 2.1 that
= (c1)*Va,, 0z, =0.

v is therefore a geodesic. It is not defined for t = 1, so the space is not complete.
O

3 The Geometry of My

Lemma 3.1. For My,

(a) The non-zero Christoffel symbols are given by:

Vo, 0 = —f’e2f8y1,
Vo, 0, = ['Os,.

(b) Let A = (f)2+f". Up to the usual Zo symmetries, the non-zero curvature
entry of R is given by:
Rio10 = €2fA,

where all indices are of some 0.

(c) Up to the usual Zs symmetries, the non-zero entry of V'R is given by:

vT7-\’11010;1...1 = ezfA(T)'

Proof. As in Lemma 2.1, we may use Equation 3 to calculate part (a), and
Equations 1 and 2 to calculate part (b).

For part (c), we note that the non-zero curvature entry can only be differ-
entiated by 0;,, as differentiating by 9,, will yield zero outright by (a), and
differentiating by 0., must be zero because of the symmetries. The derivative
of the exponential portion will cancel out when the 9, entries are differentiated
by 0g,. For this manifold, the derivative of the zero entries of R and V"R is
always zero. O

10



We construct two particularly useful moving frames on our manifold b; and
by. Let by be given by:

19)
X, = %0
0 €f7
X1 = A0y,
1
Yi = Xayu

where ) is a smooth, non-vanishing function on My. by is an orthonormal basis
given by:

Xo = Xo,

5 X1 +Y
X =
1 7
— X1 — Y,
vo_oX1i—N

Y]

In by, the curvture entries are given by:

where the index 1 may be an index of either X; or Y.

Proof of Theorem 1.6 (a). We operate in the orthonormal frame bs. As in the
case of My j, each entry with a g(X1, X1) will be cancelled out by an entry with
a g(Y1,Y1). We calculate 7 to demonstrate this.

In an orthonormal frame, we have

7= 99" Rrsr

= g(Xo, Xo0)R1001(9(X1, X1) + g(Y1, 7))
+ 9(Xo, Xo)Ro110(9(X1, X1) + g(Y1, Y1)).

Each term has g(X1, X1) + ¢(Y1,Y1) in it, which is zero. Therefore, T vanishes
on M. In a similar method, one may show |p|? and |R|? also vanish. O

Proof of Theorem 1.6 (b). We use the frame bs. Fix some point p € M, and
define a function w : My — R defined by

_ VTRIOIO;l...l(Q)

) = T R 1)

At any point ¢ € My, the non-zero curvature entries are given by w(¢)V"R1010:1...1(P)-
We may do this independently for each r. By Theorem 1.3, My is CH,(1,3). O

Lemma 3.2. My is weakly CH,.

11



Proof. Consider the frame bz = {XO, X1, 371}, where

Xo = Xo
Xl = /J,Xl
Y =1,

where p = (A’)7!. In this frame, then, every non-zero curvature entry is given
by £1. The space is then weakly curvature homogeneous. O

Consider all bases which preserve this weak 1-model. Represented in bs,
these are bases obtained under the action of the matrix

+d! b 0
A= 0 d o0 |,
S t c

where d, ¢ are non-zero.

Proof of Theorem 1.6 (c¢). Suppose My is weakly CHy. Then the function

V2Ri1010:11
(VR101051)?

must be constant in all frames of the form Abs, as these are the frames where
V'Rio10;1 is constant, and if the space is weakly CH,,, some frame must make
all curvature entries constant. Thus this quantity may be expressed as

V*Riowon1  d*A” A2
(VRiow01)?  d>

This can only be constant if A2 is constant. O

4 Further Work

The work done on this paper motivate a few new questions.
e Can the involved metric be generalized further and preserve CH(1,3)?
e Do all Weyl scalar invariants vanish on these manifolds?

e In general, the manifolds given are not complete. Are these manifolds
non-extendible?

e Is it possible to have a space which is CH(1,3) of order 1, but not curvature
homogeneous?

e Does WCH,, imply CH,,;1(1,3)?

12
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